Triangle groups and finite simple groups by Marion, Claude Miguel Emmanuel & Marion, Claude Miguel Emmanuel
Triangle groups and finite simple groups
A thesis presented for the degree of
Doctor of Philosophy of Imperial College London
by
Claude Miguel Emmanuel Marion
Department of Mathematics
Imperial College London
180 Queen’s Gate, London SW7 2AZ
JANUARY 31, 2009
2I certify that this thesis, and the research to which it refers, are the product of my own
work, and that any ideas or quotations from the work of other people, published or other-
wise, are fully acknowledged in accordance with the standard referencing practices of the
discipline.
Signed: Claude Marion
3Copyright
Copyright in text of this thesis rests with the Author. Copies (by any process) either in
full, or of extracts, may be made only in accordance with instructions given by the Author
and lodged in the doctorate thesis archive of the college central library. Details may be
obtained from the Librarian. This page must form part of any such copies made. Further
copies (by any process) of copies made in accordance with such instructions may not be
made without the permission (in writing) of the Author.
The ownership of any intellectual property rights which may be described in this thesis
is vested in Imperial College, subject to any prior agreement to the contrary, and may not
be made available for use by third parties without the written permission of the University,
which will prescribe the terms and conditions of any such agreement. Further information
on the conditions under which disclosures and exploitation may take place is available
from the Imperial College registry.
4Abstract
This thesis contains a study of the spaces of homomorphisms from hyperbolic triangle
groups to finite groups of Lie type which leads to a number of deterministic, asymptotic,
and probabilistic results on the (p1, p2, p3)-generation problem for finite groups of Lie type.
Let G0 = L(p
n) be a finite simple group of Lie type over the finite field Fpn and let
T = Tp1,p2,p3 be the hyperbolic triangle group 〈x, y : xp1 = yp2 = (xy)p3 = 1〉 where
p1, p2, p3 are prime numbers satisfying the hyperbolic condition 1/p1 + 1/p2 + 1/p3 < 1.
In general, the size of Hom(T,G0) is a polynomial in q, where q = p
n, whose degree gives
the dimension of Hom(T,G), where G is the corresponding algebraic group, seen as a
variety. Computing the precise size of Hom(T,G0) or giving an asymptotic estimate leads
to a number of applications. One can for example investigate whether or not there is an
epimorphism in Hom(T,G0). This is equivalent to determining whether or not G0 is a
(p1, p2, p3)-group. Asymptotically, one might be interested in determining the probability
that a random homomorphism in Hom(T,G0) is an epimorphism as |G0| → ∞. Given
a prime number p, one can also ask wether there are finitely, or infinitely many positive
integers n such that L(pn) is a (p1, p2, p3)-group.
We solve these problems for the following families of finite simple groups of Lie type
of small rank: the classical groups PSL2(q),PSL3(q),PSU3(q) and the exceptional groups
2B2(q),
2G2(q), G2(q),
3D4(q). The methods involve the character theory and the sub-
group structure of these groups.
Following the concept of linear rigidity of a triple of elements in GLn(Fp), used in
inverse Galois theory, we introduce the concept for a hyperbolic triple of primes to be
rigid in a simple algebraic group G. The triple (p1, p2, p3) is rigid in G if the sum of the
dimensions of the subvarieties of elements of order p1, p2, p3 in G is equal to 2 dim G. This
is the minimum required for G(pn) to have a generating triple of elements of these orders.
We formulate a conjecture that if (p1, p2, p3) is a rigid triple then given a prime p there
are only finitely many positive integers n such that L(pn) is a (p1, p2, p3)-group. We prove
this conjecture for the classical groups PSL2(q), PSL3(q), and PSU3(q) and show that it
is consistent with the substantial results in the literature about Hurwitz groups (i.e. when
(p1, p2, p3) = (2, 3, 7)). We also classify the rigid hyperbolic triples of primes in algebraic
groups, and in doing so we obtain some new families of non-Hurwitz groups.
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Chapter 1 Introduction
In this thesis we prove results, probabilistic, asymptotic and also deterministic, concerning
homomorphisms from hyperbolic triangle groups to finite simple groups.
Background on triangle groups and Fuchsian groups
A triangle group is a group with presentation
T = Tp1,p2,p3 = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
= 〈x, y, z : xp1 = yp2 = zp3 = xyz = 1〉
where (p1, p2, p3) is a triple of positive integers. If 1/p1+1/p2+1/p3 > 1 then T is a finite
group (either cyclic or dihedral, or isomorphic to A4, S4, or A5) acting on the sphere. If
1/p1 + 1/p2 + 1/p3 = 1 then T is an infinite soluble group acting on the euclidean plane.
Because we are mostly interested in finite simple quotients of triangle groups, we do not
consider spherical or euclidean triangle groups, since their finite simple quotients are either
cyclic or isomorphic to A5 (the latter occurs only when T = T2,3,5).
If 1/p1+1/p2+1/p3 < 1 then we call (p1, p2, p3) a hyperbolic triple of integers. The triple
(2, 3, 7) is the hyperbolic triple maximising 1/p1 + 1/p2 + 1/p3. The group T = Tp1,p2,p3
is an infinite but insoluble isometry group of the hyperbolic plane H2. Geometrically, let
4 be a hyperbolic triangle having angles of size π/p1, π/p2, π/p3, then T = Tp1,p2,p3
can be viewed as the group generated by rotations of angles π/p1, π/p2, π/p3 around the
corresponding vertices of 4 in H2.
Hyperbolic triangle groups are Fuchsian groups of genus 0. A Fuchsian group Γ is a
finitely generated non-elementary discrete group of isometries of the hyperbolic plane H2.
By well-known results of Fricke and Klein, an orientation-preserving such group Γ has a
presentation of the following form:
generators: a1, b1, . . . , ag, bg (hyperbolic)
x1, . . . , xd (elliptic)
y1, . . . , ys (parabolic)
z1, . . . , zt (hyperbolic boundary elements)
relations: xp11 = ∙ ∙ ∙ = xpdd = 1,
x1 ∙ ∙ ∙xdy1 ∙ ∙ ∙ ysz1 ∙ ∙ ∙ zt[a1, b1] ∙ ∙ ∙ [ag, bg] = 1
where g, d, s, t ≥ 0 and pi ≥ 2 for all i. The integer g is called the genus of Γ. An
orientation-preserving Fuchsian group Γ has positive measure, where the measure μ(Γ) is
defined by
μ(Γ) = 2g − 2 +
d∑
i=1
(
1− 1
pi
)
+ s+ t.
An orientated Fuchsian group is said to be co-compact if s = t = 0. Setting g = s = t = 0,
d = 3 and choosing p1, p2, p3 such that
∑3
i=1 1/pi < 1, we get the hyperbolic triangle
group
Tp1,p2,p3 = 〈 x1, x2, x3 : xp11 = xp22 = xp33 = x1x2x3 = 1 〉
which is a co-compact Fuchsian group of genus 0.
A Fuchsian group Γ acts properly discontinuously on the the hyperbolic plane H2 and
the quotient space H2/Γ is a Riemann surface. Conversely, every Riemann surface arises
in this way. A compact Riemann surface S of genus h ≥ 2 is a quotient space H2/K
for some Fuchsian group K with no elliptic nor parabolic elements. The automorphism
Introduction
group of S is finite and is isomorphic to Γ/K for some Fuchsian group Γ containing K as
a normal subgroup. The order of Aut(S) is equal to (2h− 2)/μ(Γ).
The minimal value for μ(Γ) occurs when g = s = t = 0, d = 3 and {p1, p2, p3} = {2, 3, 7}
(i.e. when Γ = T2,3,7), and is equal to 1/42. In that case Aut(S) is a nontrivial fi-
nite quotient of T2,3,7 (i.e. a Hurwitz group). Hurwitz groups are named after Hurwitz
[21] who showed in 1893 that if S is a compact Riemann surface of genus h ≥ 2 then
|Aut(S)| ≤ 84(h− 1) and this bound is attained if and only if Aut(S) is a Hurwitz group.
Simple Hurwitz groups
A summary of the substantial results in the literature about nontrivial finite simple
quotients of T2,3,7 is given in [52] (see also [10]). The known Hurwitz simple groups have
been determined in most cases by exhibiting two elements of respective order 2 and 3
whose product has order 7 that generate the whole group. Recall that according to the
classification theorem, the finite (non-abelian) simple groups fall into four classes:
-the alternating groups An (n ≥ 5)
-the finite classical groups
-the exceptional groups of Lie type
-the 26 sporadic groups.
The alternating Hurwitz groups were classified by Conder [9] who showed in particular
that if n > 167 then An is a Hurwitz group.
The first result on simple classical Hurwitz groups is due to Macbeath [37] who proved
that PSL2(p
n) is a Hurwitz group if and only if n = 1 and p ≡ 0,±1 mod 7, or n = 3 and
p ≡ ±2,±3 mod 7. In 1981, Cohen [8] proved that PSL3(q) is a Hurwitz group if and
only if q = 2, and that PSU3(q) is never a Hurwitz group. There are no Hurwitz groups
amongst the finite simple projective linear groups of rank 3, but there are some values of q
for which PSL5(q) is a Hurwitz group (see [51]). There are no known examples of Hurwitz
projective special linear groups of rank lying between 5 and 47 (see [53]). In contrast (see
[36]) if n ≥ 268 then the projective special linear group PSLn(q) is Hurwitz for any prime
power q. Results on Hurwitz generation of other classical groups of small (respectively,
large) rank are given in [14] (respectively, [35]).
The Hurwitz groups amongst the Ree groups of type 2G2, the finite simple groups of type
G2, the Steinberg triality groups, and the Ree groups of type
2F4 have been determined
(see [38] and [39]). Except in characteristic 3 for the Steinberg triality groups or possibly
when the size of the underlying field is small, these groups are Hurwitz provided that they
contain elements of order (2, 3 and) 7.
Finally, the sporadic Hurwitz groups have been fully classified. For a summary of results,
see [52, Theorem 3.12].
Finite simple images of Fuchsian groups
A Hurwitz group is also referred to as a finite (2, 3, 7)-group. More generally, a
(p1, p2, p3)-group is a group that is generated by two elements of respective order p1,
p2 whose product has order p3. Note that if p1, p2, p3 are primes, then saying that a finite
noncyclic group G0 is a (p1, p2, p3)-group is equivalent to saying that there is an epimor-
phism from Tp1,p2,p3 to G0. Results on random generation of finite simple groups often
amount to investigating the existence of an epimorphism from certain infinite groups to
finite simple groups. These results can be of a probabilistic and asymptotic nature. For
example Dixon conjectured in [15] that the probability that two elements chosen at ran-
dom in a finite simple group G0 generate G0 tends to 1 as |G0| → ∞. The conjecture
amounts to saying that a randomly chosen homomorphism from the free group of rank 2
to a finite simple group G0 is surjective with probability tending to 1 as |G0| → ∞. Dixon
proved the conjecture for the alternating groups in [15]. Kantor and Lubotzky (see [24])
proved the conjecture for the classical groups and the exceptional groups of small rank.
Liebeck and Shalev (see [30]) completed the proof of the conjecture.
In the same spirit, Liebeck and Shalev investigated the limiting probability that a
12
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randomly chosen homomorphism from a Fuchsian group Γ to a finite simple group G0 is
an epimorphism as |G0| → ∞. The alternating groups are studied in [32] and the other
simple groups in [33].
The philosophy is to study the space Hom(Γ, G0) of homomorphisms from Γ to G0, pro-
viding precise asymptotic estimates for |Hom(Γ, G0)| and |
⋃
H<G0
Hom(Γ,H)| by means
of character theory, and using these estimates to investigate
lim
|G0|→∞
|Hom(Γ, G0)|−1 ∙ |
⋃
H<G0
Hom(Γ,H)|.
Finite simple images of Fuchsian groups of genus at least 2
If Γ is any co-compact oriented Fuchsian group and G0 is any finite simple group then
|Hom(Γ, G0)| =
∑
C
|HomC(Γ, G0)|
where the sum is taken over all d-tuples C = (C1, ..., Cd) of conjugacy classes Ci of G0
with representatives gi of order dividing pi, and where for such a tuple C we define
HomC(Γ, G0) = {φ ∈ Hom(Γ, G0) : φ(xi) ∈ Ci for i = 1, ..., d}.
Here pi are the orders of the elliptic generators of Γ. By [33, Lemma 3.1] given a tuple
C = (C1, ..., Cd) of conjugacy classes Ci of G0 with representatives gi, we have
|HomC(Γ, G0)| = |G0|2g−1|C1| ∙ ∙ ∙ |Cd|
∑
χ∈Irr(G0)
χ(g1)...χ(gd)
χ(1)d−2+2g
where Irr(G0) denotes the set of irreducible complex characters of G0.
Provided that Γ is of genus at least 2, by studying character degrees and the asymptotic
behavior of the following function defined on the real numbers
ζG0(s) =
∑
χ∈Irr(G0)
χ(1)−s
Liebeck and Shalev were able to show (see the proof of [33, Theorem 1.2(i)]) that the sum∑
χ∈Irr(G0)
χ(g1)...χ(gd)
χ(1)d−2+2g
is dominated by the trivial character. It follows (see [33, Theorem 1.2(i)]) that
|Hom(Γ, G0)| = (1 + o(1)) ∙ |G0|2g−1
d∏
i=1
jpi(G0)
where jpi(G0) is the number of nontrivial elements of G0 of order dividing pi, and o(1)
denotes a quantity that tends to 0 as |G0| → ∞.
Finally, Liebeck and Shalev show that if Γ is a Fuchsian group of genus g ≥ 2 (g ≥ 3 if Γ is
non-oriented) and G0 is a finite simple group, then one can neglect the proper subgroups
of G0 in the sense that
|Hom(Γ, G0)|−1 ∙ |
⋃
H<G0
Hom(Γ,H)| → 0 as |G0| → ∞.
In other words, a randomly chosen homomorphism in Hom(Γ, G0) is an epimorphism with
probability tending to 1 as |G0| → ∞.
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Finite simple images of Fuchsian groups of small genus
Suppose now that Γ is a Fuchsian group of genus at most 1 (2 if Γ is non-orientated). If
G0 = An is an alternating group, then by [32] we have
|Hom(Γ, Sn)| = (n!)μ(Γ)+1+o(1)
and the probability that a random homomorphism in Hom(Γ, An) is an epimorphism tends
to 1 as n → ∞. This together with the above discussion validates Higman’s conjecture
which states that every Fuchsian group surjects onto all but finitely many alternating
groups.
However a Fuchsian group of genus at most 1 might not surject onto infinitely many finite
simple groups of Lie type of a given type and a given rank. For example, Macbeath proved
in [37] that PSL2(p
n) is a Hurwitz group if and only if n = 1 and p ≡ 0,±1 mod 7, or
n = 3 and p ≡ ±2,±3 mod 7. But Liebeck and Shalev conjectured in [33] that for any
Fuchsian group Γ there is an integer f(Γ) such that if G0 is a finite simple classical group
of rank at least f(Γ), then the probability that a randomly chosen homomorphism from
Γ to G0 is an epimorphism tends to 1 as |G0| → ∞.
Results on the (p1, p2, p3)-generation problem
Given a hyperbolic triple (p1, p2, p3) of prime numbers, see p. 11 for the definition,
the object of the thesis is the study of the (p1, p2, p3)-generation problem in finite simple
groups of Lie type.
Let G0 = L(q) be a finite simple group of Lie type, where q is a power of some prime
number p. We denote by G the corresponding algebraic group defined over an algebraically
closed field Fp of prime characteristic p.
The case where G0 = PSL2(q)
If G0 = PSL2(q) we study in detail the space of homomorphisms from a hyperbolic triangle
group T = Tp1,p2,p3 to PSL2(q). In particular by character-theoretic means we give the
precise size of Hom(T,PSL2(q)). Combined with the analysis of the subgroup structure
of PSL2(q), this leads to a couple of deterministic and asymptotic probabilistic results on
the (p1, p2, p3)-generation problem for the projective special linear groups PSL2(q).
Theorem 1.1. Let G0 = PSL2(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes, and let T = Tp1,p2,p3 be
the corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3) divides the order
of G0. Let jpi(G0) be the number of elements of G0 of order pi, and let o(1) denote a
quantity that tends to 0 as q →∞. Then
(i) We have
|Hom(T,G0)| = (1 + o(1)) ∙ |G0|−1
3∏
i=1
jpi(G0)
unless p1 = p2 = p3 6= p.
(ii) The group G0 is a (p1, p2, p3)-group if and only if for any positive divisor m 6= n of
n, lcm(p1, p2, p3) does not divide |PSL2(pm)|.
Remark 1.1. (1) If G0 = PSL2(q) where q is a power of a prime number p, G = PSL2(Fp),
and pi divides |G0| then the integer jpi(G0) is given in Corollary 3.3.5. Also if p1 = p2 =
p3 6= p and p1 divides |G0|, then there is a constant A such that
|Hom(T,G0)| = (1 + o(1)) ∙A ∙ qdim G.
The constant A can be read from Proposition 3.5.2 and of course dim G = 3 here.
(2) Our theorem generalises Macbeath’s result on Hurwitz groups. In [37] Macbeath
gives a necessary and sufficient condition on n and p for PSL2(p
n) to be a (2, 3, 7)-group.
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Imposing the condition that n is divisible by 3 whenever p 6≡ 0,±1 mod 7 assures that
|PSL2(pn)| is divisible by 7. Finally imposing the condition that n = 1 (respectively,
n = 3) if p ≡ 0,±1 mod 7 (respectively, p ≡ ±2,±3 mod 7) assures that there is no
positive divisor m 6= n of n such that |PSL2(pm)| is divisible by 7.
The above theorem gives the following immediate corollary.
Corollary 1.1. Let (p1, p2, p3) be a hyperbolic triple of primes. Given a prime p, there
exists a unique q = pn such that PSL2(q) is a (p1, p2, p3)-group. More precisely q is the
smallest power of p such that lcm(p1, p2, p3) divides |PSL2(q)|.
By Corollary 1.1, it only makes sense to consider the asymptotic probability:
lim
q→∞Prob(φ ∈ Hom(T,PSL2(q)) is an epimorphism)
if q →∞ through values in the set
Q = {q : PSL2(q) is a (p1, p2, p3)-group}
and also p→∞. We prove the following result.
Theorem 1.2. Fix p1, p2, p3 and let T = Tp1,p2,p3 . Let  ∈ {±1} and let Q1 = {q ∈
Q : q ≡  mod p1}. Let φ ∈ Hom(T,PSL2(q)) be randomly chosen. Then we have the
following:
(i) If p1, p2, p3 are distinct, then
lim
q →∞
q ∈ Q
Prob(φ is an epimorphism) = 1.
(ii) Assume exactly two of p1, p2, p3 are equal, say p1 = p3.
If (p1, p2) 6∈ {(3, 5), (5, 2), (5, 3)}, then
lim
q →∞
q ∈ Q
Prob(φ is an epimorphism) = 1.
If (p1, p2) ∈ {(3, 5), (5, 2), (5, 3)}, then
lim
q →∞
q ∈ Q
Prob(φ is an epimorphism) = 1/2.
(iii) Assume p1 = p2 = p3.
If p1 6= 5 then
lim
q →∞
q ∈ Q1
Prob(φ is an epimorphism) =
{
1 if  = −1
2α2−2α+1
2α2+2α−1 if  = 1
where α = (p1 − 1)/2.
If p1 = 5 then
lim
q →∞
q ∈ Q1
Prob(φ is an epimorphism) =
{
4/5 if  = −1
4/11 if  = 1.
The case where G0 ∈ {PSU3(q), PSL3(q)}
We also study the groups PSU3(q) and PSL3(q) in great detail. Let (p1, p2, p3) be a
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hyperbolic triple of primes with p1 ≤ p2 ≤ p3. There is a stunning difference between
triples with p1 > 2 and triples with p1 = 2. We later fit this dissimilarity into the general
context of rigidity. We prove the following deterministic result.
Theorem 1.3. Let G0 ∈ {PSU3(q),PSL3(q)}. Suppose that (p1, p2, p3) is a hyperbolic
triple of distinct odd primes (i.e. 3 ≤ p1 < p2 < p3). Then G0 is a (p1, p2, p3)-group if
and only if lcm(p1, p2, p3) divides |G0|.
The divisibility criterion given in the above theorem is clearly the minimal condition
for a finite group to be a (p1, p2, p3)-group. Asymptotically, we prove the following result.
Theorem 1.4. Let G0 ∈ {PSU3(q),PSL3(q)}. Let (p1, p2, p3) be a hyperbolic triple of odd
primes and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that
lcm(p1, p2, p3) divides |G0|. Then the probability that a randomly chosen homomorphism
in Hom(T,G0) is an epimorphism tends to 1 as |G0| → ∞.
In particular given a prime number p and a hyperbolic triple (p1, p2, p3) of odd primes,
there are infinitely many positive integers n such that PSU3(p
n) (respectively, PSL3(p
n))
is a (p1, p2, p3)-group.
Things are very different when one of the primes pi is 2.
Theorem 1.5. Let (2, p2, p3) be a hyperbolic triple of primes. Given a prime p there are
at most 2 (respectively, 4) positive integers n such that PSU3(p
n) (respectively, PSL3(p
n))
is a (2, p2, p3)-group.
If G0 ∈ {PSU3(q),PSL3(q)} is a (2, p2, p3)-group, we also give the limit of the proba-
bility that a randomly chosen homomorphism in Hom(T2,p2,p3 , G0) is an epimorphism as
|G0| → ∞.
Theorem 1.6. Let (2, p2, p3) be a fixed hyperbolic triple of primes. Suppose that G0 =
PSU3(q) is a (2, p2, p3)-group. Then the limit of the probability that a randomly chosen
homomorphism in Hom(T2,p2,p3 , G0) is an epimorphism as |G0| → ∞ is a nonzero rational
number given in Propositions 9.3, 10.5, 11.3 and 11.4.
Theorem 1.7. Let (2, p2, p3) be a fixed hyperbolic triple of primes. Suppose that G0 =
PSL3(q) is a (2, p2, p3)-group. Then the limit of the probability that a randomly chosen
homomorphism in Hom(T2,p2,p3 , G0) is an epimorphism as |G0| → ∞ is a nonzero rational
number given in Propositions 15.3, 16.12, 17.4 and 17.5.
Finally the asymptotic estimate given in [33, Theorem 1.2(i)] for the size of the
space of homomorphisms from a co-compact oriented Fuchsian Γ of genus at least 2 to
a finite simple group G0 holds to some extent if Γ is a hyperbolic triangle group and
G0 ∈ {PSU3(q),PSL3(q)}.
Proposition 1.1. Let G0 ∈ {PSU3(q),PSL3(q)} where q is a power of a prime p. Let
(p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Let jpi(G0) be the number of elements of G0 of
order pi, and let o(1) denote a quantity that tends to 0 as q →∞. Then
|Hom(T,G0)| = (1 + o(1)) ∙ |G0|−1
3∏
i=1
jpi(G0)
except possibly when p = p1 = 2.
Remark 1.2. (1) The integers jpi(G0) can be easily computed from the description given
in Chapter 4 of the conjugacy classes of G0 whose elements have prime order.
(2) If G0 ∈ {PSU3(q),PSL3(q)} where q is a power of 2, G = PSL3(F2), p1 = 2 and
lcm(p2, p3) divides |G0| then there is a constant A such that
|Hom(T,G0)| ≤ A ∙ qdim G.
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One can find A from the precise size of Hom(T,G0) given in Chapter 7 if G0 = PSU3(q)
and in Chapter 13 if G0 = PSL3(q), and of course here dim G = 8.
We asymptotically study the (p1, p2, p3)-generation problem for the following finite
simple exceptional groups of low rank: the Suzuki groups 2B2(q), the Ree groups
2G2(q),
the groups G2(q) and the Steinberg triality groups
3D4(q). These are groups for which
there are generic character tables available. We consider the latter two families in charac-
teristic greater than 3. The results are summarised below.
The case where G0 ∈ {2B2(q), 2G2(q)}
Theorem 1.8. Let q = 22m+1 (respectively, q = 32m+1) where m is a positive integer
and let G0 =
2B2(q) (respectively, G0 =
2G2(q)). Let (p1, p2, p3) be a hyperbolic triple
of primes such that lcm(p1, p2, p3) divides the order of G0, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Then
(i) We have
|Hom(T,G0)| = (1 + o(1)) ∙ |G0|−1
3∏
i=1
jpi(G0)
where jpi(G0) denotes the number of elements of G0 of order pi, and o(1) denotes a
quantity that tends to 0 as q →∞.
(ii) Let φ ∈ Hom(T,G0) be randomly chosen. Then
lim
q→∞Prob(φ is an epimorphism) = 1.
The case where G0 = G2(q)
Turning to the finite simple groups of type G2, we prove the following two results.
Theorem 1.9. Let G0 = G2(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 and let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3)
divides the order of G0. Then
(i) Suppose that (p1, p2, p3) 6= (2, 5, 5), and that if (p1, p2, p3) = (5, 5, 5) then p = 5.
Then
|Hom(T,G0)| = (1 + o(1)) ∙ |G0|−1
3∏
i=1
jpi(G0)
where jpi(G0) denotes the number of elements of G0 of order pi, and o(1) denotes a
quantity that tends to 0 as q →∞.
(ii) If (p1, p2, p3) = (5, 5, 5) and p 6= 5 then
|Hom(T,G0)| = (1 + o(1)) ∙ 72q16.
(iii) Suppose that
(p1, p2, p3) 6∈ {(2, 5, 5), (3, 5, 5), (3, 3, 5), (5, 5, 5)}.
Let φ ∈ Hom(T,G0) be randomly chosen. Then
lim
q→∞Prob(φ is an epimorphism) = 1.
If (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}, we are still able to give an idea of the
situation concerning (p1, p2, p3)-generation for G0 = G2(q).
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Proposition 1.2. Let G0 = G2(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let
(p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}
and set T = Tp1,p2,p3 to be the corresponding triangle group. Suppose that 5 divides |G0|.
Let P be the probability that a randomly chosen homomorphism in Hom(T,G0) is an
epimorphism. Finally, let o(1) denote a quantity that tends to 0 as q →∞. Then
(i) If p = 5 then
P = o(1).
(ii) If (p1, p2, p3) = (5, 5, 5) and q has order 2 modulo 5, then
31/36 + o(1) ≤ P ≤ 8/9 + o(1).
(iii) If (p1, p2, p3) = (3, 5, 5) and q has order 2 modulo 5, then
1/2 + o(1) ≤ P ≤ 3/4 + o(1).
The case where G0 =
3D4(q)
Finally considering the Steinberg triality groups, we prove the following asymptotic result.
Theorem 1.10. Let G0 =
3D4(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3 and let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3)
divides the order of G0. Then
(i) We have
|Hom(T,G0)| = (1 + o(1)) ∙ |G0|−1
3∏
i=1
jpi(G0)
where jpi(G0) denotes the number of elements of G0 of order pi, and o(1) denotes a
quantity that tends to 0 as q →∞.
(ii) Let φ ∈ Hom(T,G0) be randomly chosen. Then
(a) If {p1, p2} 6= {2, 3}, then
lim
q→∞Prob(φ is an epimorphism) = 1.
(b) If {p1, p2} = {2, 3}, then
lim
q→∞Prob(φ is an epimorphism) =

1 if the order of q modulo p3 is 12.
1/2 if p = p3,
or the order of q modulo p3 is 1 or 2.
p3−5
p3−3 if the order of q modulo p3 is 3 or 6.
Rigidity in algebraic groups
Let G be a simple algebraic group over an algebraically closed field of positive charac-
teristic p. Let (p1, p2, p3) be a hyperbolic triple of primes. In Proposition 21.2.1 we show
the following result using Scott’s formula (see [44]). In the statement, by an irreducible
subgroup of a classical group G, we mean a subgroup acting irreducibly on the natural
module for G.
Proposition 1.3. Suppose that G is of classical type and that p is a good prime for G
(i.e. p 6= 2 if G is of symplectic or orthogonal type). If g1, g2, g3 are elements of G of
respective order p1, p2, p3 such that g1g2g3 = 1 and 〈g1, g2〉 is an irreducible subgroup of G
then
dim gG1 + dim g
G
2 + dim g
G
3 ≥ 2 dim G.
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The above proposition motivates defining a hyperbolic triple of primes in a simple
algebraic group over an algebraically closed field of positive characteristic as reducible,
rigid or nonrigid. The triple (p1, p2, p3) is rigid in G if the sum of the dimensions of the
subvarieties of elements of order p1, p2, p3 in G is equal to 2 dim G.
Definition 1.1. Let G be a simple algebraic group over Fp and let (p1, p2, p3) be a hyper-
bolic triple of primes. Let δpi be the maximal dimension in G of a conjugacy class of G of
elements of order pi.
(i) If
δp1 + δp2 + δp3 < 2 dim G
we say that (p1, p2, p3) is reducible.
(ii) If
δp1 + δp2 + δp3 = 2 dim G
we say that (p1, p2, p3) is rigid.
(iii) If
δp1 + δp2 + δp3 > 2 dim G
we say that (p1, p2, p3) is nonrigid.
The choice of the term “rigid” in the above definition stems from the notion of a
linearly rigid triple of elements in GLn(Fp), originally introduced in inverse Galois theory.
If G = SLn(Fp) and g1, g2 generate an irreducible subgroup of G such that g3 = (g1g2)−1
satisfies
dim gG1 + dim g
G
2 + dim g
G
3 = 2 dim G
then (see [48]) the triple (g1, g2, g3) is a linearly rigid triple in GLn(Fp) in the following
sense.
Definition 1.2. Let g1, g2, g3 ∈ GLn(Fp) be such that g1g2g3 = 1. We say that (g1, g2, g3)
is a linearly rigid triple if the following holds: For any h1, h2, h3 ∈ GLn(Fp) with h1h2h3 =
1 such that hi is conjugate to gi for each i, there exists g ∈ GLn(Fp) such that gi = hig
for all i.
We classify reducible, rigid and nonrigid triples of primes in simple algebraic groups
G defined over an algebraically closed field of characteristic p > 0. Recall that if G is not
of simply connected or adjoint type then either G is abstractly isomorphic to SLn(Fp)/C
where C ≤ Z(SLn(Fp)), or G is of type Dm, p 6= 2 and G is abstractly isomorphic to
SO2m(Fp) or a half-spin group HSpin2m(Fp) where m is even in the latter case.
Theorem 1.11. The following hold:
(i) A complete list of reducible hyperbolic triples (p1, p2, p3) of primes, with p1 ≤ p2 ≤ p3,
in simple algebraic groups of simply connected or adjoint type is given in Table 1.1.
(ii) A complete list of rigid hyperbolic triples (p1, p2, p3) of primes, with p1 ≤ p2 ≤ p3,
in simple algebraic groups of simply connected or adjoint type is given in Table 1.2.
(iii) The classification of hyperbolic triples of primes in SOn(Fp) is the same as in
PSOn(Fp).
(iv) The classification of hyperbolic triples of primes in HSpin2m(Fp) is the same as in
Spin2m(Fp).
(v) If C ≤ Z(SLn(Fp)) contains an involution then the classification of hyperbolic triples
of primes in SLn(Fp)/C is the same as in PSLn(Fp). Otherwise, the classification
of hyperbolic triples of primes in SLn(Fp)/C is the same as in SLn(Fp).
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Table 1.1: Reducible triples
Type G p (p1, p2, p3)
An−1 SLn(Fp) n = 2 p 6= 2 p1 = 2
Cm Sp2m(Fp) n = 4 p 6= 2 p1 = 2, p2 = 3
m ≥ 2 (n = 2m) n = 6 p 6= 2 p1 = 2, p2 = 3
or p1 = 2, p2 = p3 = 5
n ∈ {8, 10, 12, 14, 16, 18, 22} p 6= 2 p1 = 2, p2 = 3, p3 = 7
Table 1.2: Rigid triples
Type G p (p1, p2, p3)
An−1 SLn(Fp) n = 2 p = 2 any
p 6= 2 p1 > 2
n = 3 any p1 = 2
n = 4 any p1 = 2, p2 = 3
n = 5 any p1 = 2, p2 = 3
n = 6 p 6= 2 p1 = 2, p2 = 3
n = 10 p 6= 2 p1 = 2, p2 = 3, p3 = 7
PSLn(Fp) n = 2 any any
n = 3 any p1 = 2
n = 4 any p1 = 2, p2 = 3
n = 5 any p1 = 2, p2 = 3
Cm Sp2m(Fp) n = 4 p = 2 (p1, p2) ∈ {(2, 3), (3, 3)}
m ≥ 2 (n = 2m) p 6= 2 p1 = p2 = 3
or p1 = 2, p2 > 3
n = 6 p 6= 2 p1 = 2, p2 = 5 p3 ≥ 7
n = 8 p 6= 2 p1 = 2, p2 = 3, p3 > 7
or p1 = 2, p2 = p3 = 5
n = 10 p 6= 2 p1 = 2, p2 = 3, p3 > 7
n ∈ {20, 24, 26} p 6= 2 p1 = 2, p2 = 3, p3 = 7
PSp2m(Fp) n = 4 any (p1, p2) ∈ {(2, 3), (3, 3)}
Bm Spin2m+1(Fp) n = 11 p 6= 2 p1 = 2, p2 = 3, p3 = 7
m ≥ 3 (n = 2m+ 1)
Dm Spin2m(Fp) n = 12 p 6= 2 p1 = 2, p2 = 3, p3 = 7
m ≥ 4 (n = 2m)
G2 G2(Fp) any p1 = 2, p2 = p3 = 5
Combining Proposition 1.3 and the classification of reducible triples of primes given in
Theorem 1.11, we get the following result.
Proposition 1.4. Let G0 = L(q) be a finite group of Lie type, where q is a power of some
prime number p. Let G be the corresponding algebraic group over Fp. Let (p1, p2, p3) be
a hyperbolic triple of primes. If (p1, p2, p3) is reducible in G then G0 is not a (p1, p2, p3)-
group.
Table 1.1 provides us with a list of finite symplectic groups that are not Hurwitz. Apart
from one family, these groups are already listed in [14]. As a new contribution, we get
that if q is odd then Sp22(q) is not Hurwitz.
Proposition 1.5. If q is odd then Sp22(q) is not a Hurwitz group.
The rigid triples are more interesting. If G = PSL2(Fp) (respectively, PSL3(Fp) then
our results show that given a prime number p and a fixed rigid hyperbolic triple (p1, p2, p3)
of primes in G, there are only finitely many integers n such that PSL2(p
n) (respectively,
PSU3(p
n), PSL3(p
n)) is a (p1, p2, p3)-group. More generally, we propose the following
conjecture.
Conjecture 1.1. Let p be a prime and let G0 = L(p
n) denote a finite group of Lie
type arising from a simple algebraic group G over Fp. Suppose that (p1, p2, p3) is a rigid
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hyperbolic triple of primes in G. Then there are finitely many positive integers n such that
L(pn) is a (p1, p2, p3)-group.
This conjecture agrees with the substantial results in the literature on Hurwitz groups.
Indeed Macbeath’s result (see [37]) implies that if m > 3 then PSL2(p
m) is not a (2, 3, 7)-
group. By Cohen [8] if q > 2 then PSL3(q) is not a Hurwitz group. Also PSU3(q) and
PSL4(q) are never Hurwitz (see [8],[52]). In [51] Tamburini and Vsemirnov show that
given a prime p, there is at most one positive integer m such that PSL5(p
m) or PSU5(p
m)
are (2, 3, 7)-groups. By [14] if n ∈ {4, 5, 6, 10} then SLn(q) and SUn(q) are not Hurwitz.
By [42] the conjecture remains open for simple groups G0 = G(p
m) only in the following
cases:
G = PSp4(Fp) with (p1, p2) = (3, 3)
G = G2(Fp) with (p1, p2, p3) = (2, 5, 5).
Concerning quasisimple groups with nontrivial centre the conjecture remains open only
for the symplectic groups given in Table 1.2, and in particular it motivates, in its own
right, a further study of Hurwitz generation of various symplectic groups, namely Sp20(q),
Sp24(q), Sp26(q) for q odd.
It is important to notice that the converse to the conjecture does not hold in general, in
the sense that we can have a simple algebraic group G defined over Fp, and a nonrigid
hyperbolic triple (p1, p2, p3) of primes in G for which there are only finitely many positive
integers m such that G(pm) is a (p1, p2, p3)-group. For example by [14] SL7(p
m) is never a
Hurwitz group, but the triple (2, 3, 7) in nonrigid in SL7(Fp). Other similar classical exam-
ples can be given using [14]. As another example, 3D4(3
m) is never a Hurwitz group (see
[39]), although the triple (2, 3, 7) is nonrigid in a simple algebraic group of type D4 over F3.
Rigidity in finite groups of Lie type
Given a hyperbolic triple (p1, p2, p3) of primes whose lowest common multiple divides
the order of a finite (simple) group G0 of Lie type, we define it as reducible, rigid, or
nonrigid in G0 in the following sense. We denote the lowest common multiple of p1, p2, p3
by lcm(p1, p2, p3).
Definition 1.3. Let G0 be a finite group of Lie type and let G denote the corresponding
algebraic group. Let (p1, p2, p3) be a hyperbolic triple of primes such that lcm(p1, p2, p3)
divides the order of G0. Let δ
G0
pi
be the maximal dimension in G of a conjugacy class of
G containing an element of G0 of order pi.
(i) If
δG0p1 + δ
G0
p2
+ δG0p3 < 2 dim G
we say that (p1, p2, p3) is reducible in G0.
(ii) If
δG0p1 + δ
G0
p2
+ δG0p3 = 2 dim G
we say that (p1, p2, p3) is rigid in G0.
(iii) If
δG0p1 + δ
G0
p2
+ δG0p3 > 2 dim G
we say that (p1, p2, p3) is nonrigid in G0.
Remark 1.3. Clearly a hyperbolic triple of primes which is reducible in a simple alge-
braic group G defined over an algebraically closed field of prime characteristic p remains
reducible in a finite group of Lie type arising from G.
We state below some results on the classification of hyperbolic triples of primes in
finite groups of Lie type. For matter of conciseness some of the proofs are omitted in the
thesis. For more details see [40] and [41] where we respectively classify hyperbolic triples
of primes in finite exceptional simple groups of Lie type, and in SLn(q).
21
Introduction
There are in fact no reducible hyperbolic triples of primes in finite simple exceptional
groups of Lie type. More precisely, we have the following situation (see [40, Theorem 1]).
Proposition 1.6. Let G0 = L(q), where q = p
n, be a finite exceptional simple group of
Lie type. Let (p1, p2, p3) be a hyperbolic triple of primes such that lcm(p1, p2, p3) divides
the order of G0. Then the triple is nonrigid in G0 unless
G0 = G2(q) and {p1, p2, p3} = {2, 5, 5}.
In the latter case, the triple (2, 5, 5) is rigid in G2(q).
Since the Suzuki groups (respectively, the Ree groups 2G2(q)) contain no elements of
order 3 (respectively, 5), Tables 1.1 and 1.2 agree with Proposition 1.6, as expected.
The proposition below follows from the results explained so far.
Proposition 1.7. Let G0 be a finite group of Lie type arising from a simple algebraic
group G defined over an algebraically closed field of prime characteristic p. Let (p1, p2, p3)
be a hyperbolic triple of primes such that lcm(p1, p2, p3) divides |G0|. Then
(i) If (p1, p2, p3) is reducible in G then G0 is not a (p1, p2, p3)-group.
(ii) Suppose that p 6= 2 if G is of symplectic or orthogonal type. If (p1, p2, p3) is reducible
in G0 then G0 is not a (p1, p2, p3)-group.
A hyperbolic triple (p1, p2, p3) of primes which is nonrigid in a simple classical algebraic
group G whose underlying module is of relatively small dimension can become reducible in
a finite group G0 = L(q) of Lie type arising from G, depending on the order of q modulo
lcm(p1, p2, p3). In this way we get other examples of finite classical groups that are not
(p1, p2, p3)-groups. In particular we have the following result (see [41, Proposition 2.1]).
Proposition 1.8. Let G0 = PSLn(q) where q is a power of a prime p. The table below
gives hyperbolic triples (p1, p2, p3) of primes with p1 ≤ p2 ≤ p3 and lcm(p1, p2, p3) dividing
|G0| for which G0 is not a (p1, p2, p3)-group. We denote by m the order of q modulo p3.
Finally, v denotes the following irrational number
v =
√
6(p3 − 1)
p3 − 6 .
n Hyperbolic triples
5 p1 = 2, p2 = 3, m = 3
n ∈ {10, 11} p1 = 2, p2 = 3, (p3,m) = (7, 6)
n ∈ {16, 17, 18, 19} p1 = 2, p2 = 3, (p3,m) = (11, 10)
n ∈ {20, 21, 22, 23} p1 = 2, p2 = 3, (p3,m) = (13, 12)
7 ≤ n < p3 p1 = 2, p2 = 3
dn/2e+ (1 + (−1)n)/2 ≤ m ≤ n− bn/√6c − 1
dp3
(
1 + 1
v−1
)
e+ 1 ≤ n ≤ 2p3 − 3 p1 = 2, p2 = 3, m = p3 − 1
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Comments on the length of the thesis
Let G0 = L(q) be a finite simple group of Lie type and let T = Tp1,p2,p3 = 〈x, y :
xp1 = yp2 = (xy)p3 = 1〉 be a hyperbolic triangle group such that lcm(p1, p2, p3) divides
|G0|. In determining whether G0 is a (p1, p2, p3)-group, and also in calculating the limit of
the probability that a randomly chosen homomorphism in Hom(T,G0) is an epimorphism
as |G0| → ∞, the value of |Hom1(T,G0)| is crucial, where Hom1(T,G0) is the subset of
Hom(T,G0) consisting of epimorphisms. To calculate this we use the obvious identity
|Hom1(T,G0)| = |Hom(T,G0)| − |
⋃
L<G0
Hom(T,L)|
and then we apply the character theory and the subgroup structure of G0 to calculate
|Hom(T,G0)| and |
⋃
L<G0
Hom(T,L)|. This method contains three major difficulties that
lead to lengthy proofs, as explained below.
The character theory of G0
In general the size of Hom(T,G0) is a polynomial in q whose degree gives the dimension of
Hom(T,G0), seen as a variety. One can apply the general method (given in [33]) concerning
the computation of the size of the space of homomorphisms from a co-compact oriented
Fuchsian group to a finite group. For a fixed triple C = (C1, C2, C3) of conjugacy classes
of G0 such that Ci consists of elements of order dividing pi, and for a fixed element g3 in
C3, we calculate the number aC of pairs (g1, g2) such that gi ∈ Ci and g1g2g3 = 1. The
integer aC is also called a class algebra constant. By a well-known formula of Frobenius
(see [22, p. 349] for example) we have
aC =
|C1||C2|
|G0|
∑
χ∈Irr(G0)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Since the number of triples (g1, g2, g3) such that gi ∈ Ci and g1g2g3 = 1 is equal to aC ∙|C3|,
it follows that
|Hom(T,G0)| =
∑
C
aC ∙ |C3|
where the sum is taken over all triples C = (C1, C2, C3) of conjugacy classes of G0 such
that Ci consists of elements of order dividing pi.
Unfortunately, for a given triple (g1, g2, g3) of elements of G0 such that gi has order
dividing pi, the sum ∑
χ∈Irr(G0)
χ(g1)χ(g2)χ(g3)
χ(1)
is in general not easy to calculate. Even from an asymptotic point of view, this sum is
often not dominated by the trivial character (unlike the situation in [33]). The difficulty
in calculating |Hom(T,G0)| is increased by the fact that one has to consider all possible
triples of classes of G0 of elements of order respectively dividing p1, p2 and p3, and then
perform the relevant character-theoretic sums.
The subgroup structure of G0
In our proofs we several times apply the inclusion-exclusion principle when calculating the
size of
⋃
LHom(T,L) where L varies through a given class of (maximal) subgroups of G0.
This leads, for each positive integer k, to a detailed analysis of the possible intersections of
k members L1, ..., Lk of the considered class of subgroups of G0, and to the computation
of the size of
Hom(T,
k⋂
j=1
Li) =
k⋂
j=1
Hom(T,Li).
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The complete solution to the (p1, p2, p3)-generation problem for G0
In order to prove Conjecture 1.1 for G0 ∈ {PSL3(q), PSU3(q)} we need to obtain com-
plete results for the rigid triples (2, p2, p3). The calculations of the sizes of the spaces
Hom(T,G0), and
⋃
L<G0
Hom(T,L) involve considering many different cases according to
the possible congruences of q modulo pi.
Some notation used in the thesis
For a given hyperbolic triple (p1, p2, p3) of primes, we write
T = Tp1,p2,p3 = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
= 〈x, y, z : xp1 = yp2 = zp3 = xyz = 1〉.
We write Ln(q) = PSLn(q) and Un(q) = PSUn(q).
We use the symbol ∧ when we describe a subgroup of L3(q) (respectively, U3(q)) by the
structure of its preimage in SL3(q) (respectively SU3(q)).
N ∙H denotes an extension of a group N by a group H.
N : H denotes a split extension.
N ◦H denotes a central product.
[a] or simply a can denote a finite group of order a.
Za can denote a cyclic group of order a.
For a finite group L, we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1, φ(y) 6= 1, φ(xy) 6= 1}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective}.
We denote by Irr(L) the set of complex irreducible characters of L.
Given a prime number r, jr(L) denotes the number of elements of L of order r.
Fp denotes an algebraically closed field of prime characteristic p.
Fq denotes a finite field of order q and F∗q denotes the multiplicative group of Fq.
For a G-module V , an element g ∈ G, and a subgroup H of G, we let
CV (g) = {v ∈ V : gv = v}
and
CV (H) = {v ∈ V : hv = v ∀h ∈ H}.
(a1, ..., an) can denote diag(a1, ..., an).
(m1,m2) can denote the highest common factor of the integers m1,m2.
lcm(m1,m2,m3) denotes the lowest common multiple of the integers m1,m2,m3.
Layout of the thesis
The thesis is divided into four parts. The first part is on the (p1, p2, p3)-generation
problem for PSL2(q). In the second part, we investigate the (p1, p2, p3)-generation problem
for PSU3(q) and PSL3(q). The third part contains asymptotic results on the (p1, p2, p3)-
generation problem for the following finite simple exceptional groups of Lie type of small
rank: the Suzuki groups 2B2(q), the Ree groups
2G2(q), the groups G2(q) and the Stein-
berg triality groups 3D4(q). In a final part we classify hyperbolic triples of primes in
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simple classical or exceptional algebraic groups defined over an algebraically closed field
of positive characteristic.
In Chapter 2 we give some preliminary results that are useful when studying the space
of homomorphisms from a hyperbolic triangle group to a finite group.
In Chapter 3 we study the (p1, p2, p3)-generation problem for PSL2(q). We also give
some results on the space of homomorphisms from certain hyperbolic triangle groups to
the classical groups SL2(q) and GL2(q). These results will be used in different parts of the
thesis.
Chapters 4-17 are devoted to the study of the (p1, p2, p3)-generation problem for
G0 ∈ {PSU3(q), PSL3(q)}.
In Chapter 4 we give the subgroup structure and the character table of G0 as well as a
description of the conjugacy classes of G0 whose elements have prime order.
In Chapter 5 we study the asymptotic behavior of finite simple projective linear or unitary
(p1, p2, p3)-groups in dimension 3 where (p1, p2, p3) is a given nonrigid hyperbolic triple of
primes (i.e. p1, p2, p3 are all odd). We prove Proposition 1.1 when p1, p2, p3 are all odd,
and show that Theorem 1.4 holds.
In Chapter 6 we calculate | ∪LHom∗(T,L)| where L varies through the maximal reducible
subgroups of PSU3(q).
In Chapter 7 we give the sizes of Hom∗(T,PSU3(q)) and ∪LHom∗(T,L) where T = Tp1,p2,p3
and p1 < p2 ≤ p3 are all distinct if odd, and where L typically varies through a given
class of (maximal) subgroups of PSU3(q). We compute |Hom∗(T,PSU3(q))| by means
of character theory, using the method explained above. This involves calculating some
character-theoretic sums that are performed in Appendix A at the end of the thesis.
In Chapter 8 we prove Theorem 1.3 for G0 = PSU3(q).
In Chapters 9, 10 and 11, given a prime p and a hyperbolic triple of primes of the form
(2, p2, p3) we determine the positive integers n such that PSU3(p
n) is a (2, p2, p3)-group,
according respectively to the cases where p2 = 3 and p3 ≥ 7, p2 6= p3 are greater than 3,
and p2 = p3 ≥ 5. In particular we prove that Conjecture 1.1 holds for G0 = PSU3(q).
If G0 = PSU3(q) is a (2, p2, p3)-group, we also give the limit of the probability that a
randomly chosen homomorphism in Hom(Tp1,p2,p3 , G0) is an epimorphism as |G0| → ∞.
In Chapter 12 we calculate |∪LHom∗(T,L)| where L varies through the maximal parabolic
subgroups of PSL3(q).
In Chapter 13 we give the sizes of Hom∗(T,PSL3(q)) and ∪LHom∗(T,L) where T =
Tp1,p2,p3 and p1 < p2 ≤ p3 are all distinct if odd, and where L typically varies through
a given class of (maximal) subgroups of PSL3(q). We compute |Hom∗(T,PSL3(q))| by
means of character theory, using the method explained above. This involves calculating
some character-theoretic sums that are performed in Appendix A.
In Chapter 14 we prove Theorem 1.3 for G0 = PSL3(q).
In Chapters 15, 16 and 17, given a prime p and a hyperbolic triple of primes of the form
(2, p2, p3) we determine the positive integers n such that PSL3(p
n) is a (2, p2, p3)-group,
according respectively to the cases where p2 = 3 and p3 ≥ 7, p2 6= p3 are greater than
3, and p2 = p3 ≥ 5. In particular we prove that Conjecture 1.1 holds for G0 = PSL3(q).
If G0 = PSL3(q) is a (2, p2, p3)-group, we also give the limit of the probability that a
randomly chosen homomorphism in Hom(Tp1,p2,p3 , G0) is an epimorphism as |G0| → ∞.
In Chapters 18, 19 and 20, we give some asymptotic results on the (p1, p2, p3)-generation
problem for the following finite simple exceptional groups of Lie type of small rank: the
Suzuki groups 2B2(q) and the Ree groups
2G2(q), the groups G2(q), and the Steinberg
triality groups 3D4(q).
Finally in Chapter 21, we classify hyperbolic triples of primes in simple classical or
exceptional algebraic groups defined over an algebraically closed field of positive charac-
teristic.
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Chapter 2 Preliminaries
The aim of this chapter is to provide some elementary results that are useful when studying
the space of homomorphisms from a hyperbolic triangle group T = Tp1,p2,p3 to a finite
group G. Write
T = 〈x, y, z : xp1 = yp2 = zp3 = xyz = 1〉
= 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
We let
Hom∗(T,G) = {φ ∈ Hom(T,G) : φ(x) 6= 1, φ(y) 6= 1, φ(z) 6= 1}
and
Hom1(T,G) = {φ ∈ Hom(T,G) : φ is surjective}.
Remark 2.1. (1) If p1, p2, p3 are primes and lcm(p1, p2, p3) does not divide |G| then
Hom∗(T,G) = ∅.
(2) If p1, p2 and p3 are primes and all distinct then
Hom∗(T,G) = {φ ∈ Hom(T,G) : φ is nontrivial}.
Lemma 2.1. If G is noncyclic then Hom1(T,G) ⊆ Hom∗(T,G).
Proof. Let φ be any element of Hom1(T,G). Suppose that φ does not belong to Hom∗(T,G).
Then one of φ(x), φ(y) or φ(xy) is the identity element. It follows that Im φ = G is cyclic,
a contradiction. Therefore Hom1(T,G) ⊆ Hom∗(T,G).
Lemma 2.2. We have the following:
(i)
Hom1(T,G) = Hom(T,G) \
⋃
M<G
Hom(T,M).
(ii) If G is noncyclic then
(a)
Hom1(T,G) = Hom∗(T,G) \
⋃
M<G
Hom∗(T,M).
(b)
Hom1(T,G) = Hom∗(T,G) \
⋃
M < G
Hom∗(T,M) 6= ∅
Hom∗(T,M).
Proof. This follows from the definition of Hom1(T,G).
Lemma 2.3. Let φ be a randomly chosen homomorphism in Hom(T,G). Then
Prob(φ is an epimorphism) =
|Hom1(T,G)|
|Hom(T,G)| .
Proof. Again this follows from the definition of Hom1(T,G).
Lemma 2.4. Let G be a finite group and let C = (C1, C2, C3) be a triple of conjugacy
classes of G with respective representatives g1, g2 and g3.
Preliminaries
(i) Fix an element h3 ∈ C3 and let aC be the number of pairs (h1, h2) such that h1 ∈ C1,
h2 ∈ C2 and h3 = (h1h2)−1. Then
aC =
|C1||C2|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
(ii) Let κC be the number of pairs (h1, h2) such that h1 ∈ C1, h2 ∈ C2 and (h1h2)−1 ∈ C3.
Then
κC =
|C1||C2||C3|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
(iii) Let T = Tp1,p2,p3 = 〈x, y, z : xp1 = yp2 = zp3 = xyz = 1〉 be a hyperbolic triangle
group and set
HomC(T,G) = {φ ∈ Hom(T,G) : φ(x) ∈ C1, φ(y) ∈ C2, φ(z) ∈ C3}.
Then
|HomC(T,G)| = aC ∙ |C3| = κC.
Remark 2.2. The integers aC are called the class algebra constants of G.
Proof. (i) This is a well-known result of Frobenius (see [22, p. 349] for example).
(ii) It follows from (i) that for a fixed triple C = (C1, C2, C3) of conjugacy classes of
G we have κC = aC ∙ |C3|. The result follows.
(iii) Observe that |HomC(T,G)| is equal to the number of solutions to the equation
h1h2h3 = 1 with hi ∈ Ci. By (ii) this is equal to κC. The result now follows.
Lemma 2.5. Let G be a finite group and let T = Tp1,p2,p3 be a hyperbolic triangle group.
The following hold:
(i)
|Hom(T,G)| =
∑
C
aC ∙ |C3| =
∑
C
κC
where the sum is over all C = (C1, C2, C3) such that each Ci is a conjugacy class of
G of elements of order dividing pi.
(ii) If p1, p2, p3 are primes then
|Hom∗(T,G)| =
∑
C
aC ∙ |C3| =
∑
C
κC
where the sum is over all C = (C1, C2, C3) such that each Ci is a conjugacy class of
G of elements of order pi.
Proof. (i) This follows from Lemma 2.4 using the fact that
|Hom(T,G)| =
∑
C
|HomC(T,G)|
where the sum is over all C = (C1, C2, C3) such that each Ci is a conjugacy class of G of
elements of order dividing pi.
(ii) This follows from Lemma 2.4 using the fact that
|Hom∗(T,G)| =
∑
C
|HomC(T,G)|
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where the sum is over all C = (C1, C2, C3) such that each Ci is a conjugacy class of G of
elements of order pi.
Below is a result on the space of homomorphisms from a hyperbolic triangle group to
an abelian group.
Lemma 2.6. Let G be an abelian group and let T = Tp1,p2,p3 be a hyperbolic triangle
group such that p1, p2, p3 are primes which are not all equal. Then
Hom∗(T,G) = ∅.
Proof. Without loss of generality, we can assume that p1 6= p2, p3. Suppose that Hom∗(T,G)
is nonempty. Let φ be any element of Hom∗(T,G). Then φ(x) has order p1, φ(y) has order
p2 and φ(xy) has order p3. Since G is abelian and p1 6= p2, φ(xy) = φ(x)φ(y) must have
order p1p2, a contradiction. Therefore Hom
∗(T,G) = ∅.
We get the following corollary.
Corollary 2.1. Let G be a soluble group and let T = Tp1,p2,p3 be a hyperbolic triangle
group such that p1, p2, p3 are distinct primes. Then
Hom∗(T,G) = ∅.
Proof. Since G is soluble, there is a normal series 1 = Gn / ... / G0 = G where, for
0 ≤ i < n, the factor Gi/Gi+1 is a nontrivial abelian group. We use induction on n. If
n = 0, 1 then the result follows at once from Lemma 2.6. Suppose n > 1. Let φ be any
element of Hom(T,G) and let π : G −→ G/G1 be the canonical map. Also let ψ = π ◦ φ
so that ψ ∈ Hom(T,G/G1). Since p1, p2, p3 are distinct primes and G/G1 is abelian, it
follows from Lemma 2.6 that ψ is trivial. Hence Im φ ⊂ G1. By induction, φ is trivial, as
required.
Below is another elementary result on the space of homomorphisms from a hyperbolic
triangle group to a finite group.
Lemma 2.7. Let G be a finite group and let T = Tp1,p2,p3 be a hyperbolic triangle group.
Suppose that N is a normal subgroup of G such that at least two of p1, p2, p3 are coprime
to |G/N |. Then
Hom(T,G) = Hom(T,N).
Proof. It is clear that Hom(T,N) ⊂ Hom(T,G). We prove the reverse inclusion. Let φ be
any element of Hom(T,G) and let π : G −→ G/N be the canonical map. Also let ψ = π◦φ
so that ψ ∈ Hom(T,G/N). Since at least two of p1, p2, p3 are coprime to |G/N |, it follows
that ψ is trivial. Hence φ belongs to Hom(T,N), as required.
Finally to count the number of homomorphisms in ∪LHom(T,L) where L varies trough
a given class of subgroups of G it is sometimes useful to apply the inclusion-exclusion
principle. We recall its statement.
Lemma 2.8. The inclusion-exclusion principle
Suppose that A1, A2, ..., An are finite sets. Then∣∣∣∣∣
n⋃
i=1
Ai
∣∣∣∣∣
is equal to
n∑
i=1
|Ai| −
∑
i<j
|Ai ∩Aj |+
∑
i<j<k
|Ai ∩Aj ∩Ak| − ∙ ∙ ∙+ (−1)n+1|A1 ∩A2 ∩ ... ∩An|.
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Chapter 3 Triangle groups and L2(q)
3.1 Introduction
Let p1, p2, p3 denote prime numbers satisfying the hyperbolic condition
1/p1 + 1/p2 + 1/p3 < 1
and let
T = Tp1,p2,p3 = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
be the corresponding hyperbolic triangle group. We say that a noncyclic finite group G is
a (p1, p2, p3)-group if there exists an epimorphism φ : T −→ G.
Put G = L2(q) = PSL2(q), where q = p
n, p is a prime number and n is a positive
integer. Recall that L2(q) is a finite group of Lie type of rank 1 which is simple provided
q > 3. In [37], Macbeath determined when G is a Hurwitz group, i.e. a (2, 3, 7)-group.
He proved that G is a Hurwitz group if and only if either n = 1 and p ≡ 0,±1 mod 7,
or n = 3 and p ≡ ±2,±3 mod 7. We consider the more general question: when is G a
(p1, p2, p3)-group? We prove the following result.
Theorem 3.1. Let G = L2(q) where q = p
n for some prime number p and some positive
integer n. Let (p1, p2, p3) be a hyperbolic triple of primes, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3) divides the order of
G. Then
(i) The triple (p1, p2, p3) is rigid.
(ii) Let jpi(G) be the number of elements of G of order pi, and let o(1) denote a quantity
that tends to 0 as q →∞. We have
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
unless p1 = p2 = p3 6= p.
(iii) The group G is a (p1, p2, p3)-group if and only if for any positive divisor m 6= n of
n, lcm(p1, p2, p3) does not divide |L2(pm)|.
Remark 3.1. (1) Since the dimension of a conjugacy class of a nontrivial element in
PSL2(Fp) is 2 and dim(PSL2(Fp)) = 3, it follows that every hyperbolic triple of primes is
rigid in PSL2(Fp). This shows Theorem 3.1(i).
(2) The integers jpi(G) are given in Corollary 3.3.5. If p1 = p2 = p3 6= p and p1 divides
|G|, an asymptotic formula for |Hom(T,G)| can be given using Proposition 3.5.2(v).
(3) One can use the results given in [37] to derive Theorem 3.1(iii), by studying triples
of elements of L2(q) and the subgroups they generate. We use a different approach that en-
ables us to determine the precise number of epimorphisms in Hom(T,L2(q)). The methods
involve the character theory and the subgroup structure of L2(q).
Theorem 3.1 gives the following immediate corollary.
Corollary 3.1. Let (p1, p2, p3) be a hyperbolic triple of primes. Given a prime p, there
exists a unique q = pn such that L2(q) is a (p1, p2, p3)-group. More precisely q is the
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smallest power of p such that lcm(p1, p2, p3) divides |L2(q)|. Alternatively, define
Ni =
{
order of p modulo pi if p 6= pi
1 if p = pi,
and let N = lcm(N1, N2, N3). Then the unique n such that L2(p
n) is a (p1, p2, p3)-group
is given by
n =
N
(N, 2)
where (N, 2) denotes the highest common factor of N and 2.
Finally we want to consider the following asymptotic probability:
lim
q→∞Prob(φ ∈ Hom(T,L2(q)) is an epimorphism).
By Corollary 3.1, this only makes sense if q →∞ through values in the set
Q = {q : L2(q) is a (p1, p2, p3)-group}
and also p→∞. We have the following result.
Theorem 3.2. Fix p1, p2, p3 and let T = Tp1,p2,p3 . Let  ∈ {±1} and let Q1 = {q ∈ Q :
q ≡  mod p1}. Let φ ∈ Hom(T,L2(q)) be randomly chosen. Then we have the following:
(i) If p1, p2, p3 are distinct, then
lim
q →∞
q ∈ Q
Prob(φ is an epimorphism) = 1.
(ii) Assume exactly two of p1, p2, p3 are equal, say p1 = p3.
If (p1, p2) 6∈ {(3, 5), (5, 2), (5, 3)}, then
lim
q →∞
q ∈ Q
Prob(φ is an epimorphism) = 1.
If (p1, p2) ∈ {(3, 5), (5, 2), (5, 3)}, then
lim
q →∞
q ∈ Q
Prob(φ is an epimorphism) = 1/2.
(iii) Assume p1 = p2 = p3.
If p1 6= 5 then
lim
q →∞
q ∈ Q1
Prob(φ is an epimorphism) =
{
1 if  = −1
2α2−2α+1
2α2+2α−1 if  = 1
where α = (p1 − 1)/2.
If p1 = 5 then
lim
q →∞
q ∈ Q1
Prob(φ is an epimorphism) =
{
4/5 if  = −1
4/11 if  = 1.
In fact our proof of Theorem 3.2 shows in particular that if p1, p2, p3 are distinct primes
and G = L2(q) is a (p1, p2, p3)-group, then every nontrivial homomorphism from Tp1,p2,p3
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to G is surjective. As another consequence, if p1, p2 are distinct primes with p1 > 5 or
p2 > 5, and G = L2(q) is a (p1, p1, p2)-group of large order, then almost all homomor-
phisms from Tp1,p1,p2 to G are surjective.
Let us now fix some notation which we will use in the remainder of this chapter. Let
(p1, p2, p3) be a hyperbolic triple of primes and set
T = Tp1,p2,p3 = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
For any group L we set
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1, φ(y) 6= 1, φ(xy) 6= 1}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
If L is noncyclic note that Hom1(T,L) ⊆ Hom∗(T,L). In addition up to §3.7 we define
G = L2(q), G1 = PGL2(q) and ζ = (2, q − 1)
where q = pn, p is a prime number and n is a positive integer.
The layout is as follows. In §3.2, we give the subgroup structure of L2(q). We give
the proof of Theorem 3.1 in §§3.3, 3.4 and 3.5 according respectively to the cases where
p1, p2, p3 are all distinct, exactly two of p1, p2, p3 are equal, and p1 = p2 = p3. We prove
Theorem 3.2 in §3.6.
In §3.7 we calculate the size of Hom∗(Tp1,p2,p3 , SL2(q)), where Tp1,p2,p3 is a hyperbolic tri-
angle group arising from a hyperbolic triple (p1, p2, p3) of distinct primes. This calculation
will be useful in later chapters, for example when we calculate the size of ∪LHom∗(T,L)
where L varies through the reducible subgroups of U3(q) or L3(q) (see Chapters 6 and 12).
Finally in §3.8 we give some results about the space of homomorphisms from certain hy-
perbolic triangle groups to GL2(q). In §3.8.1 we give the size of Hom∗(T2,u,u,GL2(q))
where u > 3 is a prime number and q is a power of 2. The results given in §3.8.1 are used
in Chapter 12.
In §3.8.2 we give a precise asymptotic estimate for |Hom∗(T,GL2(q))| where T is one of
the following hyperbolic triangle groups:
T3,3,5, T3,5,5, T5,5,5
and q is a power of a prime p > 5. These results are used in Chapter 19 to estimate
asymptotically the size of Hom∗(T, P ) where P is a maximal parabolic subgroup of G2(q).
3.2 Subgroup structure of L2(q)
The proof of Theorem 3.1 requires detailed information on the subgroup structure of L2(q).
The following result is well-known (see [50, pp. 412-414]).
Lemma 3.2.1. Let G = L2(q) and G1 = PGL2(q) where q = p
n for some prime number
p and some positive integer n. Then a maximal subgroup of G is conjugate in G1 to one
of the following:
(i) The dihedral groups of order 2(q ± 1)/ζ, where ζ = (2, q − 1).
(ii) A group J of order q(q − 1)/ζ, where a Sylow p-subgroup Q of J is elementary
abelian, Q C J and the factor group J/Q is a cyclic group of order (q − 1)/ζ.
(iii) S4, if q = p ≡ ±1 mod 8.
A4, if q = 4 or q = p is odd, p 6≡ ±1 mod 8 and p 6≡ ±1 mod 5.
A5, if q = p and p ≡ ±1 mod 5, or q = p2 is odd and p ≡ ±2 mod 5.
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(iv) L2(p
m), if m divides n and n/m is an odd prime.
(v) PGL2(p
n
2 ), if n is even.
The orders of the normalizers in PGL2(q) of some subgroups of L2(q) are given below.
Lemma 3.2.2. Let G = L2(q) and G1 = PGL2(q) where q = p
n for some prime number
p and some positive integer n. Let ζ = (2, q − 1). Then
(i) There is a single class in G1 of subgroups of G isomorphic to D2(q−1)/ζ . We have
|NG1(D2(q−1)/ζ)| = 2(q − 1).
(ii) There is a single class in G1 of subgroups of G isomorphic to D2(q+1)/ζ . We have
|NG1(D2(q+1)/ζ)| = 2(q + 1).
(iii) There is a single class in G1 of subgroups of G isomorphic to the group J = [q] :
Z(q−1)/ζ . We have |NG1(J)| = ζ|J |.
(iv) If A5 is a subgroup of G, then there is a single class in G1 of subgroups of G iso-
morphic to A5. We have
|NG1(A5)| =
{ |A5| if p 6= 5
2|A5| if p = 5.
(v) If m divides n, there is a single class in G1 of subgroups of G isomorphic to H =
L2(p
m). We have |NG1(H)| = ζ|H|.
(vi) If m divides n and n/m is even, there is a single class in G1 of subgroups of G
isomorphic to H1 = PGL2(p
m). We have |NG(H1)| = |H1|.
3.3 Three distinct primes
Assume in this section that p1, p2, p3 are distinct primes with p1 < p2 < p3. Recall that
T = Tp1,p2,p3 and G = L2(q), where q = p
n for a prime p. Set ζ = (2, q − 1).
3.3.1 The size of Hom∗(T, L), where L ≤ G
Note that as p1, p2, p3 are distinct primes, we have
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ nontrivial} .
In order to prove Theorem 3.1, in this case, we need to compute the size of Hom∗(T,L)
for the various subgroups L of G given in Lemma 3.2.1.
Lemma 3.3.1. We have the following:
(i) Hom∗(T,D2i) = ∅ for any i, where D2i is the dihedral group of order 2i.
(ii) Hom∗(T, J) = ∅ where J is the Borel subgroup of order q(q − 1)/ζ.
(iii) Hom∗(T,A4) = Hom∗(T, S4) = Hom∗(T,A5) = ∅.
Proof. Since p1, p2, p3 are distinct primes and D2i, J , A4 and S4 are soluble groups, (i),
(ii) and the first two parts of (iii) follow directly from Corollary 2.1.
Finally, it is clear that Hom∗(T,A5) = ∅. Indeed, since p1, p2, p3 are distinct primes, we
have p3 ≥ 7. But A5 has no elements of order at least 7.
The rest of the subsection is devoted to the proof of the following key proposition.
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Proposition 3.3.2. We have the following:
|Hom∗(T,G)| = |Hom∗(T,G1)| =

2Aα1α2α3|G| if p, p1 6= 2
Aα1α2α3|G| if p 6= 2 and p1 = 2
α1α2α3|G| if p = 2
where
A =
{
2 if p 6∈ {p1, p2, p3}
1 otherwise
and, for 1 ≤ i ≤ 3,
αi =

0 if pi - |G|
ζ if pi = p
dpi−12 e otherwise
is the number of conjugacy classes of elements of order pi in G.
The proof is mainly character-theoretic, and is based on the following three lemmas.
The first lemma gives the character table of G. This is well-known (see [16, pp. 228-229,
235]), but we reproduce it here for convenience.
Lemma 3.3.3. The character table of G is given below.
class rep. g 1 c d al bm
|gG| 1 q2−1
ζ
q2−1
ζ
q(q+1)
γl
q(q−1)
δm
|CG(g)| q(q
2−1)
ζ
q q γl
(q−1)
ζ
δm
(q+1)
ζ
1 1 1 1 1 1
ψ q 0 0 1 −1
χi q + 1 1 1 ρ
il + ρ−il 0
θj q − 1 −1 −1 0 −(σjm + σ−jm)
ξ1
q±1
2
±1+√±q
2
±1−√±q
2 μl νm
ξ2
q±1
2
±1−√±q
2
±1+√±q
2 μl νm
Here the following hold:
(i) If p = 2, then ignore the column corresponding to the class representative labelled d.
Also ignore the rows corresponding to the irreducible characters labelled ξ1, ξ2.
(ii) The class representatives c and d are of order p, a is of order (q − 1)/ζ and b is of
order (q + 1)/ζ.
(iii) ρ is a primitive ((q− 1)/ζ)th root of unity and σ is a primitive ((q+ 1)/ζ)th root of
unity.
(iv) If p = 2, then 1 ≤ i, l ≤ (q − 2)/2 and 1 ≤ j,m ≤ q/2.
If q ≡ 1 mod 4, then 1 ≤ i ≤ (q − 5)/4 and 1 ≤ j, l,m ≤ (q − 1)/4.
If q ≡ −1 mod 4, then 1 ≤ m ≤ (q + 1)/4 and 1 ≤ i, j, l ≤ (q − 3)/4.
(v) γl =
{
2 if l = (q − 1)/4
1 otherwise.
; δm =
{
2 if m = (q + 1)/4
1 otherwise.
μl =
{
(−1)l if q ≡ 1 mod 4
0 if q ≡ −1 mod 4. ; νm =
{
0 if q ≡ 1 mod 4
(−1)m+1 if q ≡ −1 mod 4.
(vi) Finally, we use the sign “±” in the following way: “+” for q
≡ 1 mod 4 and “−” for q ≡ −1 mod 4.
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The next lemma gives the class representatives of G of prime order.
Lemma 3.3.4. There is a unique class of involutions in G, with representative
c if p = 2
a(q−1)/4 if q ≡ 1 mod 4
b(q+1)/4 if q ≡ −1 mod 4.
Let r be an odd prime dividing |G|. Then class representatives of order r in G are{
c, d if r = p
eι(q−)/(ζr) if q ≡  mod r
where 1 ≤ ι ≤ (r − 1)/2,  ∈ {±1} and e = a if  = 1, otherwise e = b.
Proof. This is an easy check from the character table of G given in Lemma 3.3.3.
Note that Lemma 3.3.4 proves the part of Proposition 3.3.2 concerning the value of αi.
For completeness, we record the number jr(G) of elements of order r in G, for each prime
r dividing |G|. This follows easily from Lemmas 3.3.3 and 3.3.4.
Corollary 3.3.5. Let r be a prime dividing |G|. Then
(i) If r = p then jr(G) = q
2 − 1.
(ii) If r 6= p then
jr(G) =
{
(r − 1)q(q ± 1)/2 if r 6= 2 and q ≡ ±1 mod r
q(q ± 1)/2 if r = 2 and q ≡ ±1 mod 4.
The next lemma helps us to calculate some character-theoretic sums involved in the
computation of |Hom∗(T,G)|.
Lemma 3.3.6. Suppose p1, p2, p3 are distinct odd primes, and let λi be a complex pi
th
root of unity for i = 1, 2, 3. Suppose that there exists  ∈ {±1} such that q ≡  mod pi
for i = 1, 2, 3, where q = pn for a prime p.
(i) If p = 2 and N = (q − 1− )/2, then
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 ) = −4.
(ii) Suppose p is odd and q ≡  mod 4, and let N = (q − 4− )/4. Then
N∑
i=1
2(−1)i(λi2 + λ−i2 )(λi3 + λ−i3 ) =
{
0 if N is even
−8 if N is odd.
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 ) = −8.
(iii) Suppose p is odd and q ≡ − mod 4, and let N = (q − 2− )/4. Then
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 ) = −4.
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Proof. Write λj = e
(±2iπΛj)/pj , where i2 = −1 and 1 ≤ Λj ≤ (pj − 1)/2 (j = 1, 2, 3). We
use the character table of
D2u = 〈Γ,Δ : Γu = Δ2 = 1, ΔΓΔ = Γ−1〉.
This can be found in [22, pp. 182-183].
First let us consider parts (i) and (iii). Let u = (q − )/ζ and note that u is odd. Let
Cj be the conjugacy class of D2u containing Γ
(uΛj)/pj (j = 1, 2, 3). Fix g3 ∈ C3, and let
a123 be the number of pairs (g1, g2) with g1 ∈ C1, g2 ∈ C2 such that g1g2 = g3. Since
p1, p2, p3 are distinct primes, we have a123 = 0. On the other hand, by Lemma 2.4 we have
a123 =
|D2u|
|CD2u(g1)||CD2u(g2)|
∑
χ∈Irr(D2u)
χ(g1)χ(g2)χ(g3)
χ(1)
.
From the character table of D2u, we get
a123 =
2
u
∙
(
2 +
1
2
∙
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 )
)
.
Since a123 = 0, we deduce that
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 ) = −4.
Finally, let us consider (ii). Let u = (q − )/2 and note that u is even. Let C0 be
the conjugacy class of D2u containing Γ
u/2 and let Cj be the conjugacy class of D2u
containing Γ(uΛj)/pj (j = 1, 2, 3). Fix g3 ∈ C3, and let ak23 be the number of pairs (gk, g2)
with gk ∈ Ck, g2 ∈ C2 such that gkg2 = g3 (k = 0, 1). Since p1, p2, p3 are distinct primes,
we have ak23 = 0. On the other hand, the character-theoretic formula for ak23 yields
a023 =
1
u
∙
(
2 + 2 ∙ (−1)u/2 + 1
2
∙
N∑
i=1
2(−1)i(λi2 + λ−i2 )(λi3 + λ−i3 )
)
and
a123 =
2
u
∙
(
4 +
1
2
∙
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 )
)
.
Part (ii) follows.
Remark 3.3.1. The proof gives the same conclusion, if exactly two of the odd primes
p1, p2, p3 are equal.
Proof of Proposition 3.3.2. By Lemma 2.7 we have Hom(T,G1) = Hom(T,G). Also, if
p1p2p3 does not divide the order of G, then Hom
∗(T,G) = ∅.
Now suppose that p1p2p3 divides the order of G. Let Cpi
(ji), (1 ≤ ji ≤ αi), be the
conjugacy classes of elements of G of order pi (i = 1, 2, 3). Note that Lemma 3.3.4 gives
a representative of each class Cpi
(ji).
If φ ∈ Hom∗(T,G), then φ(x) ∈ C1, φ(y) ∈ C2, φ(xy) ∈ C3, where Ci = C(ji)pi for some
ji (i = 1, 2, 3). Fix g3 ∈ C3, and let a123 be the number of pairs (g1, g2) with g1 ∈ C1,
g2 ∈ C2 such that g1g2 = g3. Then by Lemma 2.4 we have
a123 =
|G|
|CG(g1)||CG(g2)|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
35
Triangle groups and L2(q)
Then Lemmas 3.3.3 and 3.3.6 yield
a123|C3| =

2A|G| if p, p1 6= 2
A|G| if p 6= 2 and p1 = 2
|G| if p = 2.
Now there are αi conjugacy classes of elements of order pi in G (i = 1, 2, 3), so using
Lemma 2.5 we deduce that
|Hom∗(T,G)| =

2Aα1α2α3|G| if p, p1 6= 2
Aα1α2α3|G| if p 6= 2 and p1 = 2
α1α2α3|G| if p = 2.
This completes the proof of Proposition 3.3.2.
3.3.2 Proof of Theorem 3.1 for distinct primes
We can now prove Theorem 3.1 when p1, p2, p3 are distinct primes.
Proof. (i) This is given in the introduction of this chapter.
(ii) This follows from Proposition 3.3.2 where we calculate the size of Hom∗(T,G).
(iii) Suppose that G is a (p1, p2, p3)-group. Suppose for a contradiction that p1p2p3
divides |L2(pm)| for some positive divisor m 6= n of n, and take m to be the smallest such
integer. Put H = L2(p
m). Then by Lemmas 3.2.1 and 3.3.1, Hom∗(T,L) = ∅ for any
proper subgroup L of H. Hence every homomorphism in Hom∗(T,H) is surjective. It
follows that if g ∈ G1 and Hg 6= H, then Hom∗(T,Hg) ∩Hom∗(T,H) = ∅. Therefore
|
⋃
g∈G1
Hom∗(T,Hg)| = |G1 : NG1(H)| ∙ |Hom∗(T,H)| = |G : H| ∙ |Hom∗(T,H)|.
Now |Hom∗(T,H)| = α|H|, where α can be read from Proposition 3.3.2. Hence it follows
that
|
⋃
g∈G1
Hom∗(T,Hg)| = |G : H| ∙ α|H| = α|G|
which is equal, by Proposition 3.3.2, to |Hom∗(T,G)|. Therefore every homomorphism
in Hom∗(T,G) has image equal to some Hg, and so is not surjective. Thus G is not a
(p1, p2, p3)-group, a contradiction.
Conversely, suppose that for any positive divisor m 6= n of n, p1p2p3 does not divide
|L2(pm)|. Then by Lemmas 3.2.1 and 3.3.1, we have Hom1(T,G) = Hom∗(T,G). Also by
Proposition 3.3.2, Hom∗(T,G) 6= ∅. It follows that G is a (p1, p2, p3)-group.
3.4 Two equal primes
Assume in this section that exactly two of p1, p2, p3 are equal, say p1 = p3 and let T =
Tp1,p1,p2 . Here we do not assume that p1 < p2. Note that p1 is odd.
3.4.1 The size of Hom∗(T, L), where L ≤ G
As in the previous section, we need to compute the size of Hom∗(T,L) for the various
subgroups L of G.
Proposition 3.4.1. We have the following:
(i) For any i we have |Hom∗(T,D2i)| = 0.
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(ii) We have
|Hom∗(T, J)| =
{
2α1q(q − 1) if q ≡ 1 mod p1 and p2 = p
0 otherwise
where J is the Borel subgroup of G and α1 is the number of conjugacy classes of
elements of order p1 in G.
(iii) |Hom∗(T,A4)| = |Hom∗(T, S4)| = 0.
(iv)
|Hom∗(T,A5)| =
{
B|A5| if (p1, p2) ∈ {(3, 5), (5, 2), (5, 3)}
0 otherwise
where B =
{
2 if (p1, p2) ∈ {(3, 5), (5, 2)}
4 if (p1, p2) = (5, 3).
(v)
|Hom∗(T,G)| = |Hom∗(T,G1)|
=

0 if p1p2 - |G|
ζα1(ζα1 + )|G| if q ≡  mod p1 and p2 = p
Cα2|G| if p1 = p and q ≡ ±1 mod p2
Dα21α2|G| otherwise
where  ∈ {±1}, C =
{
2 if p2 = 2
4 if p2 6= 2 , D =

1 if p = 2
2 if p 6= 2 and p2 = 2
4 if p 6= 2 and p2 6= 2
and αi = d(pi − 1)/2e is the number of conjugacy classes of elements of order pi in G,
when q ≡ ±1 mod pi.
Proof. (i) and (iii) are easy checks.
(ii) Let Z = Z(SL2(q)). We have J = Q ∙K, where
Q =
{(
1 a
0 1
)
Z : a ∈ Fq
}
/Z
and
K =
{(
a 0
0 a−1
)
: a ∈ F∗q
}
/Z.
We have K ∼= J/Q ∼= Z(q−1)/ζ . Let π : J −→ J/Q be the canonical map. Let φ be any ele-
ment of Hom(T, J) and let ψ = π ◦φ, so that ψ ∈ Hom(T, J/Q). Note that ψ(x) and ψ(y)
have order dividing p1 and ψ(xy) has order dividing p2. Since J/Q is abelian, it follows
that ψ(xy) must have order dividing p1. Hence ψ(xy) is trivial. Therefore ψ(x) = ψ(y)
−1
and φ(xy) ∈ Q. Since p1 6= p2 and Q is an abelian p-group, it follows that if q 6≡ 1 mod p1
or p 6= p2 then Hom∗(T, J) = ∅.
Suppose now that p1 divides q − 1 and p = p2. Let kx be any element of K of order
p1. Without loss of generality, kx = diag(a, a
−1)Z for some a in F∗q of order p1. Let gx,
gy be any elements of Q. Write
gx =
(
1 u1
0 1
)
Z and gy =
(
1 u2
0 1
)
Z.
It is easy to check that (gxkx) and (gyk
−1
x ) have order p1, and that
(gxkxgyk
−1
x )
p2 = 1.
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Finally, gxkxgyk
−1
x = 1 if and only if u2 = −u1a−2.
Write ψ(x) = Qkx for some kx ∈ K. Then ψ(y) = Qk−1x . Write φ(x) = gxkx and
φ(y) = gyk
−1
x , for some gx, gy ∈ Q. Note that kx must have order dividing p1. If kx is
trivial then ψ is trivial, and so φ 6∈ Hom∗(T, J). Since K is cyclic, there are p1− 1 choices
for kx. Also by the above analysis, once kx is chosen, there are q(q − 1) choices for the
pair (gx, gy). It follows that
|Hom∗(T, J)| = (p1 − 1)q(q − 1)
= 2α1q(q − 1).
(iv) If (p1, p2) 6∈ {(3, 5), (5, 2), (5, 3)}, then one of p1, p2 is strictly greater than 5, and
so Hom∗(T,A5) = ∅. If (p1, p2) ∈ {(3, 5), (5, 2), (5, 3)}, then one can use the character
table of A5 to calculate |Hom∗(T,A5)|.
(v) Repeat a similar argument to that of the proof of Proposition 3.3.2, using Lemmas
3.3.3-3.3.6. (Note that Lemma 3.3.6 holds if exactly two of p1, p2, p3 are equal; see Remark
3.3.1.)
We also need the following result.
Lemma 3.4.2. We have the following:
(i)
|
⋃
g∈G1
Hom∗(T, Jg)| = |G1 : NG1(J)| ∙ |Hom∗(T, J)|.
(ii) If Hom∗(T,A5) 6= ∅, then Hom1(T,A5) = Hom∗(T,A5). Also we have
|
⋃
g∈G1
Hom∗(T,Ag5)| = |G1 : NG1(A5)| ∙ |Hom∗(T,A5)|.
Proof. (i) This follows from the fact that if J 6= Jg (g ∈ G1), then
Hom∗(T, J) ∩Hom∗(T, Jg) = Hom∗(T, J ∩ Jg) = ∅.
Indeed, if J 6= Jg then J ∩ Jg is a cyclic group, and so since p1 6= p2 we get Hom∗(T, J ∩
Jg) = ∅.
(ii) A subgroup of A5 which contains a 3-cycle and a 5-cycle, or two 5-cycles whose
product is an involution, is A5 itself. This shows that Hom
∗(T,A5) = Hom1(T,A5) and
the result follows.
3.4.2 Proof of Theorem 3.1 for two equal primes
Recall that in this section, we assume that exactly two of p1, p2, p3 are equal, say p1 = p3
and let T = Tp1,p1,p2 .
Proposition 3.4.3. If (p1, p2) 6∈ {(3, 5), (5, 2), (5, 3)} then Theorem 3.1 holds.
Proof. (i) This is given in the introduction of this chapter.
(ii) This follows from Proposition 3.4.1 where we calculate the size of Hom∗(T,G).
(iii) Suppose that G is a (p1, p1, p2)-group.
Suppose that p2 6= p or q 6≡ 1 mod p1. Then Hom∗(T, J) = ∅, and so the same
argument as in the proof of Theorem 3.1 for distinct primes shows that for any positive
divisor m 6= n of n, p1p2 does not divide |L2(pm)|.
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Now suppose that p2 = p and q ≡ 1 mod p1. Assume for a contradiction that p1p2
divides |L2(pm)| for some positive divisor m 6= n of n, and take m to be the smallest such
integer. Put H = L2(p
m) and H1 = PGL2(p
m).
If pm ≡ −1 mod p1 then by Lemma 3.2.1 and Proposition 3.4.1, Hom∗(T,L) = ∅ for
any proper subgroup L of H. Hence
|Hom1(T,H)| = |Hom∗(T,H)| = ζα1(ζα1 − 1)|H|
and we get
|
⋃
g∈G1
Hom1(T,Hg)| = |G1 : NG1(H)| ∙ |Hom1(T,H)|
= ζα1(ζα1 − 1)|G|.
Now using Lemma 3.4.2 and Proposition 3.4.1, we get
|
⋃
g∈G1
Hom∗(T, Jg)| = |G1 : NG1(J)| ∙ |Hom∗(T, J)|
= 2ζα1|G|.
Therefore
|
⋃
g∈G1
Hom1(T,Hg) ∪
⋃
g∈G1
Hom∗(T, Jg) | = ζα1(ζα1 + 1)|G|
= |Hom∗(T,G)|.
Thus G is not a (p1, p1, p2)-group, a contradiction.
If pm ≡ 1 mod p1, then by Lemma 3.2.1 and Proposition 3.4.1, Hom∗(T,L) = ∅ for
any maximal subgroup L < H , unless L is H1-conjugate to JH , where JH is the analogue
of J for H (i.e. JH is the Borel subgroup of H). Hence using Lemma 3.4.2 and Proposition
3.4.1, we get
|Hom1(T,H)| = |Hom∗(T,H)| − |
⋃
h∈H1
Hom∗(T, JhH)|
= |Hom∗(T,H)| − |H1 : NH1(JH)| ∙ |Hom∗(T, JH)|
= ζα1(ζα1 − 1)|H|.
Hence, as for the case pm ≡ −1 mod p1, we get
|
⋃
g∈G1
Hom1(T,Hg) ∪
⋃
g∈G1
Hom∗(T, Jg)| = ζα1(ζα1 + 1)|G|
= |Hom∗(T,G)|.
Thus G is not a (p1, p1, p2)-group, a contradiction.
Conversely, suppose that for any positive divisor m 6= n of n, p1p2 does not divide
|L2(pm)|. If p2 6= p or q 6≡ 1 mod p1, then the argument we used in §3.3.2 reveals
that Hom1(T,G) = Hom∗(T,G). Therefore G is a (p1, p1, p2)-group. If p2 = p and
q ≡ 1 mod p1 then as above we have |Hom1(T,G)| = ζα1(ζα1 − 1)|G|. Therefore G is a
(p1, p1, p2)-group.
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Proposition 3.4.4. If (p1, p2) ∈ {(3, 5), (5, 2), (5, 3)} then Theorem 3.1 holds.
Proof. (i), (ii) Repeat a similar proof to that of Proposition 3.4.3.
(iii) The proof is similar to that of Proposition 3.4.3. The main difference is that
if p 6= 2, 5, then we have to take into account A5, since Hom∗(T,A5) 6= ∅. If G is a
(p1, p1, p2)-group, then using the proof of Proposition 3.4.3 we can calculate |Hom1(T,G)|;
these results are recorded in Proposition 3.6.1 below.
3.5 Equal primes
Assume in this section that p1 = p2 = p3. Note that the hyperbolic hypothesis implies
that p1 ≥ 5. For a subgroup L of G, we define
Hom2(T,L) = {φ ∈ Hom∗(T,L) : Im φ 6∼= Zp1} .
We continue to adopt the notation introduced in previous sections.
3.5.1 The size of Hom∗(T, L), where L ≤ G
The following lemma is needed to calculate the size of Hom∗(T,G) given in Proposition
3.5.2(v).
Lemma 3.5.1. Suppose p1 is an odd prime, and let λ be a complex p1
th root of unity.
Suppose that there exists  ∈ {±1} such that q ≡  mod p1, where q = pn for a prime p.
Let 1 ≤ r, s, t ≤ α1, α1 = (p1 − 1)/2. For each t, there are 2α1 − 1 pairs (r, s) such that
±r ± s ≡ t mod p1. Also we have the following:
(i) If p = 2 and N = (q − 1− )/2, then
N∑
i=1
(λir + λ−ir)(λis + λ−is)(λit + λ−it) =
{
2N − 3 if ± r ± s ≡ t mod p1
−4 otherwise.
(ii) Suppose p is odd and q ≡  mod 4, and let N = (q − 4− )/4. Then
N∑
i=1
(λir + λ−ir)(λis + λ−is)(λit + λ−it) =
{
2N − 6 if ± r ± s ≡ t mod p1
−8 otherwise.
(iii) Suppose p is odd and q ≡ − mod 4, and let N = (q − 2− )/4. Then
N∑
i=1
(λir + λ−ir)(λis + λ−is)(λit + λ−it) =
{
2N − 3 if ± r ± s ≡ t mod p1
−4 otherwise.
Proof. The proof is very similar to that of Lemma 3.3.6. The important point to notice is
the following one. Consider D2u, where p1 divides u. Let c ∈ D2u be of order p1 and let
Cr = {cr, c−r}, Cs = {cs, c−s} and Ct = {ct, c−t} be any conjugacy classes in D2u whose
elements have order p1. Fix gt ∈ Ct, and let arst be the number of pairs (gr, gs) with
gr ∈ Cr, gs ∈ Cs such that grgs = gt. Then
arst =
{
1 if ± r ± s ≡ t mod p1
0 otherwise.
Proposition 3.5.2. The following hold:
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(i) Let i ∈ {(q − 1)/ζ, (q + 1)/ζ}. Then
|Hom∗(T,D2i)| =
{
2α1(2α1 − 1) if q ≡ ±1 mod p1 and i = (q ∓ 1)/ζ
0 otherwise.
(ii)
|Hom∗(T, J)| =

0 if q 6≡ 0, 1 mod p1
(q − 1)(q − 2) if p1 = p
2α1(2α1 − 1)q2 if q ≡ 1 mod p1.
|Hom2(T, J)| = 2α1(2α1 − 1)q(q − 1) if q ≡ 1 mod p1.
(iii) |Hom∗(T,A4)| = |Hom∗(T, S4)| = 0.
(iv)
|Hom∗(T,A5)| =
{
192 if p1 = 5
0 otherwise.
|Hom2(T,A5)| = 2|A5| if p1 = 5.
(v)
|Hom∗(T,G)| = |Hom∗(T,G1)|
=

ζ2α31|G|+ α1(2α1 − 1)q2(q + ) if q ≡  mod p1
2(q − 1)2(q + 1) if p1 = p
0 otherwise
where  ∈ {±1} and α1 = (p1 − 1)/2 is the number of conjugacy classes of elements of
order p1 in G, when q ≡ ±1 mod p1.
Proof. (i) We treat the case where i = (q−1)/ζ. The other case can be done with a similar
argument. If q 6≡ 1 mod p1 then D2i has no elements of order p1. The result follows.
Suppose now that q ≡ 1 mod p1. Every element of order p1 lies in the cyclic subgroup
of D2i of index 2. Hence there are p1−1 elements of order p1 in D2i. Let φ be any element
of Hom∗(T,D2i). There are p1 − 1 choices for φ(x). Also we must have φ(y) 6= φ(x)−1.
Hence once φ(x) is chosen, there are p1 − 2 choices for φ(y). It follows that
|Hom∗(T,D2i)| = (p1 − 1)(p1 − 2)
= 2α1(2α1 − 1).
(ii) If q 6≡ 0, 1 mod p1 then J has no elements of order p1. The result follows.
Suppose that p = p1. Let φ be any element of Hom
∗(T, J). Since J/Q has no elements
of order p, it follows that Im φ ⊂ Q. Now every nontrivial element of Q has order p.
Hence there are q − 1 choices for φ(x). We must have φ(y) 6= φ(x)−1. Hence once φ(x) is
chosen, there are q − 2 choices for φ(y). It follows that
|Hom∗(T, J)| = (q − 1)(q − 2).
Suppose finally that q ≡ 1 mod p1. Let Z = Z(SL2(q)). We have J = Q ∙K, where
Q =
{(
1 a
0 1
)
Z : a ∈ Fq
}
/Z
and
K =
{(
a 0
0 a−1
)
: a ∈ F∗q
}
/Z.
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We have K ∼= J/Q ∼= Z(q−1)/ζ .
Let kx, ky be any element of K of order p1. Without loss of generality, kx = diag(a, a
−1)Z
and ky = diag(b, b
−1)Z for some a, b in F∗q of order p1. Let gx, gy be any elements of Q.
Write
gx =
(
1 u1
0 1
)
Z and gy =
(
1 u2
0 1
)
Z.
It is easy to check that (gxkx) and (gyky) have order p1, and that
(gxkxgyky)
p1 = 1.
Finally, gxkxgyky ∈ Q if and only if kx = k−1y .
Write
ψ(x) = Qkx and ψ(y) = Qky
for some kx, ky ∈ K. Write φ(x) = gxkx and φ(y) = gyky, for some gx, gy ∈ Q. Note that
kx and ky must have order dividing p1. If kx or ky is trivial then φ(x) = 1 or φ(y) = 1,
and so φ 6∈ Hom∗(T, J). Since K is cyclic, by the above analysis, there are (p1−1)(p1−2)
choices for the pair (kx, ky). Once the pair (kx, ky) is chosen, there are q
2 choices for the
pair (gx, gy). It follows that
|Hom∗(T, J)| = (p1 − 1)(p1 − 2)q2
= 2α1(2α1 − 1)q2.
We finally calculate |Hom2(T, J)|. We have
|Hom2(T, J)| = |Hom∗(T, J)| − |Homc(T, J)|
where Homc(T, J) = {φ ∈ Hom∗(T, J) : Im φ ∼= Zp1} . Let φ be any element of Homc(T, J).
Then φ(x) = gxkx for some gx ∈ Q, kx ∈ K. Now kx must be an element of K of order
p1, and gx can be any element of Q. It follows that there are p1 − 1 choices for kx and q
choices for gx. Now φ(y) = φ(x)
l for some 1 ≤ l ≤ p1 − 1 such that kl+1x 6∈ Q. Hence we
must have l 6= p1 − 1. We deduce that there are p1 − 2 choices for l. It follows that
|Homc(T, J)| = (p1 − 1)(p1 − 2)q = 2α1(2α1 − 1)q.
(iii) This is clear.
(iv) Suppose that p1 = 5. We can use the character table of A5 to compute the size of
Hom∗(T,A5). Also
|Hom2(T,A5)| = |Hom∗(T,A5)| − |Homc(T,A5)|
where Homc(T,A5) = {φ ∈ Hom∗(T,A5) : Im φ ∼= Z5} . Now there are 6 cyclic subgroups
of order 5 in A5. It follows that
|Homc(T,A5)| = 6 ∙ (4 ∙ 3) = 72.
(v) Repeat a similar argument to that of the proof of Proposition 3.3.2, using Lemmas
3.3.3, 3.3.4 and 3.5.1.
We also need the following result.
Lemma 3.5.3. We have the following:
(i) Let i = (q ± 1)/ζ. Suppose that Hom∗(T,D2i) 6= ∅. Then
(a) For any φ ∈ Hom∗(T,D2i), we have Im φ ∼= Zp1 .
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(b)
|
⋃
g∈G1
Hom∗(T,Dg2i)| = |G1 : NG1(D2i)| ∙ |Hom∗(T,D2i)|.
(ii) If p1 = p, then
|
⋃
g∈G1
Hom∗(T, Jg)| = |G1 : NG1(J)| ∙ |Hom∗(T, J)|.
(iii) If q ≡ 1 mod p1, then
|
⋃
g∈G1
Hom2(T, Jg)| = |G1 : NG1(J)| ∙ |Hom2(T, J)|.
(iv) If p1 = 5, then Hom
1(T,A5) = Hom
2(T,A5), and we have
|
⋃
g∈G1
Hom2(T,Ag5)| = |G1 : NG1(A5)| ∙ |Hom2(T,A5)|.
Proof. (i) (a) This follows from the proof of Proposition 3.5.2(i).
(b) Let D be the normaliser of D2i in G1. We have D ∼= D2iζ . Let φ be any element
of Hom∗(T,G). For g in G1, we let φg be the element of Hom∗(T,G) defined by
φg : T −→ G
t 7→ g−1φ(t)g.
It is enough to prove that if φ(T ) ⊂ D2i and g does not belong to D then φg(T ) 6⊂ D.
Suppose for a contradiction that φg(T ) ⊂ D. Let 〈d〉 be the cyclic subgroup of D of index
2. Now φ(x) and φg(x) have odd order p1. It follows that φ(x) ∈ 〈d〉 ∩ 〈d〉g−1 . Therefore
gdg−1 ∈ CG1(φ(x)) = 〈d〉. Hence g ∈ NG1(〈d〉) = D, the required contradiction.
(ii) If J 6= Jg then J ∩ Jg is a cyclic group of order dividing q − 1. Hence
Hom∗(T, J) ∩Hom(T, Jg) = Hom∗(T, J ∩ Jg) = ∅.
The result follows.
(iii) If J 6= Jg then J ∩ Jg is a cyclic group of order dividing q − 1. Hence
Hom2(T, J) ∩Hom2(T, Jg) = Hom2(T, J ∩ Jg) = ∅.
The result follows.
(iv) From the subgroup structure of A5 (see [11]) it is clear that Hom
2(T,A5) =
Hom1(T,A5). The result follows.
3.5.2 Proof of Theorem 3.1 for equal primes
Assume p1 = p2 = p3 and let T = Tp1,p1,p1 .
Proposition 3.5.4. If p1 6= 5 then Theorem 3.1 holds.
Proof. (i) This is given in the introduction of this chapter.
(ii) This follows from Proposition 3.5.2 where we calculate the size of Hom∗(T,G).
(iii) Suppose that G is a (p1, p1, p1)-group. We assume q ≡ 1 mod p1, as it is the most
difficult case. The other cases follow in a similar manner.
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Assume for a contradiction that p1 divides |L2(pm)| for some positive divisor m 6= n of n,
and takem to be the smallest such integer. Put l = pm, H = L2(p
m) andH1 = PGL2(p
m).
If l ≡ −1 mod p1, then by Lemma 3.2.1 and Proposition 3.5.2, Hom∗(T,L) = ∅ for any
maximal subgroup L < H , unless L is H1-conjugate to D2(l+1)/ζ . Hence using Proposition
3.5.2 and Lemma 3.5.3, we get
|Hom1(T,H)| = |Hom∗(T,H)| − |
⋃
h∈H1
Hom∗(T,Dh2(l+1)/ζ)|
= |Hom∗(T,H)| − |H1 : NH1(D2(l+1)/ζ)| ∙ |Hom∗(T,D2(l+1)/ζ)|
= (ζ2α31 − ζα1(2α1 − 1))|H|.
Therefore
|
⋃
g∈G1
Hom1(T,Hg)| = |G1 : NG1(H)| ∙ |Hom1(T,H)|
= (ζ2α31 − ζα1(2α1 − 1))|G|.
Now using Proposition 3.5.2 and Lemma 3.5.3, we get
|
⋃
g∈G1
Hom∗(T,Dg2(q−1)/ζ)| = |G1 : NG1(D2(q−1)/ζ)| ∙ |Hom∗(T,D2(q−1)/ζ)|
= α1(2α1 − 1)q(q + 1)
and
|
⋃
g∈G1
Hom2(T, Jg)| = |G1 : NG1(J)| ∙ |Hom2(T, J)|
= 2ζα1(2α1 − 1)|G|.
Therefore
|⋃g∈G1 Hom1(T,Hg) ∪ ⋃g∈G1 Hom∗(T,Dg2(q−1)/ζ) ∪ ⋃g∈G1 Hom2(T, Jg)|
= ζ2α31|G|+ α1(2α1 − 1)q2(q + 1)
= |Hom∗(T,G)|.
Hence G is not a (p1, p1, p1)-group, a contradiction.
If l ≡ 1 mod p1 then by Lemma 3.2.1 and Proposition 3.5.2, Hom∗(T,L) = ∅ for any
maximal subgroup L < H , unless L is H1-conjugate to D2(l−1)/ζ or JH (where JH is the
analogue of J for H). Hence by Proposition 3.5.2 and Lemma 3.5.3, we get
|Hom1(T,H)| = |Hom∗(T,H)| − |
⋃
h∈H1
Hom∗(T,Dh2(l−1)/ζ)| − |
⋃
h∈H1
Hom2(T, JhH)|
= |Hom∗(T,H)| − |H1 : NH1(D2(l−1)/ζ)| ∙ |Hom∗(T,D2(l−1)/ζ)|
−|H1 : NH1(JH)| ∙ |Hom2(T, JH)|
= (ζ2α31 − ζα1(2α1 − 1))|H|.
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Therefore, as for the case l ≡ −1 mod p1, we get
| ⋃g∈G1 Hom1(T,Hg) ∪ ⋃g∈G1 Hom∗(T,Dg2(q−1)/ζ) ∪ ⋃g∈G1 Hom2(T, Jg)|
= ζ2α31|G|+ α1(2α1 − 1)q2(q + 1)
= |Hom∗(T,G)|.
Thus G is not a (p1, p1, p1)-group, a contradiction.
Conversely, suppose that for any positive divisor m 6= n of n, p1 does not divide
|L2(pm)|. By treating the cases p1 = p and q ≡ −1 mod p1 in a similar way to how we
treated the case q ≡ 1 mod p1, above, we get
|Hom1(T,G)| =
{
2|G| if p1 = p
(ζ2α31 − ζα1(2α1 − 1))|G| if q ≡ ±1 mod p1.
Hence G is a (p1, p1, p1)-group.
Proposition 3.5.5. If p1 = 5 then Theorem 3.1 holds.
Proof. (i), (ii) Repeat a similar proof to that of Proposition 3.5.4.
(iii) The proof is similar to that of Proposition 3.5.4. The main difference is that
if p 6= 2, 5, then we have to take into account A5, since Hom2(T,A5) 6= ∅. If G is a
(5, 5, 5)-group, then using the proof of Proposition 3.5.4 we can calculate |Hom1(T,G)|;
these results are recorded in Proposition 3.6.1 below.
3.6 Proof of Theorem 3.2
Let G = L2(q) be a (p1, p2, p3)-group. In the next two propositions, we give |Hom1(T,G)|
and |Hom(T,G)|.
Proposition 3.6.1. Let G = L2(q) and T = Tp1,p2,p3 . Assume G is a (p1, p2, p3)-group.
Let αi be the number of conjugacy classes of elements of order pi in G. Then the following
hold:
(i) If p1, p2, p3 are distinct, then |Hom1(T,G)| = |Hom∗(T,G)|. In particular, every
nontrivial homomorphism from T to G is surjective.
(ii) Assume exactly two of p1, p2, p3 are equal, say p1 = p3.
If (p1, p2) 6∈ {(3, 5), (5, 2), (5, 3)}, then
|Hom1(T,G)| =
{ |Hom∗(T,G)| if p 6= p2 or q 6≡ 1 mod p1
ζα1(ζα1 − 1)|G| otherwise.
If (p1, p2) ∈ {(3, 5), (5, 2), (5, 3)}, then
|Hom1(T,G)| =
{ |Hom∗(T,G)| if p = 2, 5
(α− 2B)|G| if p 6= 2, 5
where B is given in the statement of Proposition 3.4.1(iv), and α is such that
|Hom∗(T,G)| = α|G| (see Proposition 3.4.1(v)).
(iii) Assume p1 = p2 = p3.
If p1 6= 5, then
|Hom1(T,G)| =
{
2|G| if p = p1
ζα1(ζα
2
1 − 2α1 + 1)|G| if q ≡ ±1 mod p1.
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If p1 = 5, then
|Hom1(T,G)| =
{
2|G| if p = 2, 5
16|G| if p 6= 2 and q ≡ ±1 mod 5.
Proof. This follows from the proof of Theorem 3.1.
Proposition 3.6.2. Let G = L2(q) and T = Tp1,p2,p3 . Assume lcm(p1, p2, p3) divides |G|.
Let αi be the number of conjugacy classes of elements of order pi in G and let  ∈ {±1}.
Then the following hold:
(i) If p1, p2, p3 are distinct, then |Hom(T,G)| = |Hom∗(T,G)|+ 1.
(ii) Assume exactly two of p1, p2, p3 are equal, say p1 = p3. Then
|Hom(T,G)| =
{ |Hom∗(T,G)|+ q2 if p = p1
|Hom∗(T,G)|+ α1q(q + ) + 1 if q ≡  mod p1.
(iii) Assume p1 = p2 = p3. Then
|Hom(T,G)| =
{ |Hom∗(T,G)|+ 3(q2 − 1) + 1 if p = p1
|Hom∗(T,G)|+ 3α1q(q + ) + 1 if q ≡  mod p1.
Proof. This is an easy check from the character table of G (see Lemma 3.3.3).
We can now prove Theorem 3.2. Put G = L2(q). If lcm(p1, p2, p3) divides |G|, then by
Propositions 3.3.2, 3.4.1, 3.5.2 and 3.6.2, the size of Hom(T,G) is equal asymptotically to
the size of Hom∗(T,G). Therefore by Lemma 2.3
lim
q →∞
q ∈ Q
Prob(φ ∈ Hom1(T,G)) = lim
q →∞
q ∈ Q
|Hom1(T,G)|
|Hom∗(T,G)| .
Since the values of |Hom1(T,G)| are given in Proposition 3.6.1 and the values of |Hom∗(T,G)|
are given in Propositions 3.3.2, 3.4.1 and 3.5.2, we can easily derive Theorem 3.2. As an
illustration, let us treat the case p1 = p2 = p3 > 5. We have
lim
q →∞
q ∈ Q1
Prob(φ ∈ Hom1(T,G)) = lim
q →∞
q ∈ Q1
|Hom1(T,G)|
|Hom∗(T,G)|
= lim
q →∞
q ∈ Q1
2α1(2α
2
1 − (2α1 − 1))|G|
4α31|G|+ α1(2α1 − 1)q2(q + )
= lim
q →∞
q ∈ Q1
2α21 − (2α1 − 1)
2α21 + (2α1 − 1) qq−
=
2α21 − (2α1 − 1)
2α21 + (2α1 − 1)
where α1 = (p1 − 1)/2.
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3.7 Hyperbolic triangle groups and SL2(q)
Let T = Tp1,p2,p3 be a hyperbolic triangle group arising from a hyperbolic triple (p1, p2, p3)
of distinct primes. We determine |Hom∗(T, SL2(q))| and assume, unless otherwise stated,
that p1 < p2 < p3.
Proposition 3.7.1. let G = SL2(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3, and
let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
|Hom∗(T,G)| =

Aα1α2α3|G| if p, p1 6= 2
0 if p 6= 2 and p1 = 2
α1α2α3|G| if p = 2
where
A =
{
1 if p 6= p1, p2, p3
1/2 otherwise
and
αi =

0 if pi - |G|
(2, q − 1) if pi = p
dpi−12 e otherwise
is the number of conjugacy classes of elements of order pi in G.
Remark 3.7.1. (1) If p = 2 then SL2(q) = L2(q) and the result is proved in Proposition
3.3.2.
(2) Suppose that p is odd and p1 = 2. Then by [16, p. 228], there is a single element
of order 2 in G. This element is therefore central. Since p1, p2, p3 are distinct, it follows
that Hom∗(T, SL2(q)) = ∅.
We assume below that p is odd and p1, p2, p3 are distinct odd primes. The proof is
mainly character-theoretic and is based on the following three lemmas. The first lemma
gives the character table of G. This is well-known (see [16, pp. 228-229]) but we reproduce
it here for convenience.
Lemma 3.7.2. Let G = SL2(q) where q = p
n for some odd prime number p and some
positive integer n. The representatives of the conjugacy classes of G are
class rep g 1 z c d zc zd al bm
|CG(g)| |G| |G| 2q 2q 2q 2q q − 1 q + 1
where
(i) z is the central element of order 2, c and d are of order p, a is of order q − 1 and b
is of order q + 1.
(ii)
1 ≤ l ≤ q − 3
2
and 1 ≤ m ≤ q − 1
2
.
Let
 = (−1)(q−1)/2.
The character table of G is as follows:
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class rep g 1 z c d al bm
|gG| 1 1 q2−12 q
2−1
2 q(q + 1) q(q − 1)
|CG(g)| q(q2 − 1) q(q2 − 1) 2q 2q q − 1 q + 1
1 1 1 1 1 1 1
ψ q q 0 0 1 −1
χi q + 1 (−1)i(q + 1) 1 1 ρil + ρ−il 0
θj q − 1 (−1)j(q + 1) −1 −1 0 −(σjm + σ−jm)
ξ1
q+1
2
(q+1)
2
1+
√
q
2
1−√q
2 (−1)l 0
ξ2
q+1
2
(q+1)
2
1−√q
2
1+
√
q
2 (−1)l 0
η1
q−1
2
−(q−1)
2
−1+√q
2
−1−√q
2 0 (−1)m+1
η2
q−1
2
−(q−1)
2
−1−√q
2
−1+√q
2 0 (−1)m+1
where
(i) ρ is a primitive (q − 1)th root of unity and σ is a primitive (q + 1)th root of unity.
(ii)
1 ≤ i ≤ q − 3
2
and 1 ≤ j ≤ q − 1
2
.
The columns for the classes with representatives zc and zd are missing in this table.
These values are obtained from the relations
χ(zc) =
χ(z)
χ(1)
χ(c), χ(zd) =
χ(z)
χ(1)
χ(d),
for all irreducible characters χ of G.
The next lemma gives the representatives of SL2(q) of prime order.
Lemma 3.7.3. Let G = SL2(q) where q = p
n for some odd prime number p and some
positive integer n. The only involution is z. Let r be an odd prime number dividing |G|.
Then class representatives of order r in G are{
c, d if r = p
ek(q−)/r if q ≡  mod r
where 1 ≤ k ≤ (r − 1)/2,  ∈ {±1} and e = a if  = 1, otherwise e = b.
Proof. This is an easy check from the character table of G given in Lemma 3.7.2.
The next lemma gives some sums that are used to calculate |Hom∗(T, SL2(q))|.
Lemma 3.7.4. Let q be an odd integer and let  ∈ {±1}. Suppose that p1, p2, p3 are three
distinct odd primes such that q ≡  mod pi for i = 1, 2, 3. Let λi be a complex pthi root of
unity for i = 1, 2, 3. Finally let
N =
q − − 2
2
.
Then
(i)
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 ) = −4.
(ii)
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 ) = −8.
Proof. Write λj = e
(±2iπΛj)/pj , where i2 = −1 and 1 ≤ Λj ≤ (pj − 1)/2 (j = 1, 2, 3). We
use the character table of
D2u = 〈Γ,Δ : Γu = Δ2 = 1, ΔΓΔ = Γ−1〉.
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This can be found in [22, pp. 182-183]. Let u = (q − ) and note that u is even. Let Cj
be the conjugacy class of D2u containing Γ
(uΛj)/pj (j = 1, 2, 3).
(i) Fix g1 ∈ C1 and g2 ∈ C2. By the orthogonality relations we have∑
χ∈Irr(D2u)
χ(g1)χ(g2) = 0
where Irr(D2u) is the set of irreducible complex characters of D2u. From the character
table of D2u we get
4 +
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 ) = 0
and so
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 ) = −4.
(ii) Fix g3 ∈ C3, and let a123 be the number of pairs (g1, g2) with g1 ∈ C1, g2 ∈ C2
such that g1g2 = g3. Since p1, p2, p3 are distinct primes, we have a123 = 0. On the other
hand by Lemma 2.4 we have
a123 =
|D2u|
|CD2u(g1)||CD2u(g2)|
∑
χ∈Irr(D2u)
χ(g1)χ(g2)χ(g3)
χ(1)
.
From the character table of D2u we get
a123 =
2
u
∙
(
4 +
1
2
∙
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 )
)
.
Since a123 = 0, we deduce that
N∑
i=1
(λi1 + λ
−i
1 )(λ
i
2 + λ
−i
2 )(λ
i
3 + λ
−i
3 ) = −8.
Proof of Proposition 3.7.1. We suppose that p is an odd and p1, p2, p3 are also odd primes.
If p1p2p3 does not divide |G| then by definition Hom∗(T, SL2(q)) = ∅. Therefore let us
suppose that p1p2p3 divides |G|. Let Cpi (ji), (1 ≤ ji ≤ αi), be the conjugacy classes of
elements of G of order pi (i = 1, 2, 3). Note that Lemma 3.7.3 gives a representative of
each class Cpi
(ji).
If φ ∈ Hom∗(T,G), then φ(x) ∈ C1, φ(y) ∈ C2, φ(xy) ∈ C3, where Ci = C(ji)pi for some
ji (i = 1, 2, 3). Fix g3 ∈ C3, and let a123 be the number of pairs (g1, g2) with g1 ∈ C1,
g2 ∈ C2 such that g1g2 = g3. Then by Lemma 2.4 we have
a123 =
|G|
|CG(g1)||CG(g2)|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Then Lemmas 3.7.2 and 3.7.4 yield
a123|C3| = A|G|
where A is defined in the statement of Proposition 3.7.1. Now there are αi conjugacy
classes of order pi (i = 1, 2, 3), so using Lemma 2.5 we deduce that
|Hom∗(T,G)| = Aα1α2α3|G|.
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This completes the proof of Proposition 3.7.1.
We end this section with an asymptotic result on the space of homomorphisms from
a hyperbolic triangle group T = Tp1,p2,p3 to SL2(q). For matter of generality, we allow
(p1, p2, p3) to be any hyperbolic triple of primes.
Proposition 3.7.5. Let G = SL2(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes, and let T = Tp1,p2,p3
be the corresponding hyperbolic triangle group. Then there is a constant B = B(p1, p2, p3)
such that
|Hom(T,G)| ≤ Bq3(1 + o(1)).
Proof. (i) First suppose that lcm(p1, p2, p3) does not divide |G|. Then the image of any
homomorphism in Hom(T,G) is cyclic. From the character table of G given in Lemma
3.3.3 if q is even, and in Lemma 3.7.2 if q is odd, given a prime r dividing |G| there is
a constant B such that there are less than Bq2(1 + o(1)) elements of order diving r. It
follows that |Hom(T,G)| ≤ Bq2(1 + o(1)).
(ii) Suppose that lcm(p1, p2, p3) divides |G|. If p1, p2, p3 are all distinct then the result
follows from Proposition 3.7.1. More generally we can use Lemma 2.5 to give an asymptotic
estimate for |Hom(T,G)|. Let (C1, C2, C3) be a triple of regular classes of G such that Ci
(i = 1, 2, 3) consists of elements of order pi . Let gi be a class representative of Ci. Let κ
be the number of pairs (h1, h2) with hi ∈ Ci such that (h1h2)−1 ∈ C3. Then by Lemma
2.4
κ =
|C1||C2||C3|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Put
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Then one can easily check from the character table of G that there is a constant C such
that S ≤ C+o(1). Hence κ ≤ Cq3(1+o(1)). As an illustration let us treat the case where
q is odd, and g1, g2 and g3 are regular semisimple elements. Every nontrivial character
of G has degree greater than q2 (1 + o(1)). There is a single character of type 1, ψ, ξ1,
ξ2, η1 and η2. Also there are
q
2 (1 + o(1)) characters of type χi and θj . Finally, for every
irreducible character χ of G, we have
|χ(gi)| ≤ 2.
Therefore
S ≤ 1 + q(1 + o(1)) ∙ 2
3
q
2 (1 + o(1))
= 17 + o(1).
Also asymptotically, the contribution to |Hom(T,G)| arising from a triple of classes (C ′1, C ′2, C ′3)
of G, where C ′i consists of elements of order dividing pi and where at least one of C ′1, C ′2, C ′3
is not a regular class, can be neglected (again by using the character table of G). Finally
there are less than ci regular classes of elements of order pi where
ci =
{
(2, pi − 1) if pi = p
pi − 1 if pi 6= p.
The result follows.
3.8 Hyperbolic triangle groups and GL2(q)
We now study the group GL2(q). In particular we give the size of
Hom∗(T2,u,u,GL2(q))
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when q is a power of 2 and u > 3 is a prime number dividing the order of GL2(q).
We also give a precise asymptotic estimate for |Hom(T,GL2(q))| when T is one of the
following hyperbolic triangle groups:
T3,3,5, T3,5,5, T5,5,5
and q is a power of a prime greater than 5.
3.8.1 The size of Hom∗(T,GL2(q))
Unless otherwise stated we let q = 2n and T = T2,u,u where u > 3 is a prime dividing the
order of GL2(q). We also let r = q − 1 and s = q + 1.
Proposition 3.8.1. Let q = 2n where n is a positive integer and let T = T2,u,u, where
u > 3 is a prime number dividing |GL2(q)|. Then
|Hom∗(T,GL2(q))| =
{
(u−1)(u−3)
4 qrs if s ≡ 0 mod u
u(u+1)(u−1)
4 qrs if r ≡ 0 mod u.
The proof is mainly character-theoretic and is based on the following three lemmas.
We first give the character table of GL2(q). This can be found in [47]. For matter of
generality, we allow q to be odd in Lemma 3.8.2 below.
Lemma 3.8.2. Let q = pn for some prime number p and positive integer n. The group
GL2(q) is of order q(q − 1)2(q + 1) and each of its elements is similar to a matrix of the
following four types:
A1 :
(
ρk 0
0 ρk
)
, A2 :
(
ρk 0
1 ρk
)
, A3 :
(
ρk 0
0 ρl
)
k 6=l
and B1 :
(
σk 0
0 σkq
)
k 6≡0 mod q+1
where ρ, σ are primitive elements of F∗q and F∗q2 , respectively. The number of classes of
each type and the number of elements in each class is given below.
Element Number of classes Number of elements in each class
A1 q − 1 1
A2 q − 1 (q − 1)(q + 1)
A3
1
2 (q − 1)(q − 2) q(q + 1)
B1
1
2q(q − 1) q(q − 1)
Let  be a complex (q − 1)th root of unity and let η be the complex (q2 − 1)th root of
unity such that ηq+1 = . The character table of GL2(q) is as follows:
Element χ
(u)
1 χ
(u)
q χ
(u,v)
q+1 χ
(u)
q−1
1 ≤ u ≤ q − 1 1 ≤ u ≤ q − 1 1 ≤ u < v ≤ q − 1 1 ≤ u ≤ q2 − 2
u 6≡ 0 mod q + 1
if u1 ≡ uq mod q2 − 1
then χ
(u)
q−1 = χ
(u1)
q−1
A1 
2uk q2uk (q + 1)(u+v)k (q − 1)uk
A2 
2uk 0 (u+v)k −uk
A3 
u(k+l) u(k+l) uk+vl + ul+vk 0
B1 
uk −uk 0 −(ηuk + ηukq)
The next lemma gives the representatives of GL2(2
n) of prime order.
Lemma 3.8.3. Let G = GL2(q) where q = 2
n for some positive integer n. Then
(i) There is a single class of involutions and this class has representative(
1 0
1 1
)
.
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(ii) Let u be an odd prime number. Suppose that r ≡ 0 mod u. Then
(a) There are (u− 1) classes of type A1 of central elements of order u with repre-
sentatives {(
ρk 0
0 ρk
)
: k = K
r
u
, 1 ≤ K ≤ u− 1
}
.
(b) There are u(u− 1)/2 classes of type A3 of noncentral elements of order u with
representatives{(
ρk 0
0 ρl
)
: k = K
r
u
, l = L
r
u
, 1 ≤ K < L ≤ u
}
.
These are the only representatives of GL2(q) of order u.
(iii) Let u be an odd prime number such that s ≡ 0 mod u. Then there are (u − 1)/2
classes of type B1 whose elements have order u with representatives{(
σk 0
0 σkq
)
: k = Kr
s
u
, 1 ≤ K ≤ u− 1
2
}
.
Remark 3.8.1. Since |GL2(q)| = qr2s, we described all elements of GL2(2n) of prime order.
Proof. This is an easy check from the character table of GL2(q) given in Lemma 3.8.2.
Let u be an odd prime number. We now describe the pairs (X,Y ) withX,Y ∈ GL2(2n)
such that X has order 2, Y has order u and XY has order u. This is the final step in
proving Proposition 3.8.1.
Lemma 3.8.4. Let G = GL2(q) where q = 2
n for some positive integer n. Let u be an
odd prime number dividing |G|. Let C1, C2 and C3 be conjugacy classes whose elements
have order 2, u, u, respectively. Fix an element g3 in C3, and let a123 be the number of
pairs (g1, g2) ∈ C1 × C2 such that g1g2 = g3.
(i) Suppose that s ≡ 0 mod u. Then
a123|C3| =
{
qrs if C2 6= C3 (∗)
0 if C2 = C3 (∗∗).
There are (u− 1)(u− 3)/4 pairs (C2, C3) satisfying (∗).
(ii) Suppose that r ≡ 0 mod u.
(a) If C2 or C3 consists of central elements then a123 = 0.
(b) Suppose that neither C2 nor C3 consists of central elements. Let(
ρk 0
0 ρl
)
be a representative of C2
where
k = K
r
u
, l = L
r
u
for some 1 ≤ K < L ≤ u.
Let (
ρa 0
0 ρb
)
be a representative of C3
where
a = A
r
u
, b = B
r
u
for some 1 ≤ A < B ≤ u.
Then
a123|C3| =

2qrs if C2 = C3 (∗)
qrs if C2 6= C3 and K + L ≡ A+B mod u (∗∗)
0 otherwise (∗ ∗ ∗).
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There are u(u−1)/2 pairs (C2, C3) satisfying (∗). There are u(u−1)(u−3)/4
pairs (C2, C3) satisfying (∗∗).
Proof. By Lemma 2.4 we have
a123|C3| = |C1||C2||C3||G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Note that the representative of C1 is
(
1 0
1 1
)
.
(i) Let (
σk 0
0 σkq
)
be a representative of C2
where
k = Kr
s
u
for some 1 ≤ K ≤ u− 1
2
.
Let (
σl 0
0 σlq
)
be a representative of C3
where
l = Lr
s
u
for some 1 ≤ L ≤ u− 1
2
.
Let
S0 = {u ∈ Z : 1 ≤ u ≤ rs}.
Put an equivalence relation on S0 defined as follows. Two elements u1, u2 ∈ S0 are
equivalent if and only if u1 ≡ qu2 mod rs. Then S0 has qr/2 equivalence classes of size
2 and r equivalence classes of size 1. The equivalence classes of size 1 correspond to the
elements of S0 congruent to 0 modulo s. For each class of size 2, choose as representative
the smallest element in the class. Define S to be the set of all representatives of classes of
size 2. Note that |S| = qr/2. Then by Lemma 3.8.2 we have
a123|C3| = qr
[
r∑
u=1
1− 1
r
∑
u∈S
(ηuk + ηukq)(ηul + ηulq)
]
.
Therefore we need to calculate∑
u∈S
(ηuk + ηukq)(ηul + ηulq).
By the orthogonality relations, we have
δkl|CG(g2)| = 2
r∑
u=1
ukul +
∑
u∈S
(ηuk + ηukq)(ηul + ηulq).
Since k ≡ l ≡ 0 mod r, we have
r∑
u=1
ukul = r.
Hence as |CG(g2)| = rs, we get∑
u∈S
(ηuk + ηukq)(ηul + ηulq) =
{ −2r if k 6= l
r(s− 2) if k = l.
Therefore
a123|C3| =
{
qr(r + 2) if k 6= l
qr(r − (s− 2)) if k = l
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and so
a123|C3| =
{
qrs if C2 6= C3 (∗)
0 if C2 = C3 (∗∗).
Since there are (u − 1)/2 conjugacy classes whose elements have order u, it is clear that
there are (
u− 1
2
)2
− u− 1
2
=
(u− 1)(u− 3)
4
pairs (C2, C3) satisfying (∗).
(ii) (a) If C2 or C3 consists of central elements then, as (2,u) = 1, it follows that
a123 = 0.
(b) Let S = {(u, v) ∈ Z× Z : 1 ≤ u < v ≤ r}. By Lemma 3.8.2 we have
a123|C3| = qs
2
r
 r∑
u=1
u(k+l)u(a+b) +
1
s
∑
(u,v)∈S
(uk+vl + ul+vk)(ua+vb + ub+va)
 .
Now we have
r∑
u=1
u(k+l)u(a+b) =
{
r if K + L ≡ A+B mod u
0 otherwise.
Therefore it remains to calculate∑
(u,v)∈S
(uk+vl + ul+vk)(ua+vb + ub+va).
But ∑
(u,v)∈S
(uk+vl + ul+vk)(ua+vb + ub+va) =
∑
(u,v)∈S
u(k−a)+v(l−b)
+
∑
(u,v)∈S
u(k−b)+v(l−a)
+
∑
(u,v)∈S
u(l−a)+v(k−b)
+
∑
(u,v)∈S
u(l−b)+v(k−a).
Now ∑
(u,v)∈S
u(k−a)+v(l−b) =
1
2
 ∑
1≤u,v≤r
u(k−a)+v(l−b) −
r∑
u=1
u(k+l−a−b)
 .
Also ∑
1≤u,v≤r
u(k−a)+v(l−b) =
{
r2 if K ≡ A mod u and L ≡ B mod u
0 otherwise.
That is ∑
1≤u,v≤r
u(k−a)+v(l−b) =
{
r2 if C2 = C3
0 otherwise.
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Therefore
∑
(u,v)∈S
u(k−a)+v(l−b) =

(r2 − r)/2 if C2 = C3
−r/2 if C2 6= C3 and
K + L ≡ A+B mod u
0 otherwise.
Similarly, ∑
(u,v)∈S
u(l−b)+v(k−a) =
∑
(u,v)∈S
u(k−a)+v(l−b).
On the other hand,
∑
(u,v)∈S
u(k−b)+v(l−a) =
1
2
 ∑
1≤u,v≤r
u(k−b)+v(l−a) −
r∑
u=1
u(k+l−a−b)
 .
Since we cannot have K ≡ B mod u and L ≡ A mod u, we deduce that∑
1≤u,v≤r
u(k−b)+v(l−a) = 0
and so ∑
(u,v)∈S
u(k−b)+v(l−a) =
{ −r/2 if K + L ≡ A+B mod u
0 otherwise.
Similarly, ∑
(u,v)∈S
u(l−a)+v(k−b) =
∑
(u,v)∈S
u(k−b)+v(l−a).
Therefore
∑
(u,v)∈S
(uk+vl + ul+vk)(ua+vb + ub+va) =

r2 − 2r if C2 = C3
−2r if C2 6= C3 and
K + L ≡ A+B mod u
0 otherwise.
We are now ready to calculate a123|C3|. Suppose that C2 = C3. Then
a123|C3| = qs
2
r
[
r +
1
s
(r2 − 2r)
]
=
qs2
r
∙ 2r
2
s
= 2qrs.
Suppose that C2 6= C3 and K + L ≡ A+B mod u. Then
a123|C3| = qs
2
r
[
r +
1
s
(−2r)
]
=
qs2
r
∙ r
2
s
= qrs.
Finally, if C2 6= C3 and K + L 6≡ A+B mod u then a123 = 0.
By Lemma 3.8.3 there are u(u − 1)/2 classes of noncentral elements of order u. It is
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therefore immediate that there are u(u− 1)/2 pairs (C2, C3) satisfying (∗).
We finally determine the number of pairs (C2, C3) of classes of noncentral elements of
order u satisfying (∗∗). Fix C2. There are (u − 1)/2 pairs (A,B) with 1 ≤ A < B ≤ u
such that A+ B ≡ K + L mod u. One of these pairs is the pair (K,L). Therefore for a
fixed C2 there are ((u− 1)/2− 1) possible C3 satisfying (∗∗). Unfix C2. We deduce that
the number of pairs (C2, C3) satisfying (∗∗) is u(u− 1)(u− 3)/4.
Proof of Proposition 3.8.1. This follows easily from Lemma 3.8.4.
3.8.2 An asymptotic formula for |Hom(T,GL2(q))|
We use the character table of GL2(q) given in Lemma 3.8.2 to estimate asymptotically the
size of Hom(T,GL2(q)) when q is a power of a prime p > 5 and T is one of the following
hyperbolic triangle groups:
T3,3,5, T3,5,5, T5,5,5.
We prove the following result.
Proposition 3.8.5. Let G = GL2(q), where q = p
n for some prime number p > 5. Let
(p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)} and let T = Tp1,p2,p3 be the corresponding triangle
group. Suppose that 5 divides |G|. Then
(i) If (p1, p2, p3) = (3, 3, 5), then
|Hom(T,GL2(q))| =
{
6q3(1 + o(1)) if q ≡ 1 mod 3
2q3(1 + o(1)) if q ≡ −1 mod 3.
(ii) If (p1, p2, p3) = (3, 5, 5), then
|Hom(T,GL2(q))| =
{
20q3(1 + o(1)) if q ≡ 1 mod 5
4q3(1 + o(1)) if q ≡ −1 mod 5.
(iii) If (p1, p2, p3) = (5, 5, 5), then
|Hom(T,GL2(q))| =
{
350q3(1 + o(1)) if q ≡ 1 mod 5
2q3(1 + o(1)) if q ≡ −1 mod 5.
We first describe the noncentral conjugacy classes of GL2(q) whose elements have order
3 or 5.
Lemma 3.8.6. Let G = GL2(q), where q = p
n for some prime number p > 5 and some
positive integer n. Suppose that 5 divides |G|. Let u ∈ {3, 5}. Let ρ be a generator of F∗q
and ς an element of F∗q2 of order q + 1.
(i) The representatives of the noncentral conjugacy classes of G whose elements have
order u are as follows:
(a) If q ≡ 1 mod u the representatives belong to the set
{diag(ρa, ρb) : a = a1(q − 1)
u
, b =
b1(q − 1)
u
, 0 ≤ a1 < b1 ≤ u− 1}.
There are u(u− 1)/2 such representatives.
(b) If q ≡ −1 mod u the representatives belong to the set
{diag(ςa, ςaq) : a = a1(q + 1)
u
, 1 ≤ a1 ≤ (u− 1)/2}.
There are (u− 1)/2 such representatives.
Proof. This follows from the conjugacy classes of GL2(q) described in Lemma 3.8.2.
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The case where T = T5,5,5
We first give an asymptotic estimate for |Hom(T5,5,5,GL2(q))|, where q is a power of some
prime number p > 5. We need to compute some sums.
Lemma 3.8.7. Let  be a (q − 1)th complex root of unity. Suppose that 5 divides q − 1.
Let
a =
a1(q − 1)
5
, b =
b1(q − 1)
5
where 0 ≤ a1 < b1 ≤ 4. In the same manner, define k, l in terms of k1 and l1, and i, j in
terms of i1 and ji.
(i) Let
S1 =
q−1∑
m=1
m(a+b)m(k+l)m(i+j).
Then
S1 =
{
q − 1 if a1 + b1 + k1 + l1 ≡ i1 + j1 mod 5
0 otherwise.
(ii) Let
S2 =
∑
1≤m<n≤q−1
(ma+nb + na+mb)(mk+nl + nk+ml)(mi+nj + ni+mj).
Then
S2 =

(q − 1)(q − 5) if (a1 + k1 ≡ i1, j1 mod 5, b1 + l1 ≡ ji, i1 mod 5) (∗)
or (a1 + l1 ≡ i1, j1 mod 5, b1 + k1 ≡ ji, i1 mod 5)
−4(q − 1) if a1 + b1 + k1 + l1 ≡ i1 + j1 mod 5 (∗∗)
and (∗) does not hold
0 otherwise. (∗ ∗ ∗)
Given a fixed pair (i1, j1), there are 15 pairs ((a1, b1); (k1, l1)) satisfying (∗), and
there are 5 pairs ((a1, b1); (k1, l1)) satisfying (∗∗).
Proof. (i) This is obvious.
(ii) Consider the following subgroup of GL2(q)
K =
〈(
λ1 0
0 λ2
)
,
(
0 1
1 0
)
: λ1, λ2 ∈ Fq
〉
.
We calculate S2 by using the character table of K. It is relatively straightforward to derive
the character table of K = (Zq−1 × Zq−1) ∙ 2. The group K has order 2(q − 1)2 and has
2(q − 1) + (q − 1)(q − 2)/2 conjugacy classes. In particular, if ρ is a generator of F∗q , and
ρA 6= ρB , then the conjugacy class of K containing diag(ρA, ρB) consists of two elements,
namely, diag(ρA, ρB) and diag(ρB , ρA). Let K1 be the normal subgroup of K of index
2 isomorphic to Zq−1 × Zq−1. The derived subgroup of K consists of elements of K1 of
determinant 1. In particular, K ′ ∼= Zq−1 and K/K ′ ∼= Zq−1 × Z2. It follows that K has
2(q − 1) linear characters χ(m), where 1 ≤ m ≤ 2(q − 1) and
χ(m)(diag(ρA, ρB)) = m(A+B).
To get the other irreducible characters of K, we induce the characters of K1 to K. In
this way, we get the remaining (q − 1)(q − 2)/2 irreducible characters of K: χ(m,n) where
1 ≤ m < n ≤ q − 1. We have
χ(m,n)(1) = 2 and χ(m,n)(diag(ρA, ρB)) = mA+nB + mB+nA.
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Let C1, C2, C3 be the conjugacy classes of K containing, respectively
diag(ρa, ρb), diag(ρk, ρl), diag(ρi, ρj)
and let g3 = diag(ρ
i, ρj). Let a123 be the number of pairs (g1, g2) ∈ C1 × C2 such that
g1g2 = g3. Then it is clear that
a123 =

1 if (a1 + k1 ≡ i1, j1 mod 5, b1 + l1 ≡ ji, i1 mod 5)
or (a1 + l1 ≡ i1, j1 mod 5, b1 + k1 ≡ ji, i1 mod 5)
0 otherwise.
On the other hand,
a123 =
|C1||C2|
|K|
∑
χ∈Irr(K)
χ(g1)χ(g2)χ(g3)
χ(1)
=
2
(q − 1)2
(
2S1 +
1
2
S2
)
.
It follows that
S2 = (q − 1)2a123 − 4S1.
Finally, it is an easy check to count the number of pairs ((a1, b1); (k1, l1)) satisfying (∗) or
(∗∗).
Lemma 3.8.8. Let ζ be a complex (q + 1)th root of unity. Suppose that 5 divides q + 1.
Let
a =
a1(q + 1)
5
where 1 ≤ a1 ≤ 2. In the same manner, define k in terms of k1, and i in terms of i1.
(i) Let
S3 =
q2−1∑
m=1
(ζma + ζmaq)(ζmk + ζmkq)(ζmi + ζmiq).
Then
S3 =
{
0 if a1 = k1 = i1 (∗)
2(q2 − 1) otherwise. (∗∗)
There are 2 triples (a1; k1; i1) satisfying (∗), and 6 triples (a1; k1; i1) satisfying (∗∗).
(ii) Let
S4 =
∑
1 ≤ m ≤ q2 − 1
(m) ≡ (mq)
m 6= mult(q + 1)
(ζ
ma
+ ζ
maq
)(ζ
mk
+ ζ
mkq
)(ζ
mi
+ ζ
miq
).
Then
S4 =
{ −4(q − 1) if a1 = k1 = i1
(q2 − 1)− 4(q − 1) otherwise.
Proof. (i) Let λ = ζ(q+1)/5, so that λ is a complex fifth root of unity. Then
S3 =
q2−1∑
m=1
(λma1 + λ−ma1)(λmk1 + λ−mk1)(λmi1 + λ−mi1)
=
q2−1∑
m=1
λm(±a1±k1±i1).
The result follows.
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(ii) We have
S4 =
1
2
q2−1∑
m=1
(ζma + ζmaq)(ζmk + ζmkq)(ζmi + ζmiq)− 8(q − 1)

= (1/2) ∙ S3 − 4(q − 1).
The result follows.
We can now prove Proposition 3.8.5 for the case where T = T5,5,5.
Proof. Write
T = 〈x, y : x5 = y5 = (xy)5 = 1〉.
We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,GL2(q))|. Let C1, C2, C3 be
conjugacy classes of noncentral elements of GL2(q) whose elements have order 5. Let κ be
the number of pairs (g1, g2) in C1×C2 such that g1g2 ∈ C3, and let g3 be a representative
of C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|GL2(q)|
∑
χ∈Irr(GL2(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Also, let C ′1, C ′2, C ′3 be any conjugacy class of GL2(q) whose elements have order dividing 5
such that at least one of C ′1, C ′2, C ′3 consists of central elements. Let g′i be the corresponding
class representative. Let κ′ be the number of pairs (h′1, h′2) in C ′1×C ′2 such that g′1g′2 ∈ C ′3.
Then by Lemma 2.4
κ′ =
|C ′1||C ′2||C ′3|
|GL2(q)|
∑
χ∈Irr(GL2(q))
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
Using the character table of GL2(q) and the sums given in Lemmas 3.8.7 and 3.8.8, we
can calculate κ. Also it is easy to check that asymptotically, we do not need to take κ′
into account. The result follows.
The case where T = T3,5,5
We now give an asymptotic formula for |Hom(T3,5,5,GL2(q))|, where q is a power of some
prime number p > 5. We need to compute some sums.
Lemma 3.8.9. Let  be a (q − 1)th complex root of unity. Suppose that 15 divides q − 1.
Let
a =
a1(q − 1)
3
, b =
b1(q − 1)
3
; k =
k1(q − 1)
5
, l =
l1(q − 1)
5
; i =
i1(q − 1)
5
, j =
j1(q − 1)
5
where 0 ≤ a1 < b1 ≤ 2, 0 ≤ k1 < l1 ≤ 4 and 0 ≤ i1 < j1 ≤ 4.
(i) Let
S1 =
q−1∑
m=1
m(a+b)m(k+l)m(i+j).
Then
S1 =

q − 1 if a1 + b1 ≡ 0 mod 3
and k1 + l1 ≡ i1 + j1 mod 5
0 otherwise.
(ii) Let
S2 =
∑
1≤m<n≤q−1
(ma+nb + na+mb)(mk+nl + nk+ml)(mi+nj + ni+mj).
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Then
S2 =

−4(q − 1) if a1 + b1 ≡ 0 mod 3
and k1 + l1 ≡ i1 + j1 mod 5
0 otherwise.
There is a single element (a1, b1) with a1 + b1 ≡ 0 mod 3. There are 20 pairs
((k1, l1); (i1, j1)) with k1 + l1 ≡ i1 + j1 mod 5.
Proof. (i) Let ω = (q−1)/3, so that ω is a complex third root of unity. Let λ = (q−1)/5,
so that λ is a complex fifth root of unity. Put α = a1 + b1 and β = (k1 + l1) − (i1 + j1).
Then
S1 =
q−1∑
m=1
ωmαλmβ
=
q − 1
15
(1 + ωα + ω2α)(1 + λβ + λ2β + λ3β + λ4β).
The result follows.
(ii) We use the subgroup K of GL2(q) introduced in the proof of Lemma 3.8.7. Let
C1, C2, C3 be the conjugacy classes of K containing, respectively
diag(ρa, ρb), diag(ρk, ρl), diag(ρi, ρj)
and let g3 = diag(ρ
i, ρj). Let a123 be the number of pairs (g1, g2) ∈ C1 × C2 such that
g1g2 = g3. Then it is clear that a123 = 0. On the other hand,
a123 =
|C1||C2|
|K|
∑
χ∈Irr(K)
χ(g1)χ(g2)χ(g3)
χ(1)
=
2
(q − 1)2
(
2S1 +
1
2
S2
)
.
It follows that
S2 = −4S1.
Finally, it is an easy check to count the number of elements (a1, b1) such that a1 + b1 ≡ 0
mod 3, and the number of pairs ((k1, l1); (i1, j1)) such that k1 + l1 ≡ i1 + j1 mod 5.
Lemma 3.8.10. Let  be a complex (q − 1)th root of unity. Suppose that 5 divides q − 1.
Let
a =
a1(q − 1)
5
, b =
b1(q − 1)
5
; k =
k1(q − 1)
5
, l =
l1(q − 1)
5
where 0 ≤ a1 < b1 ≤ 4 and 0 ≤ k1 < l1 ≤ 4.
(i) Let
S3 =
q−1∑
m=1
m(a+b).
Then
S3 =
{
q − 1 if a1 + b1 ≡ 0 mod 5
0 otherwise.
There are 2 elements (a1, b1) such that a1 + b1 ≡ 0 mod 5.
(ii) Let
S4 =
q−1∑
m=1
m(a+b)m(k+l).
Then
S4 =
{
q − 1 if a1 + b1 ≡ k1 + l1 mod 5
0 otherwise.
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There are 20 pairs ((a1, b1); (k1, l1)) such that a1 + b1 ≡ k1 + l1 mod 5.
Proof. This is an easy check.
Lemma 3.8.11. Let  be a complex (q − 1)th root of unity. Suppose that 3 divides q − 1.
Let
a =
a1(q − 1)
3
, b =
b1(q − 1)
3
; k =
k1(q − 1)
3
, l =
l1(q − 1)
3
where 0 ≤ a1 < b1 ≤ 2 and 0 ≤ k1 < l1 ≤ 2.
(i) Let
S3 =
q−1∑
m=1
m(a+b).
Then
S3 =
{
q − 1 if a1 + b1 ≡ 0 mod 3
0 otherwise.
There is a single element (a1, b1) such that a1 + b1 ≡ 0 mod 3.
(ii) Let
S4 =
q−1∑
m=1
m(a+b)m(k+l).
Then
S4 =
{
q − 1 if a1 + b1 + k1 + l1 ≡ 0 mod 3
0 otherwise.
There are 3 pairs ((a1, b1); (k1, l1)) such that a1 + b1 + k1 + l1 ≡ 0 mod 3.
Proof. This is an easy check.
Lemma 3.8.12. Let ζ be a complex (q+1)th root of unity. Suppose that 15 divides q+1.
Let
a =
a1(q + 1)
3
, k =
k1(q + 1)
5
, i =
i1(q + 1)
5
where a1 = 1, 1 ≤ k1 ≤ 2, 1 ≤ i1 ≤ 2.
(i) Let
S3 =
q2−1∑
m=1
(ζma + ζmaq)(ζmk + ζmkq)(ζmi + ζmiq).
Then S3 = 0.
(ii) Let
S4 =
∑
1 ≤ m ≤ q2 − 1
(m) ≡ (mq)
m 6= mult(q + 1)
(ζ
ma
+ ζ
maq
)(ζ
mk
+ ζ
mkq
)(ζ
mi
+ ζ
miq
).
Then S4 = −4(q − 1).
Proof. (i) Let ω = (q+1)/3, so that ω is a complex third root of unity. Let λ = (q+1)/5,
so that λ is a complex fifth root of unity. Then
S3 =
q2−1∑
m=1
(ω
ma1 + ω
−ma1 )(λmk1 + λ−mk1 )(λmi1 + λ−mi1 )
=
q2 − 1
15
(−(λk1 + λ−k1 )(λi1 + λ−i1 )− (λ2k1 + λ−2k1 )(λ2i1 + λ−2i1 ) + 2(λ3k1 + λ−3k1 )(λ3i1 + λ−3i1 )
−(λ4k1 + λ−4k1 )(λ4i1 + λ−4i1 )− 4 + 2(λk1 + λ−k1 )(λi1 + λ−i1 )
−(λ2k1 + λ−2k1 )(λ2i1 + λ−2i1 )− (λ3k1 + λ−3k1 )(λ3i1 + λ−3i1 ) + 2(λ4k1 + λ−4k1 )(λ4i1 + λ−4i1 )
−4− (λk1 + λ−k1 )(λi1 + λ−i1 ) + 2(λ2k1 + λ−2k1 )(λ2i1 + λ−2i1 )
−(λ3k1 + λ−3k1 )(λ3i1 + λ−3i1 )− (λ4k1 + λ−4k1 )(λ2i1 + λ−2i1 ) + 8)
= 0.
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(ii) Since
S4 =
1
2
(S3 − 8(q − 1))
the result follows.
We can now prove Proposition 3.8.5 for the case where T = T3,5,5.
Proof. Write
T = 〈x, y : x3 = y5 = (xy)5 = 1〉.
We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,GL2(q))|. Let C1, C2, C3
be conjugacy classes of noncentral elements of GL2(q) whose elements have order 3,5 and
5, respectively. Let κ be the number of pairs (g1, g2) in C1 ×C2 such that g1g2 ∈ C3, and
let g3 be a representative of C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|GL2(q)|
∑
χ∈Irr(GL2(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Also, let C ′1, C ′2, C ′3 be any conjugacy class of GL2(q) whose elements have order dividing
3, 5, and 5, respectively, such that at least one of C ′1, C ′2, C ′3 consists of central elements.
Let g′i be the corresponding class representative. Let κ′ be the number of pairs (g′1, g′2)
with g′i ∈ C ′i such that g′1g′2 ∈ C ′3. Then by Lemma 2.4
κ′ =
|C ′1||C ′2||C ′3|
|GL2(q)|
∑
χ∈Irr(GL2(q))
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
Using the character table of GL2(q) and the sums given in Lemmas 3.8.9, 3.8.10, 3.8.11
and 3.8.12, we can calculate κ. Also it is easy to check that asymptotically we do not need
to take κ′ into account. The result follows.
The case where T = T3,3,5
We finally give an asymptotic formula for |Hom(T3,3,5,GL2(q))|, where q is a power of
some prime number p > 5. We need to compute some sums.
Lemma 3.8.13. Let  be a (q− 1)th complex root of unity. Suppose that 15 divides q− 1.
Let
a =
a1(q − 1)
3
, b =
b1(q − 1)
3
; k =
k1(q − 1)
3
, l =
l1(q − 1)
3
; i =
i1(q − 1)
5
, j =
j1(q − 1)
5
where 0 ≤ a1 < b1 ≤ 2, 0 ≤ k1 < l1 ≤ 2 and 0 ≤ i1 < j1 ≤ 4.
(i) Let
S1 =
q−1∑
m=1
m(a+b)m(k+l)m(i+j).
Then
S1 =

q − 1 if a1 + b1 + k1 + l1 ≡ 0 mod 3
and i1 + j1 ≡ 0 mod 5
0 otherwise.
(ii) Let
S2 =
∑
1≤m<n≤q−1
(ma+nb + na+mb)(mk+nl + nk+ml)(mi+nj + ni+mj).
Then
S2 =

−4(q − 1) if a1 + b1 + k1 + l1 ≡ 0 mod 3
and i1 + j1 ≡ 0 mod 5
0 otherwise.
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There are 2 elements (i1, j1) with i1+j1 ≡ 0 mod 5. There are 3 pairs ((a1, b1); (k1, l1))
with a1 + b1 + k1 + l1 ≡ 0 mod 3.
Proof. Repeat a proof similar to that of Lemma 3.8.9.
Lemma 3.8.14. Let ζ be a complex (q+1)th root of unity. Suppose that 15 divides q+1.
Let
a =
a1(q + 1)
3
, k =
k1(q + 1)
3
, i =
i1(q + 1)
5
where a1 = 1, k1 = 1, 1 ≤ i1 ≤ 2.
(i) Let
S3 =
q2−1∑
m=1
(ζma + ζmaq)(ζmk + ζmkq)(ζmi + ζmiq).
Then S3 = 0.
(ii) Let
S4 =
∑
1 ≤ m ≤ q2 − 1
(m) ≡ (mq)
m 6= mult(q + 1)
(ζ
ma
+ ζ
maq
)(ζ
mk
+ ζ
mkq
)(ζ
mi
+ ζ
miq
).
Then S4 = −4(q − 1).
Proof. Repeat a proof similar to that of Lemma 3.8.12.
We can now prove Proposition 3.8.5 for the case where T = T3,3,5.
Proof. Write
T = 〈x, y : x3 = y3 = (xy)5 = 1〉.
We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,GL2(q))|. Let C1, C2, C3
be conjugacy classes of noncentral elements of GL2(q) whose elements have order 3,3 and
5, respectively . Let κ be the number of pairs (g1, g2) in C1×C2 such that g1g2 ∈ C3, and
let g3 be a representative of C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|GL2(q)|
∑
χ∈Irr(GL2(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Also, let C ′1, C ′2, C ′3 be any conjugacy class of GL2(q) whose elements have order dividing
3, 3, and 5, respectively, such that at least one of C ′1, C ′2, C ′3 consists of central elements.
Let g′i be the corresponding class representative. Let κ′ be the number of pairs (g′1, g′2)
with g′i ∈ C ′i such that g′1g′2 ∈ C ′3. Then by Lemma 2.4
κ′ =
|C ′1||C ′2||C ′3|
|GL2(q)|
∑
χ∈Irr(GL2(q))
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
Using the character table of GL2(q) and the sums given in Lemmas 3.8.10, 3.8.11, 3.8.13,
and 3.8.14, we can calculate κ. Also it is easy to check that asymptotically, we do not
need to take κ′ into account. The result follows.
We end this chapter with the following result.
Proposition 3.8.15. Let G = GL2(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes, and let T = Tp1,p2,p3
be the corresponding hyperbolic triangle group. Then there is a constant C = C(p1, p2, p3)
such that
|Hom(T,G)| ≤ Cq3(1 + o(1)).
Proof. One can repeat a proof similar to that of Proposition 3.7.5 using the character
table of G given in Lemma 3.8.2.
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Chapter 4 The subgroup structures and the
character tables of L3(q) and U3(q)
4.1 Introduction
Let G = U3(q) (respectively, G = L3(q)) where q = p
n for some prime number p and some
positive integer n. Recall that G is a finite group of Lie type of rank 1 (respectively, 2)
which is simple unless G = U3(2). We give the subgroup structure of G and its character
table. The subgroup structure of G is given in [25] (see also [28]) and the character table
of G is given in [45]. We also describe the elements of prime order in G. Finally, let
(p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3. We check that the triple
(p1, p2, p3) is rigid in PSL3(Fp) if and only if p1 = 2 and that it is nonrigid otherwise.
4.2 The subgroup structure of U3(q)
We give the subgroup structure of U3(q). All results stated follow from [25] (see also [28,
Chapters 3 and 4]). We use the symbol ∧ when we describe a subgroup of U3(q) by the
structure of its preimage in SU3(q). The collections Ci (1 ≤ i ≤ 8) are those described
in [2], whereas the groups in S are the almost simple groups acting absolutely irreducibly
on the natural module and with the representation defined over a minimal field. We let
C = ⋃8i=1 Ci.
Proposition 4.2.1. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Put d = (q + 1, 3). Then a maximal subgroup of G is conjugate in
PGU3(q) to one of the following:
Collection Subgroup Conditions
C1 P = ∧q3 : Zq2−1
N = ∧GU2(q)
C2 ∧(Zq+1 × Zq+1) ∙ S3 q 6= 5
C3 ∧Zq2−q+1 ∙ 3 q 6∈ {3, 5}
C5 G0 = U3(q0) ∙ (b, d) q = qb0, b odd prime
SO3(q) q odd, q ≥ 7
C6 32 ∙ SL2(3) q = p ≡ 8 mod 9
32 ∙Q8 11 ≤ q = p ≡ 2, 5 mod 9
S A6 q = p ≡ 11, 14 mod 15
M10 = A6 ∙ 2 q = 5
L2(7) 5 6= q = p ≡ 3, 5, 6 mod 7
A7 q = 5
Remark 4.2.1. If q is odd then SO3(q) ∼= PGL2(q).
The following lemma gives the normalizers in PGU3(q) of some subgroups of U3(q).
Lemma 4.2.2. Let G = U3(q) where q = p
n for some prime number p and some positive
integer n. Put d = (q + 1, 3). Then
(i) There is a single conjugacy class in PGU3(q) of subgroups isomorphic to P . We
have |NPGU3(q)(P )| = d|P |.
(ii) There is a single conjugacy class in PGU3(q) of subgroups isomorphic to N . We
have |NPGU3(q)(N)| = d|N |.
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(iii) Suppose that H = U3(q0) ∙ (b, d) is a subgroup of G where q = qb0 for some odd b ∈ N.
There is a single conjugacy class in PGU3(q) of subgroups of G isomorphic to H.
We have |NPGU3(q)(H)| = |PGU3(q0)|.
(iv) Suppose that H = U3(q0) is a subgroup of G where q = q
b
0 for some odd b ∈ N. There
is a single conjugacy class in PGU3(q) of subgroups of G isomorphic to H. We have
|NPGU3(q)(H)| = |PGU3(q0)|.
(v) There is a single conjugacy class in PGU3(q) of subgroups of G isomorphic to SO3(q).
We have |NPGU3(q)(SO3(q))| = |SO3(q)|.
(vi) Suppose that H ∈ {A7, L2(7), A5} is an irreducible subgroup of G such that p 6= 7 if
H = L2(7). Then there is a single conjugacy class in PGU3(q) of subgroups of G
isomorphic to H. We have
|NPGU3(q)(H)| =
{ |H| if p 6= 5 or H 6= A5
2|H| if p = 5 and H = A5.
Remark 4.2.2. (1) To prove Lemma 4.2.2(vi) one can use the modular character tables of
A5, L2(7) and A7 given in [23].
(2) Suppose that H ∼= A7 is a subgroup of G. Then p = 5, H is irreducible, and in
C(G), H can only lie in a maximal subgroup of C5(G) but is not a subgroup of a conjugate
of SO3(q).
(3) Suppose that H ∼= L2(7) is a non maximal subgroup of G. Then H is irreducible. If
p 6= 7 then in C(G), H can only lie in a maximal subgroup of C5(G) but is not a subgroup
of a conjugate of SO3(q). If p = 7 then in C(G), H can only lie in a maximal subgroup of
C5(G) (it lies in a conjugate of SO3(q)).
(4) Suppose that H ∼= A5 is a subgroup of G. Then H cannot be a subgroup of a
member of Ci(G) for i ∈ {2, 3, 6}. If p = 2 then H is completely reducible and lies in N
or in one of its conjugate. Otherwise, H is irreducible, and in C(G), H can only lie in a
maximal subgroup of C5(G) (it lies in a conjugate of SO3(q)).
4.3 The subgroup structure of L3(q)
We give the subgroup structure of L3(q). All results stated follow from [25] (see also [28,
Chapters 3 and 4]). We use the symbol ∧ when we describe a subgroup of L3(q) by the
structure of its preimage in SL3(q). The collections Ci (1 ≤ i ≤ 8) are those described in
[2], whereas the groups in S are the almost simple groups acting absolutely irreducibly
on the natural module and with the representation defined over a minimal field. We let
C = ⋃8i=1 Ci.
Proposition 4.3.1. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Put d = (q − 1, 3). Then a maximal subgroup of G is conjugate in
PGL3(q) to one of the following:
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Collection Subgroup Conditions
C1 P1 = ∧q2 : GL2(q)
P2 =
∧q2 : GL2(q)
C2 ∧(Zq−1 × Zq−1) ∙ S3 q ≥ 5
C3 ∧Zq2+q+1 ∙ 3 q 6= 4
C5 G0 = L3(q0) ∙ (b, d) q = qb0, b prime
C6 32 ∙ SL2(3) q = p ≡ 1 mod 9
32 ∙Q8 q = p ≡ 4, 7 mod 9
C8 SO3(q) q odd
U3(q0) q = q
2
0
S A6 p ≡ 1, 2, 4, 7, 8, 13 mod 15
Fq = Fp[
√
5,
√−3]
L2(7) 2 < q = p ≡ 1, 2, 4 mod 7
Remark 4.3.1. (1) The subgroup P1 (respectively, P2) is a parabolic subgroup of G being
the stabilizer in G of a one-dimensional (respectively, two-dimensional) subspace of the
natural module of G.
(2) If q is odd then SO3(q) ∼= PGL2(q).
The following lemma gives the normalizers in PGL3(q) of some subgroups of L3(q).
Lemma 4.3.2. Let G = L3(q) where q = p
n for some prime number p and some positive
integer n. Put d = (q − 1, 3). Then
(i) There is a single conjugacy class in PGL3(q) of subgroups isomorphic to P1. We
have |NPGL3(q)(P1)| = d|P1|.
(ii) There is a single conjugacy class in PGL3(q) of subgroups isomorphic to P2. We
have |NPGL3(q)(P2)| = d|P2|.
(iii) Suppose that H = L3(q0) ∙ (b, d) is a subgroup of G where q = qb0 for some b ∈ N.
There is a single conjugacy class in PGL3(q) of subgroups of G isomorphic to H.
We have |NPGL3(q)(H)| = |PGL3(q0)|.
(iv) Suppose that H = L3(q0) is a subgroup of G where q = q
b
0 for some b ∈ N. There is
a single conjugacy class in PGL3(q) of subgroups of G isomorphic to H. We have
|NPGL3(q)(H)| = |PGL3(q0)|.
(v) There is a single conjugacy class in PGL3(q) of subgroups of G isomorphic to SO3(q).
We have |NPGL3(q)(SO3(q))| = |SO3(q)|.
(vi) Suppose that H = U3(q0) ∙ (b, d) is a subgroup of G where q = qb0 for some even b.
There is a single conjugacy class in PGL3(q) of subgroups of G isomorphic to H.
We have |NPGL3(q)(H)| = |PGU3(q0)|.
(vii) Suppose that H = U3(q0) is a subgroup of G where q = q
b
0 for some even b. There is
a single conjugacy class in PGL3(q) of subgroups of G isomorphic to H. We have
|NPGL3(q)(H)| = |PGU3(q0)|.
(viii) Suppose that H ∈ {A7, L2(7), A5} is an irreducible subgroup of G such that p 6= 7
if H = L2(7). Then there is a single conjugacy class in PGL3(q) of subgroups of G
isomorphic to H. We have
|NPGL3(q)(H)| =
{ |H| if p 6= 5 or H 6= A5
2|H| if p = 5 and H = A5.
Remark 4.3.2. (1) To prove Lemma 4.3.2(viii) one can use the modular character tables
of A5, L2(7) and A7 given in [23].
66
The subgroup structures and the character tables of L3(q) and U3(q)
(2) Suppose that H ∼= A7 is a subgroup of G. Then p = 5, H is irreducible, and in
C(G), H can only lie in a maximal subgroup of C5(G) or C8(G) but is not a subgroup of a
conjugate of SO3(q).
(3) Suppose that H ∼= L2(7) is a non maximal subgroup of G. Then H is irreducible.
If p 6= 7 then in C(G), H can only lie in a maximal subgroup of C5(G) or C8(G) but is not
a subgroup of a conjugate of SO3(q). If p = 7 then in C(G), H can only lie in a maximal
subgroup of C5(G) or C8(G) (it lies in a conjugate of SO3(q)).
(4) Suppose that H ∼= A5 is a subgroup of G. Then H cannot be a subgroup of a
member of Ci(G) for i ∈ {2, 3, 6}. If p = 2 then H is reducible and lies in a parabolic
subgroup. Otherwise, H is irreducible, and in C(G), H can only lie in a maximal subgroup
of C5(G) or C8(G) (it lies in a conjugate of SO3(q)).
4.4 The character tables of L3(q) and U3(q)
We give the character tables of L3(q) and U3(q), where q = p
n for some prime number p
and some positive integer n. These character tables can be found in [45]. I found a few
misprints in those character tables. We therefore give some reviewed character tables and
mention the changes we performed. We first give some notation.
4.4.1 Some notation
The following notation is used in the tables:
δ =
{
1 for L3(q), SL3(q)
−1 for U3(q), SU3(q)
GLδ3(q) =
{
GL3(q) if δ = 1
GU3(q) if δ = −1
SLδ3(q) =
{
SL3(q) if δ = 1
SU3(q) if δ = −1
Lδ3(q) =
{
L3(q) if δ = 1
U3(q) if δ = −1
Zδ =
{
Z(SL3(q)) if δ = 1
Z(SU3(q)) if δ = −1
r = q − δ r′ = r/d r′′ = r′(1 + δ)/2
s = q + δ
t = q2 + δq + 1 t′ = t/d t′′ = (t′ − 1)/6
d = (r, 3) d′ = (3− d)/2.
Also
ρ, σ, τ,$, θ ∈ Fq(3−δ)/2
are defined such that ρr = 1, σs = ρ, τ t = 1, $ = ρr/d and θ is not a cube.
We let , η, γ1, γ, ω be primitive complex roots of unity such that
r = 1, ηs =  = γt1, γ = γ
dr
1 , ω = 
r/d.
Finally
∑
[x,y,z] means a sum over all the permutations of x, y, z.
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4.4.2 The conjugacy classes of L3(q) and U3(q)
Let G = L3(q) or U3(q), where q = p
n for some prime number p and some positive integer
n. For g ∈ G, let gG denote the conjugacy class of g in G and let CG(g) denote the
centraliser of g in G. The elements of G are divided into the following classes.
Canonical Number of
gG representative |CG(g)| Range of the parameters classes of the
type in question
C1
 1 1
1
 q3r′rst 1
C2
 11 1
1
 q3r′ 1
C
(l)
3
 11 1
θl 1
 q2 0 ≤ l ≤ d− 1 d
C
(k)
4
 ρk ρk
ρ−2k
 qrr′s 1 ≤ k ≤ r′ − 1 r′ − 1
C
(k)
5
 ρk1 ρk
ρ−2k
 qr′ 1 ≤ k ≤ r′ − 1 r′ − 1
C′6
 1 $
$2
 r2 1− d′
C
(k,l,m)
6
 ρk ρl
ρm
 rr′ 1 ≤ k < l ≤ r′l < m ≤ r
k + l +m ≡ 0 mod r
t′′ − r′′
C
(k)
7
 ρk σ−δk
σ−qk
 r′s
1 ≤ k ≤ r′s
k 6= 0 mod s
if k1 ≡ δqk mod r′s
then C
(k1)
7 = C
(k)
7
3t′′ − r′′ − d′
C
(k)
8
 τ
k
τδqk
τq
2k
 t′
1 ≤ k ≤ t′ − 1
if k1 ≡ δqk mod t′
or k2 ≡ q2k mod t′
then C
(k)
8 = C
(k1)
8 = C
(k2)
8
2t′′
The representatives of the conjugacy classes of L3(q) are written in Jordan canonical
form over an algebraically closed field of characteristic p. A similar indexing is used in the
unitary case.
4.4.3 The tables
The character tables of L3(q) and U3(q) are given in Table 4.1 at the end of this chapter.
4.4.4 Misprints and changes performed
We spot a few misprints in the character tables of L3(q) and U3(q) given in [45]. We give
a reviewed version in Table 4.1. We let G = Lδ3(q).
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Simpson and Frame Reviewed version
(i) The representatives of C
(l)
3 (0 ≤ l ≤ d− 1) are 1θl 1
θl 1

where θ ∈ Fq(3−δ)/2 , θ3 6= 1
 11 1
θl 1

where θ ∈ Fq(3−δ)/2 is not a cube
(ii) The character χq3
χq3 (C2) = δq χq3 (C2) = 0
(iii) The character χ
(u)
st′ (only if r ≡ 0 mod 3)
χ
(u)
st′ (C
(l)
3 ) = qδuk − r′ χ(u)st′ (C
(l)
3 ) = qδul − r′
χ
(u)
st′ (C
′
6) = δ(ω
k−l + ωl−k) χst′ (u)(C′6) =
{ −δ if r 6≡ 0 (9)
2δ if r ≡ 0 (9)
(iv) The character χ
(u)
rt
χ
(u)
rt (C
(k)
4 ) = r
3uk χ
(u)
rt (C
(k)
4 ) = r
duk
χ
(u)
rt (C
(k)
5 ) = −δ3uk χ(u)rt (C(k)5 ) = −δduk
χ
(u)
rt (C
(k)
7 ) = −δ(η3uk + η3δquk) χ(u)rt (C(k)7 ) = −δ(η−δduk + η−dquk)
(v) The character χ
(u)
r2s
χ
(u)
r2s
(C
(k)
8 ) = δ(γ
uk + γδquk + γq
2uk)
where γ = γr
′
1
χr2s(u)(C
(k)
8 ) = δ(γ
uk + γδquk + γq
2uk)
where γ = γdr1
We give some reasons for making those changes.
(i) We treat the case where G = L3(q). For any nonzero elements α, β of Fp, let
Mα =
 1α 1
α 1
 and Mβ =
 1β 1
β 1
 .
Then
Mβ =M
−1MαM
where M = diag(α−1β, 1, αβ−1). This shows that when r ≡ 0 mod 3, the representatives
of C
(l)
3 (0 ≤ l ≤ 2), given by Simpson and Frame in [45], are conjugate, a contradiction.
This mistake is noticed by Chen in [5].
In [13], Dickson shows that the conjugacy classes of GL3(q) with representatives $k1 $k
1 $k
 (0 ≤ k ≤ d− 1)
are the only classes that can split in SL3(q). More precisely, if r 6≡ 0 mod 3 then the
single class of the type described does not split in SL3(q). On the other hand, if r ≡ 0
mod 3, then a class of GL3(q) with representative $k1 $k
1 $k

splits in SL3(q) into three conjugacy classes with representatives $k1 $k
θl $k
 (0 ≤ l ≤ 2)
where θ ∈ Fq is not a cube.
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If we consider L3(q), it follows that the representatives of the classes C
(l)
3 are 11 1
θl 1
 (0 ≤ l ≤ d− 1)
where θ ∈ Fq is not a cube.
The irreducible characters of G = Lδ3(q) are the irreducible characters of SL
δ
3(q) having
Zδ in their kernel. We therefore investigate the characters of SLδ3(q). These are obtained
from the characters of GLδ3(q). The character table of GL
δ
3(q) is given in [47] if δ = 1, and
in [17] if δ = −1.
(ii) The group GLδ3(q) has r characters of degree q
3: φ
(U)
q3 (1 ≤ U ≤ r). We restrict
these characters to SLδ3(q).
Conjugacy
class of SLδ3(q)
Canonical representative Parameters φ
(U)
q3
↓ SLδ3(q)
C
(k)
1
 $k $k
$k
 0 ≤ k ≤ d− 1 q3
C
(k)
2
 $k1 $k
$k
 0 ≤ k ≤ d− 1 0
C
(k,l)
3
 $k1 $k
θl $k
 0 ≤ k, l ≤ d− 1 0
C
(k)
4
 ρk ρk
ρ−2k
 1 ≤ k ≤ r − 1
k 6≡ 0 (r′) q
C
(k)
5
 ρk1 ρk
ρ−2k
 1 ≤ k ≤ r − 1
k 6≡ 0 (r′) 0
C
(k,l,m)
6
 ρk ρl
ρm
 1 ≤ k, l,m ≤ rk < l < m
k + l +m ≡ 0 (r)
δ
C
(k)
7
 ρk σ−δk
σ−qk

1 ≤ k ≤ rs
k 6≡ 0 (s)
if k1 ≡ δqk (rs)
then C
(k1)
7 = C
(k)
7
−δ
C
(k)
8
 τk τδqk
τq
2k

1 ≤ k ≤ t
k 6≡ 0 (t′)
if k1 ≡ δqk (t)
or k2 ≡ q2k (t)
then C
(k)
8 = C
(k1)
8 = C
(k2)
8
δ
We get a single character φq3 of SL
δ
3(q). It is straightforward to check that 〈φq3 , φq3〉 =
1. Hence φq3 is an irreducible character of SL
δ
3(q). Since Z
δ ≤ Ker φq3 , φq3 is an irre-
ducible character of G. Therefore φq3 = χq3 . In particular, χq3(C2) = 0.
(iii) There are d − d′ characters χ(u)st′ . We therefore suppose that r ≡ 0 mod 3. We
then have three characters of type χ
(u)
st′ in G. We can use the Atlas of finite groups [11]
to check the entries of χ
(u)
st′ for some examples. It is clear that when Simpson and Frame
write
χ
(u)
st′ (C
(l)
3 ) = qδuk − r′,
they mean
χ
(u)
st′ (C
(l)
3 ) = qδul − r′.
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Also, Simpson and Frame write
χ
(u)
st′ (C
′
6) = δ(ω
k−l + ωl−k).
The canonical representative of C ′6 is 1 $
$2
 .
It is therefore not clear what Frame and Simpson mean when using the integers k, l. In
fact, they write implicitly $ = ρr/d and let k = r/d, l = 2k. The canonical representative
of C ′6 becomes  1 ρk
ρl
 .
Therefore
χ
(u)
st′ (C
′
6) = δ(ω
k−l + ωl−k) =
{ −δ if r 6≡ 0 (9)
2δ if r ≡ 0 (9).
(iv) The group GLδ3(q) has (1/2)q
2r characters of degree rt: φ
(U,V )
rt . We restrict these
characters to SLδ3(q). We let
I =
{
φ
(U,V )
rt ↓ SLδ3(q)
}
.
Conjugacy
class of SLδ3(q)
Canonical representative Parameters
φ
(U,V )
rt ↓ SLδ3(q)
1 ≤ U ≤ r
1 ≤ V ≤ rs
V 6≡ 0 (s)
if V1 ≡ δqV (rs)
then φ
(U,V1)
rt = φ
(U,V )
rt
C
(k)
1
 $k $k
$k
 0 ≤ k ≤ d − 1 rtω(U+V )k
C
(k)
2
 $k1 $k
$k
 0 ≤ k ≤ d − 1 −δω(U+V )k
C
(k,l)
3
 $k1 $k
θl $k
 0 ≤ k, l ≤ d − 1 −δω(U+V )k
C
(k)
4
 ρk ρk
ρ−2k
 1 ≤ k ≤ r − 1
k 6≡ 0 (r′) r
(V−2U)k
C
(k)
5
 ρk1 ρk
ρ−2k
 1 ≤ k ≤ r − 1
k 6≡ 0 (r′) −δ
(V−2U)k
C
(k,l,m)
6
 ρk ρl
ρm
 1 ≤ k, l,m ≤ rk < l < m
k + l +m ≡ 0 (r)
0
C
(k)
7
 ρk σ−δk
σ−qk

1 ≤ k ≤ rs
k 6≡ 0 (s)
if k1 ≡ δqk (rs)
then C
(k1)
7 = C
(k)
7
−δUk(η−δV k + η−qV k)
C
(k)
8

τk
τδqk
τq
2k

1 ≤ k ≤ t
k 6≡ 0 (t′)
if k1 ≡ δqk (t)
or k2 ≡ q2k (t)
then C
(k)
8 = C
(k1)
8 = C
(k2)
8
0
Let W(U,V ) be the positive integer such that
1 ≤W(U,V ) ≤ rs and W(U,V ) ≡ V − δUs mod rs.
Then
φ
(U,V )
rt ↓ SLδ3(q) = φ(W(U,V ))
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where
φ(W(U,V ))(C
(k)
1 ) = rtω
W(U,V )k φ(W(U,V ))(C
(k)
5 ) = −δW(U,V )k
φ(W(U,V ))(C
(k)
2 ) = −δωW(U,V )k φ(W(U,V ))(C(k,l,m)6 ) = 0
φ(W(U,V ))(C
(k,l)
3 ) = −δωW(U,V )k φ(W(U,V ))(C(k)7 ) = −δ(η−δW(U,V )k + η−qW(U,V )k)
φ(W(U,V ))(C
(k)
4 ) = r
W(U,V )k φ(W(U,V ))(C
(k)
8 ) = 0.
Since V 6≡ 0 mod s, we have W(U,V ) 6≡ 0 mod s. Therefore we deduce that
I =
{
φ(W ) : 1 ≤W ≤ rs,W 6≡ 0 mod s
}
.
The characters on the right hand side are not all distinct. Indeed, if
W1 ≡ δqW mod rs
then φ(W1) = φ(W ). We fix this. Let
S0 = {W ∈ Z : 1 ≤W ≤ rs}.
Put an equivalence relation on S0 defined as follows. Two elements W1,W2 ∈ S0 are
equivalent if and only if W1 ≡ δqW2 mod rs . Then S0 has qr/2 equivalence classes of
size 2 and r equivalence classes of size 1. The equivalence classes of size 1 correspond to the
elements of S0 congruent to 0 modulo s. For each class of size 2, choose as representative
the smallest element in the class. Define S to be the set of all representatives of classes of
size 2. Note that |S| = qr/2. Then
I =
{
φ(W ) :W ∈ S
}
.
Let Wi, Wj be any elements of S. By direct calculation, it is possible to show that
〈φ(Wi), φ(Wj)〉 = δij .
Therefore every restricted character in I is an irreducible character of SLδ3(q), and |I| =
|S| = qr/2.
If r 6≡ 0 mod 3 then I is a set of irreducible characters of degree rt of G. More
precisely I is the set of characters {
χ
(u)
rt
}
given in Table 4.1.
Suppose r ≡ 0 mod 3, then we can extract
|I|
3
=
qr
6
characters of G from I. Indeed, the irreducible characters of G are the characters of G
having Zδ in their kernel. Therefore an element φ(W ) of I is a character of G if and only
if W is a multiple of 3. The characters of G obtained in this way are the irreducible
characters {
χ
(u)
rt
}
of degree rt, given in Table 4.1.
(v) By looking at some examples in the Atlas of finite groups [11], we see that γ is a
(t′)th root of 1, and not a (d ∙ t)th root of 1 as used in [45]. Alternatively, we can derive the
irreducible characters of G, as in (iv), by reducing the irreducible characters of degree r2s
of GLδ3(q) to SL
δ
3(q). These characters can be shown to remain irreducible when reduced
to SLδ3(q). By selecting those restricted characters that have Z
δ in their kernel, we get the
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irreducible characters {
χ
(u)
r2s
}
of G of degree r2s, given in Table 4.1.
4.5 Elements of prime order in L3(q) and U3(q)
Let G = Lδ3(q) where q = p
n for some prime number p and some positive integer n. We
describe the elements of prime order in G. We first define a set used to characterise some
elements of prime order in G.
Let
T0 = {k ∈ Z : 1 ≤ k < t′}.
Put an equivalence relation on T0 defined as follows. Two elements k1, k2 ∈ T0 are equiv-
alent if and only if k1 ≡ δqk2 mod t′ or k1 ≡ q2k2 mod t′. Then T0 has (t′ − 1)/3
equivalence classes of size 3 . For each class, choose as representative the smallest element
in the class. Define T to be the set consisting of those representatives.
Proposition 4.5.1. Let G = Lδ3(q) where q = p
n for some prime number p and some
positive integer n. The description of the elements of prime order in G is given below. We
denote by u a prime number dividing the order of G.
Classes of G whose elements have prime order u
Parameters
u = 2 u = 3 u ≥ 5
u = p C2 :
 11 1
1
 1 such class
C
(l)
3 :
 11 1
θl 1
 0 ≤ l ≤ d − 1
d such classes
r ≡ 0 (u) C(k)4 :
 ρk ρk
ρ−2k
 k = r′u K
1 ≤ K ≤ u − 1
(only if
r ≡ 0 (9))
α4 := u − 1
such classes
C′6 :
 1 $
$2

(only if
r ≡ 0 (3)) 1 such class
C
(k,l,m)
6 :
 ρk ρl
ρm

k, l,m = r
′
u
K,L,M
if r 6≡ 0 (3) then
1 ≤ K < L < M ≤ u
K + L +M ≡ 0 (u)
if r ≡ 0 (3) then
1 ≤ K < L ≤ u
L < M < 3u
K + L +M = 3u
K ≡ L ≡ M (3)
α6 :=
(u−1)(u−2)
6
such classes
s ≡ 0 (u) C(k)7 :
 ρk σ−δk
σ−qk

k = r′ s
u
K
1 ≤ K ≤ (u − 1)/2
α7 :=
u−1
2
such classes
t ≡ 0 (u) C(k)8 :

τk
τδqk
τq
2k

k = t
′
u
K
1 ≤ K ≤ u − 1
k ∈ T
α8 :=
u−1
3
such classes
Remark 4.5.1. (1) By definition, p is coprime to r, s, t. Also s and t are coprime. We
have
(r, s) =
{
2 if r ≡ 0 mod 2
1 otherwise.
Finally,
(r, t) =
{
3 if r ≡ 0 mod 3
1 otherwise.
If u = 2 and s ≡ 0 (u), or u = 3 and t ≡ 0 (u), we have described the elements of order u
in the cell corresponding to r ≡ 0 (u).
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(2) If u > 3 and t ≡ 0 mod u then u ≡ 1 mod 3. Indeed,
t ≡ 0 mod u ⇐⇒ (q + δ/2)2 + 3/4 ≡ 0 mod u
⇐⇒ −3 ≡ [2(q + δ/2)]2 mod u
=⇒ −3 is a square modulo u
⇐⇒ u ≡ 1 mod 3.
The latter assertion can be shown using the Legendre symbol and the quadratic reciprocity
law.
Proof. The proposition follows from the description of the conjugacy classes of G, given
in §4.4.2. We show here that if u > 3 and r ≡ 0 mod u, then the number α6 of classes of
type C
(k,l,m)
6 whose elements have order u is
(u− 1)(u− 2)/6.
Suppose that r 6≡ 0 mod 3. We first count the number of triples (K,L,M) satisfying
1 ≤ K,L,M ≤ u, K 6= L, and K + L+M ≡ 0 mod u (∗).
Once (K,L) is chosen, M is determined by the latter condition. Hence there are u(u −
1) such triples (K,L,M). The triples that have repeated coordinates are of the form
(K,−2K,K) or (−2L,L,L), where 1 ≤ K,L ≤ u − 1. Here −2K denotes the integer
satisfying
1 ≤ −2K ≤ u and −2K ≡ −2K mod u.
Hence there are
u(u− 1)− 2(u− 1) = (u− 1)(u− 2)
triples (K,L,M) satisfying (∗) with K,L,M all distinct. Therefore there are
(u− 1)(u− 2)/6
triples (K,L,M) with 1 < K < L < M satisfying (∗).
Suppose that r ≡ 0 mod 3. We have u ≡  mod 3, where  ∈ {±1}. We need to
count the number of triples (K,L,M) satisfying
1 ≤ K < L < M < 3u, L ≤ u, K ≡ L ≡M mod 3, K + L+M = 3u.
Once (K,L) is chosen, M is determined by the latter condition. We therefore count the
number of pairs (K,L) satisfying
1 ≤ K < L ≤ u and K ≡ L mod 3.
There are
(u− )/3 + (1 + )/2 = (2u+ + 3)/6
integers lying between 1 and u, and congruent to 1 modulo 3. There are
(u− )/3
integers lying between 1 and u, and congruent to 2 modulo 3. Finally, there are
(u− )/3− (1− )/2 = (2u+ − 3)/6
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integers lying between 1 and u, and congruent to 0 modulo 3. We therefore deduce that
α6 =
(
(2u+ + 3)/6
2
)
+
(
(u− )/3
2
)
+
(
(2u+ − 3)/6
2
)
=
(2u+ + 3)(2u+ − 3)
72
+
(u− )(u− − 3)
18
+
(2u+ − 3)(2u+ − 9)
72
=
(u− 1)(u− 2)
6
.
4.6 Hyperbolic triples of primes in PSL3(Fp)
Given a hyperbolic triple of primes (p1, p2, p3), we determine whether it is reducible, rigid,
or nonrigid in PSL3(Fp). For a prime number u, let δu be the maximal dimension of a
conjugacy class of elements of order u in PSL3(Fp).
We have dim(PSL3(Fp)) = 8. Also we have δ2 = 4 and if u ≥ 3 is a prime number
then δu = 6. Therefore we get the following result.
Lemma 4.6.1. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3. Then
(p1, p2, p3) is rigid in PSL3(Fp) if and only if p1 = 2. If p1 6= 2 then the triple is nonrigid
in PSL3(Fp).
Remark 4.6.1. Given a prime number u dividing the order of Lδ3(q) there exists an element
in Lδ3(q) of order u whose conjugacy class in PSL3(Fp) has maximal possible dimension
(i.e. dimension δu).
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Chapter 5 An asymptotic solution in the
nonrigid case for U3(q) and L3(q)
5.1 Introduction
Let G = U3(q) (respectively, G = L3(q)) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that lcm(p1, p2, p3)
divides the order of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. From Lemma 4.6.1 it follows that (p1, p2, p3) is rigid if and only if one of the
primes is equal to 2, otherwise it is nonrigid. We consider the case where p1, p2, p3 are odd
primes. Given a randomly chosen homomorphism φ in Hom(T,G) we want to determine
the probability that φ is an epimorphism as the order of G tends to infinity. We prove the
following result.
Theorem 5.1. Let G = U3(q) (respectively, G = L3(q)) where q = p
n for some prime
number p and some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes
such that lcm(p1, p2, p3) divides the order of G, and let T = Tp1,p2,p3 be the corresponding
hyperbolic triangle group. Then
(i) The triple (p1, p2, p3) is nonrigid.
(ii) We have
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of order pi, and o(1) denotes a quantity
that tends to 0 as q →∞.
(iii) Let φ ∈ Hom(T,G) be randomly chosen. Then
lim
q→∞Prob(φ is an epimorphism) = 1.
The strategy to prove the theorem goes as follows. We use the character table of G
to get the dominant term in |Hom(T,G)|. We then use the classification of the maximal
subgroups of G and justify the fact that we can neglect the subgroups of G. In other
words, we show
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
H<G,H 6=G
Hom(T,H)
∣∣∣∣∣∣→ 0 as q →∞.
The character table and the subgroup structure of G are given in Chapter 4.
5.2 The case where G = U3(q)
Let G = U3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of odd primes, and let T = Tp1,p2,p3 be the corresponding
hyperbolic triangle group. We first give an asymptotic estimate for the size of Hom(T,G).
We then examine the subgroups of G and check that we can neglect them asymptotically.
The proof of Theorem 5.1 for G = U3(q) will then follow.
An asymptotic solution in the nonrigid case for U3(q) and L3(q)
5.2.1 An asymptotic formula for |Hom(T, U3(q))|
We give an asymptotic estimate for the size of Hom(T,U3(q)) using the character table of
U3(q) given in Chapter 4.
Proposition 5.2.1. Let G = U3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Then
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of order pi, and o(1) denotes a quantity that
tends to 0 as q →∞. Equivalently, there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
Proof. Recall from Chapter 4 that if p ≥ 3 then there are d = (3, q+1) regular conjugacy
classes in U3(q) whose elements have order p. There are labelled C
(l)
3 where 0 ≤ l ≤ d− 1.
We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,G)|. Let (C1, C2, C3)
be a triple of regular classes of U3(q) such that Ci (i = 1, 2, 3) consists of elements of
order pi. Let gi be a class representative of Ci. Let κ be the number of pairs (h1, h2) with
hi ∈ Ci such that (h1h2)−1 ∈ C3. Then by Lemma 2.4
κ =
|C1||C2|C3|
|U3(q)|
∑
χ∈Irr(U3(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Put
S =
∑
χ∈Irr(U3(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Suppose first that p1, p2, p3 are not all equal to p or q 6≡ −1 mod 3 (i.e. U3(q) has not
three regular unipotent classes or C1, C2, C3 are not all regular unipotent classes). Then
S = (1 + o(1)). This is an easy check from the character table of U3(q) given in Chapter
4.
As an illustration suppose that g1, g2, g3 are elements of conjugacy classes of type C6.
Recall r = q + 1, s = q − 1 and t = 1 − q + q2. There is a single character of type χ1,
χqs and χq3 . There are less than three characters of type χst′ . Also there are less than
q(1+o(1)) characters of type χt and χqt. Finally there are less than q
2(1+o(1)) characters
of type χst, χrt and χr2s. Now for every irreducible character χ of U3(q), we have
|χ(gi)| ≤ 6.
Hence
S ≤ 1 + 6
3
qs
+
63
q3
+ q(1 + o(1)) ∙ 6
3
t
+ q ∙ (1 + o(1))6
3
qt
+ 3 ∙ 6
3
st′
+ 3q2(1 + o(1))
63
q3(1 + o(1))
and
S ≥ 1− 6
3
qs
− 6
3
q3
− q(1 + o(1)) ∙ 6
3
t
− q ∙ (1 + o(1))6
3
qt
− 3 ∙ 6
3
st′
− 3q2(1 + o(1)) 6
3
q3(1 + o(1))
.
Therefore S = 1 + o(1).
Also asymptotically, the contribution to |Hom(T,U3(q))| arising from a triple of classes
(C ′1, C ′2, C ′3) of U3(q), where C ′i consists of elements of order dividing pi and where at least
one of C ′1, C ′2, C ′3 is not a regular class, can be neglected (again by using the character
table of U3(q)). The result follows.
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Suppose now that p = p1 = p2 = p3 and q ≡ −1 mod 3. Then
S =

5/3 + o(1) if C1 = C2 = C3
or C1, C2, C3 are all distinct
2/3 + o(1) otherwise.
As an illustration let us treat the case where C1 = C2 = C3. Using the character table of
U3(q) given in Chapter 4 we get
S = 1+ (r′− 1) ∙ 1
t
+
(
(q − r′)(q − r′)(q − r′)
st′
− r
′3
st′
− r
′3
st′
)
+(t′′− r′′) ∙ −1
st
+(3t′′− r′′− d′) ∙ 1
rt
+2t′′ ∙ −1
r2s
.
It follows that S = 5/3 + o(1).
Also asymptotically, the contribution to |Hom(T,U3(q))| arising from a triple of classes
(C ′1, C ′2, C ′3) of U3(q), where C ′i consists of elements of order dividing pi and where at least
one of C ′1, C ′2, C ′3 is not a regular class, can be neglected. The result follows.
5.2.2 Some upper bounds for |Hom(T, L)| where L ≤ U3(q)
To prove Theorem 5.1(iii) we are going to use Lemma 2.3 together with Lemma 2.2. We
check that we can neglect the subgroups of G = U3(q). Recall that the subgroup structure
of G is given in Chapter 4.
Proposition 5.2.2. Let G = U3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let d = (q + 1, 3) and let P = [q3] : Z(q2−1)/d be a maximal parabolic subgroup of
G. Then
(i) There is a constant A = A(p1, p2, p3) such that
|Hom(T, P )| ≤ Aq6(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T, P g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, P ). Let Q = [q3] and let π : P −→ P/Q be the canonical
map. Finally, let ψ = π ◦ φ so that ψ ∈ Hom(T, P/Q). Note that P/Q is a cyclic group of
order (q2 − 1)/d.
Suppose that none of p1, p2 divides (q
2 − 1)/d. Then we must have Im φ ⊂ Q.
There are at most q3 choices for φ(x) and at most q3 choices for φ(y). It follows that
|Hom(T, P )| ≤ q6.
Suppose now that exactly one of p1, p2 divides (q
2 − 1)/d. Without loss of generality,
say that p1 divides (q
2−1)/d. Write ψ(x) = Qgx and φ(x) = qxgx for some gx in Z(q2−1)/d
and qx in Q. There are p1 choices for gx. Once gx is chosen, there are at most q
3 choices
for qx. It follows that there are at most p1q
3 choices for φ(x). Finally, φ(y) must belong
to Q and so there are at most q3 choices for φ(y). It follows that |Hom(T, P )| ≤ p1q6.
Suppose finally that lcm(p1, p2) divides (q
2 − 1)/d. Then by a similar argument as
above we get |Hom(T, P )| ≤ p1p2q6.
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(ii) We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T, P g)
∣∣∣∣∣∣ ≤ [G : P ]|Hom(T, P )||Hom(T,G)| .
Now by Proposition 5.2.1 there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
As [G : P ] = q3 + 1 it follows using (i) that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T, P g)
∣∣∣∣∣∣ ≤ Aq
9(1 + o(1))
cq10(1 + o(1))
.
The result follows.
Proposition 5.2.3. Let G = U3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let d = (q + 1, 3) and let N = SU2(q) : Z(q+1)/d. Then
(i) There is a constant A = A(p1, p2, p3) such that
|Hom(T,N)| ≤ Aq3(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Ng)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Let Z = Z(SU3(q)). With respect to a unitary basis an element n of N is of
the form
n =
(
1 0
0 C
)
diag(λ−2m, λm, λm)Z
where C ∈ SU2(q), λ is an element of order q + 1 in F∗q2 , and m ∈ Z.
Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T,N). Let π : N −→ N/SU2(q) be the canonical map, and
let ψ = π ◦ φ so that ψ ∈ Hom(T,N/SU2(q)). Note that N/SU2(q) is a cyclic group of
order (q + 1)/d.
Suppose first that at most one of p1, p2, p3 divides (q + 1)/d. Then ψ is trivial and
so Im φ ⊂ SU2(q). Now SU2(q) ∼= SL2(q) and by Proposition 3.7.5 there is a constant
B = B(p1, p2, p3) such that
|Hom(T, SL2(q))| ≤ Bq3(1 + o(1)).
It follows that
|Hom(T,N)| ≤ Bq3(1 + o(1)).
Suppose now that at least two of p1, p2, p3 divide (q+1)/d. Without loss of generality,
say that lcm(p1, p2) divides (q+1)/d. Say φ(x) = n1, φ(y) = n2, and φ(xy) = n3. Without
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loss of generality, we can write
ni =
(
1 0
0 Ci
)
diag(λ−2i , λi, λi)Z
where Ci ∈ SU2(q) is an element of order dividing pi such that C1C2 has order dividing p3,
and λi ∈ F∗q2 is an element of order dividing (q + 1, pi) such that λ1λ2 has order dividing
p3. It follows that
|Hom(T,N)| ≤ p1p2|Hom(T, SU2(q))|.
Now SU2(q) ∼= SL2(q) and by Proposition 3.7.5 there is a constant B = B(p1, p2, p3) such
that
|Hom(T, SL2(q))| ≤ Bq3(1 + o(1)).
Hence
|Hom(T,N)| ≤ p1p2Bq3(1 + o(1)).
(ii) We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Ng)
∣∣∣∣∣∣ ≤ [G : N ]|Hom(T,N)||Hom(T,G)| .
Now there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Ng)
∣∣∣∣∣∣ ≤ Aq
7(1 + o(1))
cq10(1 + o(1))
.
The result follows.
Proposition 5.2.4. Let G = U3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let
M ∈ { ∧(Zq+1 × Zq+1) ∙ S3, ∧Zq2−q+1 ∙ 3}.
Then
(i) There is a constant A = A(p1, p2, p3) such that
|Hom(T,M)| ≤ Aq2(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Also write
M = Y ∙ [a]
where Y is an abelian group and a ∈ {3, 6}. Let φ be any element of Hom(T,M). Now at
least one of p1, p2, p3 is not equal to 3. Without loss of generality, say that p1 6= 3. Then
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φ(x) must belong to Y . Now Y is an abelian group of order coprime to p which can be
written as a direct product of two cyclic groups. Therefore there are at most (p1, |Y |)2
choices for φ(x). Clearly, there are less than 6|Y | choices for φ(y). So we deduce that
|Hom(T,M)| ≤ 6(p1, |Y |)2q2(1 + o(1)).
The result follows.
(ii) We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Now there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
8(1 + o(1))
cq10(1 + o(1))
.
The result follows.
Proposition 5.2.5. Let G = U3(q) where q = p
n for some odd prime number p and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that
lcm(p1, p2, p3) divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Then
(i) There is a constant A = A(p1, p2, p3) such that
|Hom(T, SO3(q))| ≤ Aq3(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T, SO3(q)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Since SO3(q) ∼= PGL2(q) and Hom(T,PGL2(q)) = Hom(T,L2(q)), the result
follows from Chapter 3.
(ii) We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T, SO3(q)
g)
∣∣∣∣∣∣ ≤ 3[G : SO3(q)]|Hom(T, SO3(q))||Hom(T,G)| .
Now there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T, SO3(q)
g)
∣∣∣∣∣∣ ≤ 3Aq
8(1 + o(1))
cq10(1 + o(1))
.
The result follows.
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Proposition 5.2.6. Let G = U3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Then
(i) If 3 divides n then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,PGU3(q
1
3 )g)
∣∣∣∣∣∣→ 0 as q →∞.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is an odd prime power of q0
 ⋃
g∈PGU3(q)
Hom(T, U3(q0)
g
)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Let q0 = q
1
3 . We have PGU3(q0) = U3(q0) ∙ (3, q0 + 1). Suppose that at least
two of p1, p2, p3 are not equal to 3. Then by Lemma 2.7
Hom(T,PGU3(q0)) = Hom(T,U3(q0)).
Now there is a constant c0 such that
|Hom(T,U3(q0))| ≤ c0q100 (1 + o(1)).
Hence
|Hom(T,PGU3(q0))| ≤ c0q100 (1 + o(1)).
Suppose that exactly two of p1, p2, p3 are equal to 3, say p1 = p2 = 3. Now the maximal
size of a conjugacy class of an element of order 3 in PGU3(q0) is strictly smaller than 2q
6
0 .
It follows that there is a constant c0 = c0(p1, p2, p3) such that
Hom(T,PGU3(q0)) ≤ c0q120 (1 + o(1)).
Now
|Hom(T,G)| = cq10(1 + o(1))
for some constant c. It follows that
|
⋃
g∈PGU3(q)
Hom(T,PGU3(q
1
3 )g)| ≤ 3[G : PGU3(q 13 )]|Hom(T,PGU3(q 13 ))]
≤ 3q8(1−1/3)c0q 123 (1 + o(1))
= 3c0q
28
3 (1 + o(1)).
Hence
|Hom(T,G)|−1 ∙ |
⋃
g∈PGU3(q)
Hom(T,PGU3(q
1
3 )g)|
≤ 3c0q
28
3 (1 + o(1))
cq10(1 + o(1))
.
The result follows.
(ii) We have
|Hom(T,U3(q))| = cq10(1 + o(1))
for some constant c. Fix q0. Say q = q
α
0 , for some prime number α. We can find a constant
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C not depending on q0 such that
|Hom(T,U3(q0))| ≤ Cq 10α (1 + o(1)).
Hence
|
⋃
g∈PGU3(q)
Hom(T,U3(q0)
g)| ≤ [G : U3(q 1α )]|Hom(T,U3(q 1α ))|
≤ q8(1−1/α) ∙ Cq 10α (1 + o(1))
= Cq
2
α+8(1 + o(1))
≤ Cq9(1 + o(1)).
Now there are less than 2ln(q) such q0. Hence
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is an odd prime power of q0
 ⋃
g∈PGU3(q0)
Hom(T, U3(q0)
g
)
∣∣∣∣∣∣
≤ 2Cln(q)q
9(1 + o(1))
cq10(1 + o(1))
.
The result follows.
Proposition 5.2.7. Let G = U3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, suppose that
M ∈ {32 ∙Q8, 32 ∙ SL2(3), A6, M10, L2(7), A7}
is a maximal subgroup of G. Then
(i)
|Hom(T,M)| ≤ |M |2.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T,M). Then there are less than |M | choices for φ(x) and
less than |M | choices for φ(y). The result follows.
(ii) We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Mg)
∣∣∣∣∣∣ ≤ 3[G :M ]|Hom(T,M)||Hom(T,G)| .
Now there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGU3(q)
Hom(T,Mg)
∣∣∣∣∣∣ ≤ 3|G||M |cq10(1 + o(1)) .
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The result follows.
5.2.3 The proof of Theorem 5.1 for G = U3(q).
We can now prove Theorem 5.1 for G = U3(q).
Proof. We let G = U3(q).
(i) This follows from Lemma 4.6.1.
(ii) This follows from Proposition 5.2.1.
(iii) By Lemma 2.3 we have
Prob(φ is an epimorphism) =
|Hom1(T,G)|
|Hom(T,G)| .
Also by Lemma 2.2 we have
|Hom1(T,G)| = |Hom(T,G)| − |
⋃
H<G
Hom(T,H)|.
Hence
Prob(φ is an epimorphism) = 1− |Hom(T,G)|−1 ∙ |
⋃
H<G
Hom(T,H)|.
By the propositions given in §5.2.2 we have
|Hom(T,G)|−1 ∙ |
⋃
H<G
Hom(T,H)| → 0 as |G| → ∞.
The result follows.
5.3 The case where G = L3(q)
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of odd primes, and let T = Tp1,p2,p3 be the corresponding
hyperbolic triangle group. We first give an asymptotic estimate for the size of Hom(T,G).
We then examine the subgroups of G and check that we can neglect them asymptotically.
The proof of Theorem 5.1 for G = L3(q) will then follow.
5.3.1 An asymptotic formula for |Hom(T, L3(q))|
We give an asymptotic estimate for the size of Hom(T,L3(q)) using the character table of
L3(q) given in Chapter 4.
Proposition 5.3.1. Let G = L3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Then
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of order pi, and o(1) denotes a quantity that
tends to 0 as q →∞. Equivalently, there is a constant c = c(p1, p2, p3) such that
|Hom(T,G)| = cq10(1 + o(1)).
Proof. We can repeat a proof similar to that of Proposition 5.2.1.
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5.3.2 Some upper bounds for |Hom(T, L)| where L ≤ L3(q)
We check that we can neglect the subgroups of G = L3(q). Recall that the subgroup
structure of G is given in Chapter 4.
Proposition 5.3.2. Let G = L3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let P = ∧[q2] : GL2(q). Then
(i) There is a constant A = A(p1, p2, p3) such that
|Hom(T, P )| ≤ Aq7(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T, P g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Let Z denote the center of SL3(q). Let P = Q ∙ H where Q = [q2] and H ∼=
GL2(q)/Z, and let π : P −→ P/Q be the canonical map. Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, P ), and let ψ = π ◦ φ so that ψ ∈ Hom(T, P/Q). Write
ψ(x) = Q(gxZ) and ψ(y) = Q(gyZ) where gx and gy belong to a subgroup of SL3(q)
isomorphic to GL2(q). Note that gx has order dividing 3p1, gy has order dividing 3p2 and
gxgy has order dividing 3p3. Using the character table of GL2(q) given in Lemma 3.8.2
we can easily check that there is a constant A = A(p1, p2, p3) such that
|Hom(T3p1,3p2,3p3 ,GL2(q))| ≤ Aq3(1 + o(1)).
Hence there are at most Aq3(1 + o(1)) choices for the pair (gxZ, gyZ). Since |Q| = q2 we
deduce that
|Hom(T, P )| ≤ Aq7(1 + o(1)).
(ii) This follows from (i) and the fact that P has q2 + q + 1 conjugates in PGL3(q),
and that
|Hom(T,G)| = cq10(1 + o(1))
where c = c(p1, p2, p3) is a constant.
Proposition 5.3.3. Let G = L3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let
M ∈ { ∧(Zq−1 × Zq−1) ∙ S3, ∧Zq2+q+1 ∙ 3}.
Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We can repeat a proof similar to that of Proposition 5.2.4.
Proposition 5.3.4. Let G = L3(q) where q = p
n for some odd prime number p and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that
lcm(p1, p2, p3) divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic
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triangle group. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T, SO3(q)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We can repeat a proof similar to that of Proposition 5.2.5.
Proposition 5.3.5. Let G = L3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Then
(i) If 3 divides n then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T,PGL3(q
1
3 )g)
∣∣∣∣∣∣→ 0 as q →∞.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
 ⋃
g∈PGL3(q)
Hom(T, L3(q0)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We can repeat a proof similar to that of Proposition 5.2.6.
Proposition 5.3.6. Let G = L3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
If 2 divides n then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T,U3(q
1
2 )g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We have
|Hom(T,G)| = cq10(1 + o(1))
for some constant c. Let q0 = q
1
2 . There is a constant c0 such that
|Hom(T,U3(q0))| ≤ c0q100 (1 + o(1)).
Hence
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T,U3(q
1
2 )g)
∣∣∣∣∣∣
≤ 3[G : U3(q0)]|Hom(T,U3(q0))||Hom(T,G)|
≤ 9c0q
9(1 + o(1))
cq10(1 + o(1))
.
The result follows.
Proposition 5.3.7. Let G = L3(q) where q = p
n for some prime number p and some pos-
itive integer n. Let (p1, p2, p3) be a hyperbolic triple of odd primes such that lcm(p1, p2, p3)
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, suppose that
M ∈ {32 ∙Q8, 32 ∙ SL2(3), A6, L2(7)}
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is a maximal subgroup of G. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈PGL3(q)
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We can repeat a proof similar to that of Proposition 5.2.7.
5.3.3 The proof of Theorem 5.1 for G = L3(q).
We can now prove Theorem 5.1 for G = L3(q).
Proof. (i) This follows from Lemma 4.6.1.
(ii) This follows from Proposition 5.3.1.
(iii) As in §5.2.3 this follows from the propositions given in §5.3.2. which show that
asymptotically we can neglect the subgroups of L3(q).
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Chapter 6 The number of homomorphisms
from T to reducible subgroups of U3(q)
6.1 Introduction
Let G = U3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct or one of the
primes is equal to 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
That is
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
We calculate the number of homomorphisms from T to the reducible subgroups of G.
Recall from Chapter 4 that G has two classes of maximal reducible subgroups with repre-
sentatives P = ∧[q3] : Zq2−1 and N = ∧GU2(q).
As usual, we let r = q + 1, s = q − 1, t = 1− q + q2 and we denote by Z the centre of
SU3(q). For a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1, φ(y) 6= 1, φ(xy) 6= 1}.
We prove the following result.
Theorem 6.1. Let G = U3(q) where q = p
n for some prime number p and some positive
integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct
or p1 = 2, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Let P and
N be the representatives of the two classes of maximal reducible subgroups of G. Then
(i)
|
⋃
g,h∈G
Hom∗(T, P g) ∪Hom∗(T,Nh)| = q2t|Hom∗(T,N)|.
(ii) If p1, p2, p3 are all distinct or p 6= 2 then
|
⋃
g,h∈G
Hom∗(T, P g) ∪Hom∗(T,Nh)| = q2t|Hom∗(T, SL2(q))|.
(iii) If p = p1 = 2 and p2 = p3 then
|
⋃
g,h∈G
Hom∗(T, P g) ∪Hom∗(T,Nh)| =

(p2−1)(p2+1)
4
q3rst if s ≡ 0 mod p2
p2(p2−1)(p2−3)
4
q3rst if r ≡ 0 mod p2
0 otherwise.
Remark 6.1. (1) We have
|
⋃
g,h∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Nh)| = |
⋃
g,h∈G
Hom∗(T, P g) ∪Hom∗(T,Nh)|.
(2) If p1, p2, p3 are all distinct then |Hom∗(T, SL2(q))| is given in Proposition 3.7.1.
Finally, if p 6= 2 and p1 = 2 then since the unique element of SL2(q) of order 2 is central,
we have
Hom∗(T, SL2(q)) = ∅.
The number of homomorphisms from T to reducible subgroups of U3(q)
To prove Theorem 6.1 we need to consider another class of reducible subgroups of G.
We let
U = StabG(〈d〉) ∩ StabG(〈e〉) ∩ StabG(〈e, f〉)
where {d, e, f} is a unitary basis of the natural module of G. That is
(d, e) = (d, f) = (e, e) = (f, f) = 0 and (d, d) = (e, f) = 1.
In particular, we have U = ∧[q] : Zq2−1.
We first calculate the sizes of Hom∗(T, P ), Hom∗(T,N) and Hom∗(T,U). We then look
at intersections of reducible subgroups of G. The proof of Theorem 6.1 will then follow.
6.2 The number of homomorphisms from T to various reducible
subgroups of G
We compute the sizes of Hom∗(T, P ), Hom∗(T,N) and Hom∗(T,U).
6.2.1 The size of Hom∗(T, P )
We begin with the case where p 6= 2 or p1, p2, p3 are all distinct.
The case where p 6= 2 or p1, p2, p3 are all distinct
In this case it easy to check that Hom∗(T, P ) = ∅.
Proposition 6.2.1. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n, and let P = ∧[q3] : Zq2−1. Let (p1, p2, p3) be a hyperbolic triple
of primes, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Finally
suppose that p1, p2, p3 are all distinct, or p 6= 2 and p1 = 2. Then
Hom∗(T, P ) = ∅.
Proof. We have P = [q3] : Za where a = (q
2 − 1)/(3, q + 1). Note that P/[q3] is a cyclic
group of order a. Denote by π the canonical homomorphism π : P −→ P/[q3]. Let φ be
any element of Hom(T, P ) and let ψ = π ◦ φ so that ψ is an element of Hom(T, P/[q3]).
Suppose that p1, p2, p3 are all distinct. Since P/[q
3] is abelian, the homomorphism ψ must
be trivial. Therefore Im φ ⊂ [q3]. Because p1, p2, p3 are not all equal to p, we must have
φ(x) = 1, φ(y) = 1 or φ(xy) = 1. The result follows.
Suppose that p1 = 2 and p2 = p3. Because P/[q
3] is abelian we must have φ(x) ∈ [q3]. It
follows that if p 6= 2 then φ(x) = 1. The result follows.
The case where p = p3 = 2 and p1 = p2
We now suppose that p = p3 = 2 and p1 = p2. Note that p1 > 3. We denote by the
automorphism of Fq2 of order 2 given by
λ 7→ λq.
Since P = StabG(〈v〉) where v is an isotropic vector of the natural module V of G, there
is a unitary basis {e, d, f} of V such that with respect to that basis we can write
P = Q : ZP
where
Q =

 1 0 0a 1 0
b a 1
 : a, b ∈ Fq2 ; b+ b = aa
Z
Z
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and
ZP =
〈diag(λ, λq−1, λ−q) : λ is a generator of F∗q2〉.
Z
Proposition 6.2.2. Let G = U3(q) where q = 2
n for some positive integer n, and let
P = ∧[q3] : Zq2−1. Let p1 > 3 be a prime number dividing the order of P , and let
T = Tp1,p1,2. Then
|Hom∗(T, P )| =
{
(p1 − 1)q3s if s ≡ 0 mod p1
0 otherwise.
Proof. Note that if p1 does not divide rs then P has no elements of order p1 and so
Hom∗(T, P ) = ∅. We therefore assume that p1 divides rs. Write
P = Q : ZP
where
Q =

 1 0 0a 1 0
b a 1
 : a, b ∈ Fq2 ; b+ b = aa
Z
Z
and
ZP =
〈diag(λ, λq−1, λ−q) : λ is a generator of F∗q2〉.
Z
We first describe the elements of P of order 2. It is easy to check that the elements of P
of order 2 belong to Q and are of the form 1 0 00 1 0
b 0 1
Z
where b ∈ F∗q . In particular there are q − 1 elements of order 2 in P .
Suppose that Hom∗(T, P ) is nonempty and let φ be any element of Hom∗(T, P ). Then
φ(x) and φ(y) have order p1 and φ(xy) must have order 2. Write
φ(x) =
 1 0 0a 1 0
b c 1
 x1 0 00 x2 0
0 0 x3
Z
where a, b ∈ Fq2 , c = a, b + b = ac, and x1 ∈ F∗q2 , x2 = xq−11 , x3 = x−q1 . Without loss of
generality x1 has order p1. Similarly write
φ(y) =
 1 0 0A 1 0
B C 1
 X1 0 00 X2 0
0 0 X3
Z
where A,B ∈ Fq2 , C = A, B +B = AC, and X1 ∈ F∗q2 , X2 = Xq−11 , X3 = X−q1 . Without
loss of generality X1 has order p1. Since φ(xy) is an element of order 2, we must have
X1 = x
−1
1 . We now need to determine the conditions we have to impose on a, b, A,B so
that φ(x), φ(y) and φ(xy) have respective order p1, p1, and 2.
We first determine the conditions we need to impose on a and b so that the element
M =
 x1 0 0ax1 x2 0
bx1 cx2 x3
Z
of P is of order p1. Note that if s ≡ 0 mod p1 then x2 = 1 and x3 = x−11 . If r ≡ 0
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mod p1 then x1 = x3 and x2 = x
−2
1 . Write
Mp1 =
 M11 0 0M21 M22 0
M31 M32 M33
Z.
It is clear that M11 = x
p1
1 = 1. Similarly, M22 =M33 = 1. One can check that
M21 = ax1x
p1−1
2
p1−1∑
i=0
(x1x
−1
2 )
i.
Since x1x
−1
2 6= 1 has order p1, M21 is always zero, independently of the value of a.
Similarly,
M32 = cx2x
p1−1
3
p1−1∑
i=0
(x2x
−1
3 )
i.
Since x2x
−1
3 6= 1 has order p1, M32 is always zero, independently of the value of a. It
remains to calculate M31 and give conditions on a, b so that M31 is zero. Now one can
check that
M31 = acS + bx
p1−1
3
p1−1∑
i=0
(x1x
−1
3 )
i
where
S =
p1∑
i=1
xp1−i1
i−1∑
j=0
xi−j−12 x
j
3.
Hence
S =

∑p1
i=1 x
−i
1
∑i−1
j=0 x
−j
1 if s ≡ 0 mod p1∑p1
i=1 x
−3i+2
1
∑i−1
j=0 x
3j
1 if r ≡ 0 mod p1.
Furthermore using the fact that x1 has order p1 > 3 and the above formulae we get
S =
{
0 if s ≡ 0 mod p1
x21
x31−1 if r ≡ 0 mod p1
and
xp1−13
p1−1∑
i=0
(x1x
−1
3 )
i =
{
0 if s ≡ 0 mod p1
x−11 if r ≡ 0 mod p1.
It follows that if s ≡ 0 mod p1 then M31 is zero, independently of the values of a, b.
Suppose that r ≡ 0 mod p1. Then
M31 = aa ∙ x
2
1
x31 − 1
+ bx−11 .
It follows that
M31 = 0⇐⇒ b = aa
x−31 + 1
.
Hence once x1 and a are chosen, there is a unique value of b for which M31 = 0.
This finishes our analysis giving the conditions on a and b such that M is an element of
P of order p1.
Suppose that r ≡ 0 mod p1. Since φ(x) and φ(y) must have order p1, by the above
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analysis we have
φ(x) =
 x1 0 0ax1 x−21 0
aax1
x31+1
ax−21 x1
Z and φ(y) =
 x
−1
1 0 0
Ax−11 x
2
1 0
AAx−11
x−31 +1
Ax21 x
−1
1
Z
where x1 is an element of F∗q2 of order p1, and a, A are elements of Fq2 . It follows that
φ(xy) =
 1 0 0a+Ax−31 1 0
aa
x31+1
+ aAx−31 +
AA
x−31 +1
a+Ax31 1
Z.
Since φ(xy) must be an element of order 2, we must have
A = ax31 and A = ax
−3
1 .
But then one can check that φ(xy) is the trivial element which is a contradiction to
the assumption that Hom∗(T, P ) is nonempty. This shows that if r ≡ 0 mod p1 then
Hom∗(T, P ) = ∅.
Suppose that s ≡ 0 mod p1. Since φ(x) must have order p1, by the above analysis we
have
φ(x) =
 x1 0 0ax1 1 0
bx1 a x
−1
1
Z
where x1 is an element of order p1 of F∗q2 and a, b are any elements of Fq2 satisfying
b+ b = aa.
There are q2 choices for a, and once a is chosen there are q choices for b. Finally, there
are (p1 − 1) choices for x1. It follows that they are (p1 − 1)q3 choices for φ(x). Write
φ(y) =
 x−11 0 0Ax−11 1 0
Bx−11 A x1
Z
where A,B are elements of Fq2 satisfying
B +B = AA.
We need to determine the number of choices we have for the pair (A,B). By the above
analysis, φ(y) has order p1 for any pair (A,B). Now φ(xy) must be an element of P of
order 2. But we have
φ(xy) =
 1 0 0a+Ax−11 1 0
b+ aAx−11 +Bx
−2
1 a+Ax
−1
1 1
Z.
Therefore A = ax1 and A = ax1. We then have b+ aAx
−1
1 +Bx
−2
1 ∈ Fq.
There are q elements B such that B +B = AA. Finally, b+ aAx−11 +Bx
−2
1 is zero if and
only if B = (b + aa)x21. Also if B = (b + aa)x
2
1 then B + B = AA. Since we must have
b + aAx−11 + Bx
−2
1 6= 0, it follows that there are q − 1 choices for B. Hence once φ(x) is
chosen there are q − 1 choices for φ(y). Therefore if s ≡ 0 mod p1 then
|Hom∗(T, P )| = (p1 − 1)q3s.
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6.2.2 The size of Hom∗(T,N)
We begin with the case where p 6= 2 or p1, p2, p3 are all distinct.
The case where p 6= 2 or p1, p2, p3 are all distinct
We can easily check that |Hom∗(T,N)| = |Hom∗(T, SL2(q))|.
Proposition 6.2.3. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n, and let N = ∧GU2(q). Let (p1, p2, p3) be a hyperbolic triple of primes
such that lcm(p1, p2, p3) divides the order of N , and let T = Tp1,p2,p3 be the corresponding
hyperbolic triangle group. Finally, suppose that p1, p2, p3 are all distinct, or p 6= 2 and
p1 = 2. Then
|Hom∗(T,N)| = |Hom∗(T, SL2(q))|.
Proof. We have N = SU2(q) : Za where a = (q + 1)/(3, q + 1). Note that N/SU2(q) is a
cyclic group of order a. Denote by π the canonical homomorphism π : N −→ N/SU2(q).
Let φ be any element of Hom(T,N) and let ψ = π ◦ φ so that ψ is an element of
Hom(T,N/SU2(q)).
Suppose that p1, p2, p3 are all distinct. Since N/SU2(q) is abelian, the homomorphism ψ
must be trivial. Therefore Im φ ⊂ SU2(q). It follows that
Hom∗(T,N) = Hom∗(T, SU2(q)).
Since SU2(q) ∼= SL2(q) we get
|Hom∗(T,N)| = |Hom∗(T, SL2(q))|.
Suppose that p1 = 2 and p2 = p3. Then because N/SU2(q) is abelian we must have
φ(x) ∈ SU2(q). Since p 6= 2, φ(x) is a central element of SU2(q) and so is also a central
element of N . It follows that Hom∗(T,N) = ∅. The result follows.
The case where p = p3 = 2 and p1 = p2
We now consider the case where p = p3 = 2 and p1 = p2.
Proposition 6.2.4. Let G = U3(q) where q = 2
n for some positive integer n, and let
N = ∧GU2(q). Let p1 > 3 be a prime number dividing the order of N , and let T = Tp1,p1,2.
Then
(i) If s ≡ 0 mod p1 then
|Hom∗(T,N)| = (p1 − 1)(p1 + 1)
4
qrs.
(ii) If r ≡ 0 mod p1 then
|Hom∗(T,N)| = p1(p1 − 1)(p1 − 3)
4
qrs.
Proof. We have N = SU2(q) : Za where a = (q + 1)/(3, q + 1). Note that N/SU2(q) is a
cyclic group of order a. Denote by π the canonical homomorphism π : N −→ N/SU2(q).
Let φ be any element of Hom(T,N) and let ψ = π ◦ φ so that ψ is an element of
Hom(T,N/SU2(q)).
(i) If s ≡ 0 mod p1 then ψ must be trivial. It follows that
|Hom∗(T,N)| = |Hom∗(T, SU2(q))|.
Since SU2(q) ∼= L2(q) it follows that |Hom∗(T,N)| = |Hom∗(T,L2(q))|. Now |Hom∗(T,L2(q))|
is given in Proposition 3.4.1. The result follows.
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(ii) Suppose that r ≡ 0 mod p1. If φ is an element of Hom∗(T,N) then without loss
of generality, we have
φ(x) =
(
1 0
0 A
)
diag(x−21 , x1, x1)Z
where A is an element of SU2(q) of order p1, x1 is an element of F∗q2 of order dividing p1,
and
φ(y) =
(
1 0
0 B
)
diag(x21, x
−1
1 , x
−1
1 )Z
where B is an element of SU2(q) of order p1 such that AB has order 2. It follows that
|Hom∗(T,N)| = p1|Hom∗(T, SU2(q))|.
Since SU2(q) ∼= L2(q) the result follows from Proposition 3.4.1.
6.2.3 The size of Hom∗(T, U)
Let U = ∧[q] : Zq2−1 be the subgroup of G described in the introduction of this chapter.
We calculate the size of Hom∗(T,U).
The case where p 6= 2 or p1, p2, p3 are all distinct
In this case it is easy to check that Hom∗(T,U) = ∅.
Proposition 6.2.5. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n, and let U = ∧[q] : Zq2−1. Let (p1, p2, p3) be a hyperbolic triple of primes,
and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Finally suppose that
p1, p2, p3 are all distinct or p 6= 2 and p1 = 2. Then
Hom∗(T,U) = ∅.
Proof. Without loss of generality we can view U as a subgroup of P . By Proposition 6.2.1
we have Hom∗(T, P ) = ∅. It follows that Hom∗(T,U) = ∅.
The case where p = p3 = 2 and p1 = p2
We finally consider the case where p = p3 = 2 and p1 = p2.
Proposition 6.2.6. Let G = U3(q) where q = 2
n for some positive integer n. Let
U = StabG(〈d〉) ∩ StabG(〈e〉) ∩ StabG(〈e, f〉)
where {d, e, f} is a unitary basis of the natural module of G. Let p1 > 3 be a prime number
dividing the order of U , and let T = Tp1,p1,2. Then
|Hom∗(T,U)| =
{
0 if r ≡ 0 mod p1
(p1 − 1)qs if s ≡ 0 mod p1.
Proof. We first describe the elements of U of order 2. It is easy to check that they are of
the form  1 0 00 1 a
0 0 1
Z
where a ∈ F∗q . In particular there are q − 1 elements of order 2 in U .
Suppose that Hom∗(T,U) is nonempty and let φ be any element of Hom∗(T,U). Then
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φ(x) and φ(y) have order p1 and φ(xy) must have order 2. Write
φ(x) =
 x2 0 00 x1 ax3
0 0 x3
Z
for some x1 ∈ F∗q2 , x2 = xq−11 , x3 = x−q1 and some a ∈ Fq. Without loss of generality x1
has order p1. Similarly write
φ(y) =
 X2 0 00 X1 AX3
0 0 X3
Z
for some X1 ∈ F∗q2 , X2 = Xq−11 , X3 = X−q1 and some A ∈ Fq. Without loss of generality
X1 has order p1. Since φ(xy) is an element of order 2, we must have X1 = x
−1
1 .
We now determine the conditions we need to impose on a so that the element
M =
 x2 0 00 x1 ax3
0 0 x3
Z
of U is of order p1. Note that if s ≡ 0 mod p1 then x2 = 1 and x3 = x−11 . If r ≡ 0
mod p1 then x1 = x3 and x2 = x
−2
1 . Write
Mp1 =
 M11 0 00 M22 M23
0 0 M33
Z.
It is clear that M22 = x
p1
1 = 1. Similarly, M11 =M33 = 1. One can check that
M23 = ax
p1−1
3
p1−1∑
i=0
(x1x
−1
3 )
i.
It follows that
M23 =
{
axp1−13 if r ≡ 0 mod p1
0 if s ≡ 0 mod p1.
It follows that if s ≡ 0 mod p1 then M23 is zero, independently of the value of a. If
r ≡ 0 mod p1 then M23 is zero if and only if a = 0. This finishes our analysis giving the
conditions on a such that M is an element of U of order p1.
Suppose that r ≡ 0 mod p1. Since φ(x) and φ(y) must have order p1, by the above
analysis we have
φ(x) = diag(x−21 , x1, x1)Z and φ(y) = diag(x
2
1, x
−1
1 , x
−1
1 )Z
where x1 is an element of F∗q2 of order p1. It follows that φ(xy) = 1, a contradiction to
the assumption that Hom∗(T,U) is nonempty. This shows that if r ≡ 0 mod p1 then
Hom∗(T,U) = ∅.
Suppose that s ≡ 0 mod p1. Since φ(x) must have order p1, by the above analysis we
have
φ(x) =
 1 0 00 x1 ax−11
0 0 x−11
Z
where x1 is an element of order p1 of F∗q2 and a is any element of Fq. There are p1 − 1
choices for x1 and there are q choices for a. It follows that there are (p1 − 1)q choices for
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φ(x). Write
φ(y) =
 1 0 00 x−11 Ax1
0 0 x1
Z
where A is an element of Fq. We need to determine the number of choices we have for A.
By the above analysis, φ(y) has order p1 for any A. Now φ(xy) must be an element of U
of order 2. But we have
φ(xy) =
 1 0 00 1 a+Ax21
0 0 1
Z.
Therefore the only value of A that is not allowed is ax−21 ∈ Fq. It follows that there are
q − 1 choices for A. Hence once φ(x) is chosen there are q − 1 choices for φ(y). Therefore
if s ≡ 0 mod p1 then
|Hom∗(T,U)| = (p1 − 1)qs.
6.3 Intersections of reducible subgroups
We analyse in detail the possible intersections of reducible subgroups of G. The proof of
Theorem 6.1 then follows. We first give a few remarks. A subgroup of G isomorphic to
P is of the form StabG(〈v〉) where v is an isotropic vector of the natural module V of G.
A subgroup of G isomorphic to N is of the form StabG(〈w〉) where w is a non-isotropic
vector of V. Finally the maximal dimension of a totally isotropic subspace of V is 1.
Proposition 6.3.1. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n, and let P be a maximal reducible subgroup of G isomorphic to ∧[q3] :
Zq2−1. Let P g 6= P be a conjugate of P in G. Finally, let (p1, p2, p3) be a hyperbolic
triple of primes such that p1, p2, p3 are all distinct or p1 = 2, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Then
Hom∗(T, P ) ∩Hom∗(T, P g) = ∅.
Proof. Note that
Hom∗(T, P ) ∩Hom∗(T, P g) = Hom∗(T, P ∩ P g).
Write
P = StabG(〈v1〉) and P g = StabG(〈v2〉)
for some isotropic vectors v1, v2 of the natural module V of G. Put W = 〈v1, v2〉. Since
P 6= P g it is clear that W is a two-dimensional subspace of V. Since W has dimension 2
it cannot be totally isotropic. It follows that (v1, v2) 6= 0. Hence W is non-degenerate. It
follows that
V =W ⊕W⊥.
Without loss of generality, (v1, v2) = 1. Say W
⊥ = 〈v3〉 for some v3 ∈ V . The vector
v3 cannot be isotropic or else the subspace 〈v1, v3〉 is totally isotropic, a contradiction.
Without loss of generality, (v3, v3) = 1. Hence {v1, v2, v3} is a unitary basis of V. It
follows that an element g of P ∩ P g acts as
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = λ3v3
for some nonzero λ1, λ2, λ3 ∈ Fq2 . Therefore P ∩ P g is abelian and so
Hom∗(T, P ∩ P g) = ∅.
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Proposition 6.3.2. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n and let N be a maximal reducible subgroup of G isomorphic to ∧GU2(q).
Let Ng 6= N be a conjugate of N in G. Finally, let (p1, p2, p3) be a hyperbolic triple
of primes such that p1, p2, p3 are all distinct or p1 = 2, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Then
Hom∗(T,N) ∩Hom∗(T,Ng) = ∅.
Proof. Note that
Hom∗(T,N) ∩Hom∗(T,Ng) = Hom∗(T,N ∩Ng).
Write
N = StabG(〈v1〉) and Ng = StabG(〈v2〉)
for some non-isotropic vectors v1, v2 of the natural module V of G. Put W = 〈v1, v2〉.
Since N 6= Ng it is clear that W is a two-dimensional subspace of V. Without loss of
generality we can assume that (v1, v1) = 1 and (v2, v2) = 1.
(i) Suppose first that W is non-degenerate. Then
V =W ⊕W⊥.
Say W⊥ = 〈v3〉 for some non-isotropic vector v3 of V. Let g be any element of N ∩ Ng.
Then
g(v1) = λ1v1
g(v2) = λ2v2
for some nonzero λ1, λ2 ∈ Fq2 . It follows that g(v3) ∈W⊥ = 〈v3〉. Hence g(v3) = λ3v3 for
some nonzero λ3 ∈ Fq2 . Therefore N ∩Ng is abelian and so
Hom∗(T,N ∩Ng) = ∅.
(ii) Suppose now that W is degenerate. Then there exists v3 ∈ W such that v3 6= 0,
(v1, v3) = 0, (v2, v3) = 0 and (v3, v3) = 0. Since W is two-dimensional it follows that
W⊥ = 〈v3〉. Let v4 be any element of V\〈v3〉⊥. Then (v3, v4) 6= 0. It follows that
{v1, v3, v4} is a basis of V. We claim that we can assume that
(v4, v1) = 0, (v3, v4) = 1 and (v4, v4) = 0.
Indeed suppose first that (v4, v1) = λ 6= 0. Then consider u4 = v4 − λv1. Then one can
check that u4 6∈ 〈v3〉⊥, {v1, v3, u4} is a basis of V and (u4, v1) = 0. This shows that we
can assume that (v4, v1) = 0. If (v3, v4) = λ 6= 1 then we can consider u4 = λ−1v4. Then
u4 6∈ 〈v3〉⊥, {v1, v3, u4} is a basis of V, (u4, v1) = 0 and (v3, u4) = 1. It follows that we can
also assume that (v3, v4) = 1. Finally there exists λ ∈ Fq2 such that (v4, v4) = −(λ+ λ).
If (v4, v4) 6= 0 then consider u4 = v4 + λv3. Then u4 6∈ 〈v3〉⊥, {v1, v3, u4} is a basis of V,
(u4, v1) = 0, (v3, u4) = 1 and (u4, u4) = 0. Therefore we can assume that (v4, v4) = 0.
This completes the proof of the claim.
Let g be any element of N ∩Ng. Then
g(v1) = λv1
g(v2) = λ2v2
g(v3) = λ3v3
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for some nonzero λ, λ2, λ3 ∈ Fq2 . Write v2 = αv1+βv3 for some nonzero α, β in Fq2 . Then
g(v2) = αλ2v1 + βλ2v3.
Also
g(v2) = g(αv1 + βv3) = αλv1 + βλ3v3.
It follows that λ = λ2 = λ3.
Write
g(v4) = av1 + bv3 + λ4v4
for some a, b in Fq2 and some nonzero λ4 in Fq2 . Then
g(v1) = λv1
g(v3) = λv3
g(v4) = av1 + bv3 + λ4v4.
Since g must preserve the unitary form and
(v1, v1) = 1, (v3, v3) = 0, (v4, v4) = 0, (v1, v3) = 0, (v1, v4) = 0, (v3, v4) = 1
it follows that
λλ = 1
a = 0
λλ4 = 1
bλ4 + λ4b = 0.
Hence
λ4 = λ, a = 0 and bλ+ λb = 0.
Finally from the determinant condition we must have λ3 = 1. Without loss of generality
λ = 1. It follows that
N ∩Ng =

 1 0 00 1 b
0 0 1
 : b ∈ Fq
Z
Z
.
Since |N ∩Ng| = q and p1, p2, p3 are not all equal, it follows that
Hom∗(T,N ∩Ng) = ∅.
Proposition 6.3.3. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Let P1 = StabG(〈v1〉) where v1 is an isotropic vector of the natural
module V of G. Let P2 = StabG(〈v2〉) where v2 6∈ 〈v1〉 is an isotropic vector of V. Let
N1 = StabG(〈w1〉) where w1 is a non-isotropic vector of V. Let N2 = StabG(〈w2〉) where
w2 6∈ 〈w1〉 is a non-isotropic vector of V. Finally, let (p1, p2, p3) be hyperbolic triple of
primes such that p1 < p2 ≤ p3 are all distinct or p1 = 2, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Then
(i) If w1 6∈ 〈v1〉⊥ then
Hom∗(T, P1) ∩Hom∗(T,N1) = ∅.
(ii) If w1 ∈ 〈v1〉⊥ then
|Hom∗(T, P1) ∩Hom∗(T,N1)| =

(p2 − 1)qs if p = p1 = 2, p2 = p3
and s ≡ 0 mod p2
0 otherwise.
There are q2 one-dimensional non-isotropic subspaces in 〈v1〉⊥. There are rt one-
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dimensional isotropic subspaces in V.
(iii)
Hom∗(T, P1) ∩Hom∗(T,N1) ∩Hom∗(T,N2) = ∅.
(iv)
Hom∗(T, P1) ∩Hom∗(T, P2) ∩Hom∗(T,N1) = ∅.
Proof. Without loss of generality we can assume that (w1, w1) = (w2, w2) = 1.
(i) Let W = 〈v1, w1〉. Since w1 6∈ 〈v1〉⊥ it follows that W is non-degenerate. Hence
V =W ⊕W⊥. Say W⊥ = 〈v3〉 for some vector v3 of V. Let g be any element of P1 ∩N1.
Then we must have
g(v1) = αv1
g(w1) = βw1
g(v3) = γv3
for some nonzero α, β, γ in Fq2 . It follows that P1 ∩N1 is abelian. Therefore
Hom∗(T, P1 ∩N1) = ∅.
The result follows.
(ii) The number of one-dimensional isotropic subspaces of V is equal to the number of
conjugates of P1 in G. Since P1 is a maximal subgroup of G the number of conjugates
of P1 in G is equal to [G : P1] = rt. Let us now count the number of one-dimensional
non-isotropic vector subspaces in 〈v1〉⊥. Write 〈v1〉⊥ = 〈v1, v3〉 for some non-isotropic
vector v3. Then w1 ∈ 〈v1〉⊥ if and only if w1 ∈ 〈v3 + αv1〉 for some α ∈ Fq2 . It follows
that there are q2 one-dimensional non-isotropic vector subspaces in 〈v1〉⊥.
Finally, if w1 ∈ 〈v1〉⊥ then we can write
V = 〈w1, v1〉 ⊕ 〈v3〉
for some nonzero vector v3. Note that (v1, v3) 6= 0, otherwise v3 belongs to
〈v1〉⊥ = 〈v1, w1〉,
a contradiction. Without loss of generality, (v1, v3) = 1. If (v3, w1) = λ 6= 0 we can replace
v3 by u3 = v3 − λw1. Therefore without loss of generality, (v3, w1) = 0. Also there exists
μ ∈ Fq2 such that (v3, v3) = −(μ + μ). If (v3, v3) 6= 0 then consider u3 = v3 + μv1. We
then have (v1, u3) = 1, (u3, w1) = 0 and (u3, u3) = 0. Therefore without loss of generality
we can assume that (v3, v3) = 0. Hence the basis {w1, v1, v3} of V is unitary and
P1 ∩N1 = StabG(〈w1〉) ∩ StabG(〈v1〉) ∩ StabG(〈v1, v3〉).
Hence P1 ∩N1 ∼= U . Using the fact that
Hom∗(T, P1) ∩Hom∗(T,N1) = Hom∗(T, P1 ∩N1)
the result follows from §6.2.3 where we give the size of Hom∗(T,U).
(iii), (iv) This follows immediately from Propositions 6.3.1 and 6.3.2.
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6.4 The proof of Theorem 6.1
Proof. Using Propositions 6.3.1 and 6.3.2 together with the inclusion-exclusion principle
(see Lemma 2.8) it follows that
|⋃g,h∈GHom∗(T, P g) ∪Hom∗(T,Nh)|
= |⋃g∈GHom∗(T, P g)|+ |⋃h∈GHom∗(T,Nh)| − |⋃g,h∈GHom∗(T, P g) ∩Hom∗(T,Nh)|
= [G : P ]|Hom∗(T, P )|+ [G : N ]|Hom∗(T,N)| − |⋃g,h∈GHom∗(T, P g) ∩Hom∗(T,Nh)|.
Now by Proposition 6.3.3 and its proof we have
|
⋃
g,h∈G
Hom∗(T, P g) ∩Hom∗(T,Nh)| = q2rt|Hom∗(T,U)|.
Therefore
|⋃g,h∈GHom∗(T, P g) ∪Hom∗(T,Nh)|
= [G : P ]|Hom∗(T, P )| − q2rt|Hom∗(T,U)|+ [G : N ]|Hom∗(T,N)|.
Using Propositions 6.2.1, 6.2.2, 6.2.5 and 6.2.6 we get
|
⋃
g,h∈G
Hom∗(T, P g) ∪Hom∗(T,Nh)| = q2t|Hom∗(T,N)|.
The results now follow from Propositions 6.2.3 and 6.2.4.
101
102
Chapter 7 The number of homomorphisms
from Tp1,p2,p3 to maximal subgroups of U3(q)
7.1 Introduction
Let G = U3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct, or one of
p1, p2, p3 is equal to 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
That is
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
= 〈x, y, z : xp1 = yp2 = zp3 = xyz = 1〉.
We give the exact sizes of Hom∗(T,G) and ∪LHom∗(T,L) where L typically varies through
a given class of (maximal) subgroups of G. These precise results are needed to determine
for a given power q of a prime p whether or not U3(q) is a (p1, p2, p3)-group.
We note that it follows from §7.7 that if p 6= 2, p1 = 2, and lcm(p2, p3) divides the order
of G then
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) is the number of elements of G of order pi and o(1) denotes a quantity that
tends to 0 as q →∞. This completes the picture given in Proposition 5.2.1.
Recall that the subgroup structure of U3(q) is given in Chapter 4.
7.2 Some notation
We fix some notation which we are going to use. We let:
r = q + 1 r′ = r/d
s = q − 1
t = q2 − q + 1 t′ = t/d
d = (r, 3) d′ = (3− d)/2
If d = 3 we let D = (r′, 3) and D′ = (3−D)/2.
For i ∈ {1, 2, 3}, we let
α
(i)
4 = pi − 1
α
(i)
6 =
(pi − 1)(pi − 2)
6
if pi > 3
α
(i)
7 =
pi − 1
2
if pi > 2
α
(i)
8 =
pi − 1
3
if pi ≡ 1 mod 3.
Finally for any group L we set
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1, φ(y) 6= 1, φ(xy) 6= 1}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is an epimorphism} .
Note that if L is noncyclic then Hom1(T,L) ⊆ Hom∗(T,L).
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Remark 7.2.1. Let j ∈ {4, 6, 7, 8} and let Cj be the type of conjugacy class of U3(q)
described in §4.4.2. If there are some conjugacy classes of type Cj whose elements have
order pi then α
(i)
j is precisely the number of conjugacy classes of type Cj whose elements
have order pi. Recall that the elements of U3(q) of prime order are described in Proposition
4.5.1.
7.3 The groups belonging to C1(G)
There are two conjugacy classes in PGU3(q) of maximal reducible subgroups of U3(q) with
representatives
P = ∧[q3] : Zq2−1 and N = ∧GU2(q).
Proposition 7.3.1. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are
all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let
P = ∧[q3] : Zq2−1 and N = ∧GU2(q).
Then
(i) If p1, p2, p3 are odd then∣∣∣∣∣∣
⋃
g,h∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Nh)
∣∣∣∣∣∣ = q2t|Hom∗(T, SL2(q))|
=

0 if qrs 6≡ 0 (p1p2p3)
α
(2)
7 α
(3)
7 q
3rst if p = p1
and rs ≡ 0 (p2p3)
α
(1)
7 α
(2)
7 α
(3)
7 q
3rst if rs ≡ 0 (p1p2p3).
(ii) If p1 = 2 and p2 6= p3 then∣∣∣∣∣∣
⋃
g,h∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Nh)
∣∣∣∣∣∣ = q2t|Hom∗(T, SL2(q))|
=

0 if qrs 6≡ 0 (p1p2p3)
or p 6= 2
α
(2)
7 α
(3)
7 q
3rst if p = 2
and rs ≡ 0 (p2p3).
(iii) If p 6= 2, p1 = 2 and p2 = p3 then∣∣∣∣∣∣
⋃
g,h∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Nh)
∣∣∣∣∣∣ = 0.
(iv) If p = p1 = 2 and p2 = p3 then∣∣∣∣∣∣
⋃
g,h∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Nh)
∣∣∣∣∣∣ =

p2α
(2)
7 (α
(2)
7 − 1)q3rst if r ≡ 0 (p2)
α
(2)
7 (α
(2)
7 + 1)q
3rst if s ≡ 0 (p2)
0 otherwise.
Proof. This follows from Theorem 6.1 and Proposition 3.7.1. The latter gives the size of
Hom∗(T, SL2(q)) when p1, p2, p3 are all distinct.
7.4 The groups in C2(G) and C3(G)
LetM ∈ {∧(Zq+1)2 ∙S3, ∧Zq2−q+1 ∙3}. Let (p1, p2, p3) be a hyperbolic triple of primes such
that p1, p2, p3 are all distinct or p1 = 2, and let Tp1,p2,p3 be the corresponding hyperbolic
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triangle group. We check that we can neglect the subgroups of G conjugate to M .
Proposition 7.4.1. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are
all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let
M ∈ {∧(Zq+1)2 ∙ S3, ∧Zq2−q+1 ∙ 3}.
Then
Hom∗(T,M) = ∅.
Proof. Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
We have M = Y ∙ [a] where Y is an abelian group and a ∈ {3, 6}. Let φ be any element
of Hom(T,M) and let π : M −→ M/Y be the canonical map. Let ψ = π ◦ φ so that
ψ ∈ Hom(T,M/Y ).
Without loss of generality, p1 ≤ p2 ≤ p3. Suppose that p2 = p3 so that p1 = 2 and
p2 > 3. It follows that ψ is trivial. Therefore Im φ ≤ Y is an abelian group. It follows
that φ(x) = 1. Hence Hom∗(T,M) = ∅.
Suppose now that p1, p2, p3 are all distinct. Since p3 > 3, we must have ψ(xy) = 1. As
p1 6= p2, ψ must be trivial. Hence Im φ ≤ Y is an abelian group. Since p1, p2, p3 are all
distinct it follows that Hom∗(T,M) = ∅.
7.5 The subgroup SO3(q)
Suppose that q is odd so that SO3(q) is a maximal subgroup of G.
Proposition 7.5.1. Let G = U3(q) where q = p
n for some odd prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3
are all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Suppose that lcm(p1, p2, p3) divides the order of SO3(q). Then
(i)
Hom∗(T, SO3(q)) = Hom∗(T,Ω3(q)).
(ii) If (p1, p2, p3) 6= (2, 5, 5) or p = 5 then
(a) An element φ of Hom∗(T, SO3(q)) is an epimorphism of Hom(T,H0) for some
subgroup H0 of SO3(q) isomorphic to Ω3(q0) for some divisor q0 of q.
(b)
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = [PGU3(q) : SO3(q)]|Hom∗(T,Ω3(q))|.
(iii) Suppose p 6= 5 and (p1, p2, p3) = (2, 5, 5). Let
Hom3(T, SO3(q)) = {φ ∈ Hom∗(T, SO3(q)) : Im φ 6∼= A5}.
Then
(a) An element φ of Hom3(T, SO3(q)) is an epimorphism of Hom(T,H0) for some
subgroup H0 of SO3(q) isomorphic to Ω3(q0) for some divisor q0 of q.
(b)
|
⋃
g∈PGU3(q)
Hom3(T, SO3(q)
g)| = [PGU3(q) : SO3(q)]|Hom3(T,Ω3(q))|.
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Remark 7.5.1. (1) We have SO3(q) ∼= PGL2(q) and Ω3(q) ∼= L2(q).
(2) The size of Hom∗(T,Ω3(q)) is given in Chapter 3.
(3) If T = T2,5,5 then following Chapter 3, we have
|Hom3(T,Ω3(q))| = |Hom∗(T,Ω3(q))| − [SO3(q) : NSO3(q)(A5)]|Hom∗(T,A5)|.
We can therefore easily compute |Hom3(T,Ω3(q))|.
Proof. (i) This follows from the fact that SO3(q) = Ω3(q) ∙ 2.
(ii) (a) Let n0 be the smallest positive integer such that lcm(p1, p2, p3) divides the
order of Ω3(p
n0). Put q0 = p
n0 . Then Ω3(q0) must be a subgroup of Ω3(q). By Corollary
3.1 Ω3(q0) is a (p1, p2, p3)-group and by Proposition 3.6.1
Hom1(T,Ω3(q0)) = Hom
∗(T,Ω3(q0)).
Also we have ⋃
h∈SO3(q)
Hom∗(T,Ω3(q0)h) = Hom∗(T,Ω3(q)).
The result follows from the fact that Hom∗(T, SO3(q)) = Hom∗(T,Ω3(q)).
(b) Let H 6= Hg be two subgroups of G isomorphic to SO3(q) where g ∈ PGU3(q) but
g 6∈ H. Let φ be any element of Hom∗(T,H), and let φg be the element of Hom∗(T,Hg)
defined by
φ(x) = g−1φ(x)g; φ(y) = g−1φ(y)g.
We need to prove that φ 6= φg. From (a), we must have
φ ∈ Hom∗(T,H0) = Hom∗(T,Ω0)
where H0 is a subgroup of H isomorphic to SO3(q0), and Ω0 is the normal subgroup of
H0 of index 2. Suppose for a contradiction that φ = φ
g. Then
Im φ = Im φg
and so Ω0 = Ω
g
0. Therefore g ∈ NPGU3(q)(Ω0) = H0 ≤ H, a contradiction.
(ii) (a) Let n0 be the smallest positive integer such that lcm(p1, p2, p3) divides the
order of Ω3(p
n0). Put q0 = p
n0 . Then Ω3(q0) must be a subgroup of Ω3(q). By Corollary
3.1 Ω3(q0) is a (p1, p2, p3)-group and by Proposition 3.6.1
Hom1(T,Ω3(q0)) = Hom
3(T,Ω3(q0)).
Also we have ⋃
h∈SO3(q)
Hom3(T,Ω3(q0)
h) = Hom3(T,Ω3(q)).
The result follows from the fact that Hom3(T, SO3(q)) = Hom
3(T,Ω3(q)).
(b) Let H 6= Hg be two subgroups of G isomorphic to SO3(q) where g ∈ PGU3(q) but
g 6∈ H. Let φ be any element of Hom3(T,H), and let φg be the element of Hom3(T,Hg)
defined by
φ(x) = g−1φ(x)g; φ(y) = g−1φ(y)g.
We need to prove that φ 6= φg. From (a), we must have
φ ∈ Hom3(T,H0) = Hom3(T,Ω0)
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where H0 is a subgroup of H isomorphic to SO3(q0), and Ω0 is the normal subgroup of
H0 of index 2. Suppose for a contradiction that φ = φ
g. Then
Im φ = Im φg
and so Ω0 = Ω
g
0. Therefore g ∈ NPGU3(q)(Ω0) = H0 ≤ H, a contradiction.
For matter of convenience we give the following corollary.
Corollary 7.5.2. Let G = U3(q) where q = p
n for some odd prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are
all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Suppose that lcm(p1, p2, p3) divides the order of SO3(q). Then
(i) If p1, p2, p3 are all odd then
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| =
{
2α
(2)
7 α
(3)
7 |PGU3(q)| if p = p1
2α
(1)
7 α
(2)
7 α
(3)
7 |PGU3(q)| if p 6= p1, p2, p3.
(ii) If p1 = 2 then
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| =

|PGU3(q)| if p = p2 = p3
α
(3)
7 |PGU3(q)| if p = p2 6= p3
α
(2)
7 α
(3)
7 |PGU3(q)| if p 6= p2, p3.
Proof. This follows from Proposition 7.5.1 and the results given in Chapter 3 about the
size of Hom∗(T,L2(q)). If p 6= 5 and T = T2,5,5 we use the fact (proven in Chapter 3) that
Hom1(T,A5) = Hom
∗(T,A5).
7.6 Some small subgroups
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let Tp1,p2,p3 be the corresponding hyperbolic triangle group. We now let H be a
subgroup of G belonging to
{32 ∙Q8, 32 ∙ SL2(3), A5, A6, M10, L2(7), A7}.
Clearly by order consideration, we have
Hom∗(T, 32 ∙Q8) = Hom∗(T, 32 ∙ SL2(3)) = ∅.
We justify the fact that we do not need to consider individually the subgroups of G
conjugate to A5, A6 or M10. Indeed, if T = T2,5,5 then by examining the subgroup
structure of A5, A6 and A7 given in [11], any homomorphism φ in Hom
∗(T,H) where
H ∈ {A6,M10, A7} surjects onto a subgroup of H isomorphic to A5. If p = 2 then A5 lies
in a reducible subgroup of G, and if p 6= 2 then A5 lies in a conjugate of SO3(q). Therefore
we do not need to consider individually the subgroups of G conjugate to A5. Hence we
do not need to consider individually the subgroups of G conjugate to M10 or A6, and we
need only to consider individually the subgroups of G conjugate to A7 when
(p1, p2, p3) ∈ {(2, 3, 7), (2, 7, 7), (2, 5, 7), (3, 5, 7)}
(recall the condition we impose here on the primes p1, p2, p3: if they are all odd then they
must be all distinct).
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We now turn to the group L2(7). If p = 7 then L2(7) lies in SO3(q) and so we do not
need to consider that case.
Proposition 7.6.1. Let G = U3(q) where q = p
n for some prime number p 6= 7. Suppose
that L2(7) ≤ G. Let (p1, p2, p3) be a hyperbolic triple of prime numbers such that p1 <
p2 ≤ p3 are all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Then
(i) If (p1, p2, p3) 6∈ {(2, 3, 7), (2, 7, 7)} then
Hom∗(T,L2(7)) = ∅.
(ii) If (p1, p2, p3) ∈ {(2, 3, 7), (2, 7, 7)} then
(a)
Hom1(T,L2(7)) = Hom
∗(T,L2(7)) and |Hom∗(T,L2(7))| = 2|L2(7)|.
(b)
|
⋃
g∈PGU3(q)
Hom∗(T,L2(7)g)| = [PGU3(q) : L2(7)]|Hom∗(T,L2(7))|
= 2|PGU3(q)|.
Proof. (i) This follows from the fact that |L2(7)| = 23 ∙ 3 ∙ 7.
(ii) (a) This follows from Chapter 3.
(b) This follows from (a).
We finally turn to the group A7. From the subgroup structure of G given in Chapter
4, A7 is a subgroup of G if and only if p = 5. As remarked at the beginning of this section,
we only need to consider A7 when (p1, p2, p3) belongs to
{(2, 3, 7), (2, 7, 7), (2, 5, 7), (3, 5, 7)}.
The only maximal subgroups of A7 that we need to take into account are those isomorphic
to L2(7). By [11] there are two conjugacy classes of subgroups of A7 isomorphic to L2(7).
Proposition 7.6.2. Let G = U3(q) where q = 5
n for some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes belonging to
{(2, 3, 7), (2, 7, 7), (2, 5, 7), (3, 5, 7)}.
Then
(i) If (p1, p2, p3) = (2, 3, 7) then
(a) An element φ of Hom∗(T,A7) belongs to Hom1(T,H0) where H0 is a subgroup
isomorphic to L2(7).
(b)
|
⋃
g∈PGU3(q)
Hom∗(T,Ag7)| = 2|PGU3(q)|.
(ii) If (p1, p2, p3) = (2, 7, 7) then
(a) If φ ∈ Hom∗(T,A7) is not surjective then φ belongs to Hom1(T,H0) where H0
is a subgroup isomorphic to L2(7).
(b)
|
⋃
g∈PGU3(q)
Hom∗(T,Ag7)| = 8|PGU3(q)|.
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(iii) If (p1, p2, p3) = (2, 5, 7) then
(a)
|Hom∗(T,A7)| = |Hom1(T,A7)| = 4|A7|.
(b)
|
⋃
g∈PGU3(q)
Hom∗(T,Ag7)| = 4|PGU3(q)|.
(iv) If (p1, p2, p3) = (3, 5, 7) then
(a)
|Hom∗(T,A7)| = |Hom1(T,A7)| = 18|A7|.
(b)
|
⋃
g∈PGU3(q)
Hom∗(T,Ag7)| = 18|PGU3(q)|.
Proof. We let H1 and H2 be the representatives of the two conjugacy classes of subgroups
of A7 isomorphic to L2(7).
(i) (a) Using the character table of A7 [11], we get
|Hom∗(T,A7)| = 4|A7|.
By Proposition 7.6.1
|Hom1(T,Hi)| = |Hom∗(T,Hi)| = 2|L2(7)| (i ∈ {1, 2}).
It follows that
|
⋃
g∈A7
Hom∗(T,Hg1 ) ∪Hom∗(T,Hg2 )| = 4|A7|.
The result follows.
(b) This follows from (a) and Proposition 7.6.1.
(ii) (a) Using the character table of A7 [11], we get
|Hom∗(T,A7)| = 10|A7|.
By Proposition 7.6.1
|Hom1(T,Hi)| = |Hom∗(T,Hi)| = 2|L2(7)| (i ∈ {1, 2}).
It follows that
|
⋃
g∈A7
Hom∗(T,Hg1 ) ∪Hom∗(T,Hg2 )| = 4|A7|.
Hence |Hom1(T,A7)| = 6|A7|. The result follows.
(b) This follows from (a) and Proposition 7.6.1.
(iii) (a) Using the character table of A7 [11], we get
|Hom∗(T,A7)| = 4|A7|.
From the subgroup structure of A7, we must have
Hom1(T,A7) = Hom
∗(T,A7).
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(b) This follows from (a).
(iv) (a) Using the character table of A7 [11], we get
|Hom∗(T,A7)| = 18|A7|.
From the subgroup structure of A7, we must have
Hom1(T,A7) = Hom
∗(T,A7).
(b) This follows from (a).
7.7 The size of Hom∗(Tp1,p2,p3 , U3(q))
Let G = U3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct or one of
p1, p2, p3 is equal to 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
We give the size of Hom∗(T,G). Note that if lcm(p1, p2, p3) does not divide the order of
G then the set Hom∗(T,G) is empty. We therefore assume that lcm(p1, p2, p3) divides the
order of G. Also since p1, p2, p3 are all distinct or none of p1, p2, p3 is equal to 3, it follows
that
Hom∗(T,PGU3(q)) = Hom∗(T,G).
We calculate the size of Hom∗(T,G) as follows. For every triple C = (C1, C2, C3) of
conjugacy classes of G whose elements have respective order p1, p2, p3 we compute the
corresponding class algebra constant aC using the character table of G. By Lemma 2.5
we then have
|Hom∗(T,G)| =
∑
C
aC ∙ |C3|
where the sum is taken over all triples C = (C1, C2, C3) of conjugacy classes of G such that
Ci consists of elements of order pi. The character table of G and the conjugacy classes
of G whose elements have prime order are given in Chapter 4. The nontrivial character
theoretic sums that are involved in the calculation of the class algebra constants are given
in Appendix A at the end of the thesis.
7.7.1 The case where p1, p2, p3 are distinct odd primes
We begin with the case where p1, p2, p3 are distinct odd primes.
Proposition 7.7.1. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that (p1, p2, p3) is a hyperbolic triple of distinct odd primes
such that p1p2p3 divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, suppose that if pi = 3 then r 6≡ 0 mod pi. Then
(i) If p1 = p, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)6 (q2 − 4q + 1)|G|+ α(2)7 α(3)7 q5rst
+2d2(α
(2)
7 α
(3)
6 + α
(2)
6 α
(3)
7 )|G|.
(ii) If p1 = p, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)7 s2|G|+ α(2)7 α(3)7 q5rst+ 2d2α(2)7 α(3)7 |G|.
(iii) If p1 = p, r ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)8 qs|G|+ d2(α(2)6 + 2α(2)7 )α(3)8 |G|.
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(iv) If p1 = p, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = α(2)7 α(3)7 q4rst(dq2 + (d+ 1)q + d) + dα(2)7 α(3)7 q3rst.
(v) If p1 = p, s ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)8 (qr + 1)|G|.
(vi) If p1 = p, t
′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)8 α(3)8 r2|G|.
(vii) If r ≡ 0 mod p1, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)6 α(3)6 (q2 − 6q + 1)|G|+ α(1)7 α(2)7 α(3)7 q5rst
+2d2(α
(1)
7 α
(2)
6 α
(3)
6 + α
(1)
6 α
(2)
7 α
(3)
6 + α
(1)
6 α
(2)
6 α
(3)
7 )|G|.
(viii) If r ≡ 0 mod p1, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)6 α(3)7 (q2 − 4q + 1)|G|+ α(1)7 α(2)7 α(3)7 q5rst
+2d2(α
(1)
7 α
(2)
6 α
(3)
7 + α
(1)
6 α
(2)
7 α
(3)
7 )|G|.
(ix) If r ≡ 0 mod p1, r ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)6 α(3)8 (q2 − 3q + 1)|G|
+2d2(α
(1)
7 α
(2)
6 α
(3)
8 + α
(1)
6 α
(2)
7 α
(3)
8 )|G|.
(x) If r ≡ 0 mod p1, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)7 α(3)7 s2|G|+ α(1)7 α(2)7 α(3)7 q5rst+ 2d2α(1)7 α(2)7 α(3)7 |G|.
(xi) If r ≡ 0 mod p1, s ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)7 α(3)8 t|G|+ 2d2α(1)7 α(2)7 α(3)8 |G|.
(xii) If r ≡ 0 mod p1, t′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)8 α(3)8 (q2 + 1)|G|+ 2d2α(1)7 α(2)8 α(3)8 |G|.
(xiii) If s ≡ 0 mod p1, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = α(1)7 α(2)7 α(3)7 (dq3 + (d+ 1)q2 + dq + d)q3rst.
(xiv) If s ≡ 0 mod p1, s ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)7 α(2)7 α(3)8 (q2 + q + 1)|G|.
(xv) If s ≡ 0 mod p1, t′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)7 α(2)8 α(3)8 r2|G|.
(xvi) If t′ ≡ 0 mod p1, t′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)8 α(2)8 α(3)8 (q2 + 3q + 1)|G|.
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Proof. We use Lemma 2.5 to calculate |Hom∗(T,G)|. Cases are all similar and here we
treat case (vii). We use the description given in Proposition 4.5.1 of the conjugacy classes
of G of elements of prime order. Suppose that r ≡ 0 mod p1, r ≡ 0 mod p2 and r ≡ 0
mod p3. Now G has α
(1)
4 (respectively, α
(2)
4 , α
(3)
4 ) conjugacy classes of type C4 of elements
of order p1 (respectively, p2, p3) and α
(1)
6 (respectively, α
(2)
6 , α
(3)
6 ) conjugacy classes of
type C6 of elements of order p1 (respectively, p2, p3). These are precisely the conjugacy
classes of G of elements of order p1, p2 or p3. Fix a conjugacy class C
(k)
4 (respectively,
C
(l)
4 , C
(m)
4 ) of G of type C4 of elements of order p1 (respectively, p2, p3). We have
k =
r′
p1
k1, l =
r′
p2
l2, m =
r′
p3
m3
for some k1, l2,m3 satisfying
1 ≤ k1 ≤ p1 − 1, 1 ≤ l2 ≤ p2 − 1, 1 ≤ m3 ≤ p3 − 1.
Fix a conjugacy class C
(a,b,c)
6 (respectively, C
(e,f,g)
6 , C
(h,i,j)
6 ) of G of type C6 of elements
of order p1 (respectively, p2, p3). We have
a =
r′
p1
a1, b =
r′
p1
b1, c =
r′
p1
c1
where if d = 1 then
1 ≤ a1 < b1 < c1 ≤ p1, a1 + b1 + c1 ≡ 0 mod p1
and if d = 3 then
1 ≤ a1 < b1 ≤ p1, b1 < c1 < 3p1, a1 + b1 + c1 = 3p1, a1 ≡ b1 ≡ c1 mod 3.
Also we have
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Finally, we have
h =
r′
p3
h3, i =
r′
p3
i3, j =
r′
p3
j3
where if d = 1 then
1 ≤ h3 < i3 < j3 ≤ p3, h3 + i3 + j3 ≡ 0 mod p3
and if d = 3 then
1 ≤ h3 < i3 ≤ p3, i3 < j3 < 3p3, h3 + i3 + j3 = 3p3, h3 ≡ i3 ≡ j3 mod 3.
(a) Let C = (C
(k)
4 , C
(l)
4 , C
(m)
4 ) and let κC be the number of pairs (h1, h2) such that
h1 ∈ C(k)4 , h2 ∈ C(l)4 and g3 = (h1h2)−1 ∈ C(m)4 . Then by Lemma 2.4
κC =
|C4||C4||C4|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
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Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
Also let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3
and let C2 be a subset of {u ∈ Z : 1 ≤ u ≤ r′s} of largest size such that for any u, v in C2
we have u 6≡ 0 mod s and u 6≡ −qv mod r′s.
The character table of G given in Chapter 4 yields
S = 1 +
(−s)3
qs
+
q3
q3
+
1
t
r′−1∑
u=1
(−s3uk + −6uk)(−s3ul + −6ul)(−s3um + −6um)
+
1
qt
r′−1∑
u=1
(s3uk + q−6uk)(s3ul + q−6ul)(s3um + q−6um) + (d− d′) s
3
st′
+
s3
st
∑
(u,v,w)∈C1
(
−3uk
+ 
−3vk
+ 
−3wk
)(
−3ul
+ 
−3vl
+ 
−3wl
)(
−3um
+ 
−3vm
+ 
−3wm
)
+
r3
rt
∑
u∈C2

duk

dul

dum
.
Now by Proposition A.4.1 in the appendix at the end of the thesis we have
r′−1∑
u=1
(−s3uk + −6uk)(−s3ul + −6ul)(−s3um + −6um) = −(−s+ 1)3
and
r′−1∑
u=1
(s3uk + q−6uk)(s3ul + q−6ul)(s3um + q−6um) = −(s+ q)3.
Also by Proposition A.4.12 we have∑
(u,v,w)∈C1
(−3uk + −3vk + −3wk)(−3ul + −3vl + −3wl)(−3um + −3vm + −3wm) = 9d′.
Finally, by Proposition A.4.6 we have∑
u∈C2
dukduldum = 0.
Therefore
S = 1− s
2
q
+ 1− (−s+ 1)
3
t
− (s+ q)
3
qt
+ (d− d′)s
2
t′
+
9d′s2
t
= 0.
Hence κC = 0.
(b) Let C = (C
(k)
4 , C
(l)
4 , C
(h,i,j)
6 ) and let κC be the number of pairs (h1, h2) such that
h1 ∈ C(k)4 , h2 ∈ C(l)4 and g3 = (h1h2)−1 ∈ C(h,i,j)6 . Then by Lemma 2.4
κC =
|C4||C4||C6|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
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Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
The character table of G given in Chapter 4 yields
S = 1 +
2s2
qs
− q
2
q3
+
1
t
r′−1∑
u=1
(−s3uk + −6uk)(−s3ul + −6ul)(3uh + 3ui + 3uj)
− 1
qt
r′−1∑
u=1
(s
3uk
+ q
−6uk
)(s
3ul
+ q
−6ul
)(
3uh
+ 
3ui
+ 
3uj
)− (d− d′) 2s
2
st′
− s
2
st
∑
(u,v,w)∈C1
(
−3uk
+ 
−3vk
+ 
−3wk
)(
−3ul
+ 
−3vl
+ 
−3wl
)
 ∑
[u,v,w]

uh+vi+wj
 .
Now by Proposition A.4.4 we have
r′−1∑
u=1
(−s3uk + −6uk)(−s3ul + −6ul)(3uh + 3ui + 3uj) = −3(−s+ 1)2
and
r′−1∑
u=1
(s3uk + q−6uk)(s3ul + q−6ul)(3uh + 3ui + 3uj) = −3(s+ q)2.
Also by Proposition A.4.15 we have
∑
(u,v,w)∈C1
(−3uk + −3vk + −3wk)(−3ul + −3vl + −3wl)
 ∑
[u,v,w]
uh+vi+wj
 = 18d′.
Therefore
S = 1 +
2s
q
− 1
q
− 3(−s+ 1)
2
t
+
3(s+ q)2
qt
− 2(d− d′) s
t′
− 18d
′s
t
= 0.
Hence κC = 0. Similarly, if
C ∈ {(C(a,b,c)6 , C(l)4 , C(m)4 ), (C(k)4 , C(e,f,g)6 , C(m)4 )}
then κC = 0.
(c) Let C = (C
(k)
4 , C
(e,f,g)
6 , C
(h,i,j)
6 ) and let κC be the number of pairs (h1, h2) such
that h1 ∈ C(k)4 , h2 ∈ C(e,f,g)6 and g3 = (h1h2)−1 ∈ C(h,i,j)6 . Then by Lemma 2.4
κC =
|C4||C6||C6|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
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The character table of G given in Chapter 4 yields
S = 1− 4s
qs
+
q
q3
+
1
t
r′−1∑
u=1
(−s3uk + −6uk)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj)
+
1
qt
r′−1∑
u=1
(s3uk + q−6uk)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj) + (d− d′) 4s
st′
+
s
st
∑
(u,v,w)∈C1
(−3uk + −3vk + −3wk)
 ∑
[u,v,w]

ue+vf+wg
 ∑
[u,v,w]

uh+vi+wj
 .
Now by Proposition A.4.5 we have
r′−1∑
u=1
(−s3uk + −6uk)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj) = −9(−s+ 1)
and
r′−1∑
u=1
(s3uk + q−6uk)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj) = −9(s+ q).
Also by Proposition A.4.16 we have
∑
(u,v,w)∈C1
(−3uk + −3vk + −3wk)
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj
 = 36d′.
Therefore
S = 1− 4
q
+
1
q2
− 9(−s+ 1)
t
− 9(s+ q)
qt
+ (d− d′) 4
t′
+
36d′
t
=
r4
q2t
.
Hence κC = d
2|G|. Similarly if
C ∈ {(C(a,b,c)6 , C(l)4 , C(h,i,j)6 ), (C(a,b,c)6 , C(e,f,g)6 , C(m)4 )}
then κC = d
2|G|.
(d) Let C = (C
(a,b,c)
6 , C
(e,f,g)
6 , C
(h,i,j)
6 ) and let κC be the number of pairs (h1, h2) such
that h1 ∈ C(a,b,c)6 , h2 ∈ C(e,f,g)6 and g3 = (h1h2)−1 ∈ C(h,i,j)6 . Then by Lemma 2.4
κC =
|C6||C6||C6|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(g3)
χ(1)
.
The character table of G given in Chapter 4 yields
S = 1 +
8
qs
− 1
q3
+
1
t
r′−1∑
u=1
(
3ua
+ 
3ub
+ 
3uc
)(
3ue
+ 
3uf
+ 
3ug
)(
3uh
+ 
3ui
+ 
3uj
)
− 1
qt
r′−1∑
u=1
(
3ua
+ 
3ub
+ 
3uc
)(
3ue
+ 
3uf
+ 
3ug
)(
3uh
+ 
3ui
+ 
3uj
)− (d− d′) 8
st′
− 1
st
∑
(u,v,w)∈C1
 ∑
[u,v,w]

ua+vb+wc
 ∑
[u,v,w]

ue+vf+wg
 ∑
[u,v,w]

uh+vi+wj
 .
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Let (∗ ∗ ∗) be the following condition:
{
c1 = p1, g2 = p2 and j3 = p3 if d = 1
(b1 = p1 or c1 = 2p1), (f2 = p2 or g2 = 2p2) and (i3 = p3 or j3 = 2p3) if d = 3.
Now by Proposition A.4.2 we have
r′−1∑
u=1
(
3ua
+ 
3ub
+ 
3uc
)(
3ue
+ 
3uf
+ 
3ug
)(
3uh
+ 
3ui
+ 
3uj
) =
{
r′ − 27 if (∗ ∗ ∗) holds
−27 otherwise.
Also by Proposition A.4.13 we have
∑
(u,v,w)∈C1
 ∑
[u,v,w]

ua+vb+wc

 ∑
[u,v,w]

ue+vf+wg

 ∑
[u,v,w]

uh+vi+wj
 = { −4r′ + 72d′ if (∗ ∗ ∗) holds
72d′ otherwise.
Suppose that (∗ ∗ ∗) holds. Then
S = 1 +
8
qs
− 1
q3
+
r′ − 27
t
− r
′ − 27
qt
− 8(d− d′) 1
st′
− 72d
′ − 4r′
st
=
{
r3(q3−4q2−5q+1)
q3st
if d = 1
r3(3q3−14q2−15q+3)
3q3st if d = 3.
It follows that
κC =
{
q3rst(q3 − 4q2 − 5q + 1) if d = 1
q3rst(3q3 − 14q2 − 15q + 3) if d = 3.
Suppose that (∗ ∗ ∗) does not hold. Then
S = 1 +
8
qs
− 1
q3
− 27
t
+
27
qt
− 8(d− d′) 1
st′
− 72d
′
st
=
r4(q2 − 6q + 1)
q3st
.
It follows that κC = d
2(q2 − 6q + 1)|G|.
To calculate |Hom∗(T,G)| we unfix the triples of conjugacy classes of G of elements
of respective order p1, p2 and p3 we considered above. By Proposition A.4.2 there are
α
(1)
7 α
(2)
7 α
(3)
7 triples (C
(a,b,c)
6 , C
(e,f,g)
6 , C
(h,i,j)
6 ) of conjugacy classes of G satisfying (∗ ∗ ∗).
If d = 1 then
|Hom∗(T,G)| = (α(1)4 α(2)6 α(3)6 + α(1)6 α(2)4 α(3)6 + α(1)6 α(2)6 α(3)4 )|G|
+α
(1)
7 α
(2)
7 α
(3)
7 q
3rst(q3 − 4q2 − 5q + 1)
+(α
(1)
6 α
(2)
6 α
(3)
6 − α(1)7 α(2)7 α(3)7 )(q2 − 6q + 1)|G|
= α
(1)
6 α
(2)
6 α
(3)
6 (q
2 − 6q + 1)|G|+ α(1)7 α(2)7 α(3)7 q5rst
+2(α
(1)
7 α
(2)
6 α
(3)
6 + α
(1)
6 α
(2)
7 α
(3)
6 + α
(1)
6 α
(2)
6 α
(3)
7 )|G|.
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If d = 3 then
|Hom∗(T,G)| = 9(α(1)4 α(2)6 α(3)6 + α(1)6 α(2)4 α(3)6 + α(1)6 α(2)6 α(3)4 )|G|
+α
(1)
7 α
(2)
7 α
(3)
7 q
3rst(3q3 − 14q2 − 15q + 3)
+9(α
(1)
6 α
(2)
6 α
(3)
6 − α(1)7 α(2)7 α(3)7 )(q2 − 6q + 1)|G|
= 9α
(1)
6 α
(2)
6 α
(3)
6 (q
2 − 6q + 1)|G|+ α(1)7 α(2)7 α(3)7 q5rst
+18(α
(1)
7 α
(2)
6 α
(3)
6 + α
(1)
6 α
(2)
7 α
(3)
6 + α
(1)
6 α
(2)
6 α
(3)
7 )|G|.
Proposition 7.7.2. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that (p1, p2, p3) is a hyperbolic triple of distinct odd primes
such that p1p2p3 divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, suppose that p1 = 3 and r ≡ 0 mod 3. Then
(i) If p2 = p, r ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(3)6 (q2 − 4q + 1)|G|+ α(3)7 q5rst+ 6α(3)7 |G|+ 18(1−D′)α(3)6 |G|.
(ii) If p2 = p, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(3)7 s2|G|+ α(3)7 q5rst+ 18(1−D′)α(3)7 |G|.
(iii) If p = p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(3)8 t|G|+ 18(1−D′)α(3)8 |G|.
(iv) If r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)6 α(3)6 (q2 − 6q + 1)|G|+ α(2)7 α(3)7 q5rst
+6(α
(2)
7 α
(3)
6 + α
(2)
6 α
(3)
7 )|G|+ 18(1−D′)α(2)6 α(3)6 |G|.
(v) If r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)6 α(3)7 (q2 − 4q + 1)|G|+ α(2)7 α(3)7 q5rst
+6α
(2)
7 α
(3)
7 |G|+ 18(1−D′)α(2)6 α(3)7 |G|.
(vi) If r ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)6 α(3)8 (q2 − 3q + 1)|G|+ 6α(2)7 α(3)8 |G|
+18(1−D′)α(2)6 α(3)8 |G|.
(vii) If s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)7 α(3)7 s2|G|+ α(2)7 α(3)7 q5rst+ 18(1−D′)α(2)7 α(3)7 |G|.
(viii) If s ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)7 α(3)8 t|G|+ 18(1−D′)α(2)7 α(3)8 |G|.
(ix) If t ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)8 α(3)8 (q2 + 1)|G|+ 18(1−D′)α(2)8 α(3)8 |G|.
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Proof. The proof is similar to that of Proposition 7.7.1.
7.7.2 The case where p1 = 2 and p2 6= p3
We now turn to the case where p1, p2, p3 are all distinct but p1 = 2.
Proposition 7.7.3. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that p3 > 3 is a prime number dividing the order of G. Let
T = T2,3,p3 . Then
(i) If p = 2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d(α(3)6 − α(3)7 )|G|+ α(3)7 q3rst.
(ii) If p = 2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = α(3)7 q3rst.
(iii) If p = 2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)8 |G|.
(iv) If p 6= 2, p = p3 then
|Hom∗(T,G)| = d|G|.
(v) If p 6= 2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)6 |G|.
(vi) If p 6= 2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)7 |G|.
(vii) If p 6= 2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)8 |G|.
Proof. The proof is similar to that of Proposition 7.7.1.
Proposition 7.7.4. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Let p2 6= p3 be two odd primes greater than 3 such that p2p3 divides the
order of G. Let T = T2,p2,p3 be the corresponding hyperbolic triangle group. Then
(i) If p = 2, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
(ii) If p = 2, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
(iii) If p = 2, r ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)8 |G|.
(iv) If p = 2, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = (d2 − d)α(2)7 α(3)7 |G|+ α(2)7 α(3)7 q3rst.
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(v) If p = 2, s ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)8 |G|.
(vi) If p = 2, t ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
(vii) If p 6= 2, p = p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(3)6 |G|.
(viii) If p 6= 2, p = p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(3)7 |G|.
(ix) If p 6= 2, p = p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(3)8 |G|.
(x) If p 6= 2, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
(xi) If p 6= 2, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)7 |G|.
(xii) If p 6= 2, r ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)8 |G|.
(xiii) If p 6= 2, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)7 |G|.
(xiv) If p 6= 2, s ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)8 |G|.
(xv) If p 6= 2, t ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
Proof. The proof is similar to that of Proposition 7.7.1.
7.7.3 The case where p1 = 2 and p2 = p3
We finally consider the case where p1 = 2 and p2 = p3.
Proposition 7.7.5. Let G = U3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that p2 > 3 is a prime number dividing the order of G. Let
T = T2,p2,p2 . Then
(i) Suppose that p = 2, r ≡ 0 mod p2 then
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(a) If d = 1 then
|Hom∗(T,G)| = p2α(2)7 (α(2)7 − 1)q3rst+
(p2 − 1)(p2 − 4)(p2 − 5)2
36
|G|.
(b) If d = 3 then
|Hom∗(T,G)| = p2α(2)7 (α(2)7 − 1)q3rst+
(p2 − 1)(p2 − 3)(p22 − 5p2 + 12)
4
|G|.
(ii) Suppose that p = 2, s ≡ 0 mod p2 then
(a) If d = 1 then
|Hom∗(T,G)| = α(2)7 (α(2)7 + 1)q3rst.
(b) If d = 3 then
|Hom∗(T,G)| = 6(α(2)7 )2|G|+ α(2)7 (α(2)7 + 1)q3rst.
(iii) Suppose that p = 2, t ≡ 0 mod p2 then
|Hom∗(T,G)| = (d2(α(2)8 )2 − dα(2)8 )|G|.
(iv) Suppose that p 6= 2, p = p2 then
|Hom∗(T,G)| = d2|G|.
(v) Suppose that p 6= 2, r ≡ 0 mod p2 then
|Hom∗(T,G)| = d2(α(2)6 )2|G|.
(vi) Suppose that p 6= 2, s ≡ 0 mod p2 then
|Hom∗(T,G)| = d2(α(2)7 )2|G|.
(vii) Suppose that p 6= 2, t ≡ 0 mod p2 then
|Hom∗(T,G)| = d2(α(2)8 )2|G|.
Proof. The proof is similar to that of Proposition 7.7.1. We treat case (ii) below. We
use the description given in Proposition 4.5.1 of the conjugacy classes of G of elements
of prime order. Suppose that p = 2 and s ≡ 0 mod p2. Now G has a single class of
involutions, namely C2. Also G has α
(2)
7 conjugacy classes of type C7 of elements of order
p2. These are the only conjugacy classes of G of elements of order p2. Fix two conjugacy
classes C
(k)
7 and C
(l)
7 of type C7 of elements of order p2. We have
k =
s
p2
r′k2 and l =
s
p2
r′l2
for some k2, l2 satisfying
1 ≤ k2, l2 ≤ p2 − 1
2
.
Let C = (C2, C
(k)
7 , C
(l)
7 ) and let κC be the number of pairs (h1, h2) such that g1 ∈ C2,
g2 ∈ C(k)7 and g3 = (g1g2)−1 ∈ C(l)7 . Then
κC =
|C2||C7||C7|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
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Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
and let C1 be a subset of {u ∈ Z : 1 ≤ u ≤ r′s} of largest size such that for any u, v in C1
we have u 6≡ 0 mod s and u 6≡ −qv mod r′s.
The character table of G given in Chapter 4 yields
S = 1− s
t
(r′ − 1) + q
qt
(r′ − 1) + 1
rt
∑
u∈C1
(ηduk + η−dquk)(ηdul + η−dqul).
Let (∗) be the following condition: k2 ≡ l2 mod p2. By Proposition A.5.5 we have∑
u∈C1
(ηduk + η−dquk)(ηdul + η−dqul) =
{
r′(s− 2) if (∗) holds
−2r′ otherwise.
Suppose that (∗) holds. Then
S = 1− s
t
(r′ − 1) + 1
t
(r′ − 1) + 1
rt
(r′(s− 2))
=
{ 2s
t
if d = 1
2s(r+1)
3t if d = 3.
It follows that
κC =
{
2q3rst if d = 1
6|G|+ 2q3rst if d = 3.
Suppose that (∗) does not hold. Then
S = 1− s
t
(r′ − 1) + 1
t
(r′ − 1)− 2r
′
rt
=
{ s
t
if d = 1
s(2r+1)
3t if d = 3.
It follows that
κC =
{
q3rst if d = 1
6|G|+ q3rst if d = 3.
To calculate |Hom∗(T,G)| we unfix the pairs of conjugacy classes of G of elements of
order p2 we considered above. By Proposition A.5.5 there are α
(2)
7 pairs (C
(k)
7 , C
(l)
7 ) of
conjugacy classes of G satisfying (∗).
If d = 1 then
|Hom∗(T,G)| = 2α(2)7 q3rst+ (α(2)7 α(2)7 − α(2)7 )q3rst
= α
(2)
7 (α
(2)
7 + 1)q
3rst.
If d = 3 then
|Hom∗(T,G)| = α(2)7 (6|G|+ 2q3rst) + (α(2)7 α(2)7 − α(2)7 )(6|G|+ q3rst)
= 6α
(2)
7 α
(2)
7 |G|+ α(2)7 (α(2)7 + 1)q3rst.
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Chapter 8 A deterministic solution in the
nonrigid case for G = U3(q)
The aim of this short chapter is to prove the following result.
Theorem 8.1. Let G = U3(q) where q = p
n for some prime p and some positive integer n.
Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes. Then G is a (p1, p2, p3)-group
if and only if p1p2p3 divides the order of G.
Remark 8.1. The divisibility criterion given in the above theorem is the minimal condition
for a finite group to be a (p1, p2, p3)-group. Indeed, if p1p2p3 does not divide the order of
G then Hom∗(Tp1,p2,p3 , G) = ∅.
Let T = Tp1,p2,p3 . The proof of the theorem uses the results of Chapter 7 where we
calculate the size of Hom∗(T,L) for various subgroups L of G. In particular it follows
from Chapter 7 that the only maximal subgroups L of G for which Hom∗(T,L) can be
nonempty are the reducible subgroups, the subgroups conjugate to SO3(q) if q is odd, the
subgroups conjugate to U3(q0) where q is an odd prime power of q0, and A7 if q = 5. We
let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ is nontrivial}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
Remark 8.2. Let G = U3(q) and let (p1, p2, p3) be a hyperbolic triple of (distinct odd)
primes such that lcm(p1, p2, p3) divides |G|. It follows from Proposition 5.2.1 that there
exist some constants A, B such that
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
where o(1) denotes a quantity that tends to 0 as q → ∞. The values of A and B can be
given explicitly using Propositions 7.7.1 and 7.7.2.
We need a couple of lemmas that follow from Chapter 7.
Lemma 8.1. Let G = U3(q) where q = p
n for some prime p and some positive integer n.
Let P,N be the representatives of the two classes of maximal reducible subgroups of G. Let
(p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3 divides the order
of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Write
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
where A,B are constants and o(1) denotes a quantity that tends to 0 as q →∞. Then
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| ≤ A|G|
q
.
Proof. This follows from Proposition 7.3.1.
Lemma 8.2. Let G = U3(q) where q = p
n for some odd prime p and some positive integer
n. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3 divides the
order of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Write
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
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where A,B are constants and o(1) denotes a quantity that tends to 0 as q →∞. Then
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| ≤ 2A|G|.
Proof. This follows from Corollary 7.5.2.
Lemma 8.3. Let G = U3(q) where q = p
n for some prime p and some positive integer
n. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3 divides
the order of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Let
G0 = U3(q0) be a subgroup of G such that p1p2p3 divides the order of G0. Write
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
where A,B are constants and o(1) is a quantity that tends to 0 as q →∞. Similarly write
|Hom∗(T,G0)| = q0|G0|(A0q0 +B0 + o(1))
where A0 and B0 are constants and o(1) is a quantity that tends to 0 as q →∞. Then
(i)
|Hom∗(T,G)| ≥ A|G|(q2 − 6q).
(ii)
|Hom∗(T,G0)| ≤ A|G0|(q20 + 3q0 + 11).
(iii)
|
⋃
g∈PGU3(q)
Hom∗(T,Gg0)| ≤ A|G|(q20 + 3q0 + 11).
Proof. (i) From the size of Hom∗(T,G) given in Propositions 7.7.1 and 7.7.2 we can check
that B ≥ −6A and o(1) > 0.
(ii) From the size of Hom∗(T,G0) given in Propositions 7.7.1 and 7.7.2, we can check
that
|Hom∗(T,G0)| ≤ |G0|(A0q20 +B0q0 + 11A0).
Finally, one can check that B0 ≤ 3A0 and A0 ≤ A. The result follows.
(iii) We have
|
⋃
g∈PGU3(q)
Hom∗(T,Gg0)| ≤ [G : G0]|Hom∗(T,G0)|.
The result follows from (ii).
Proof of Theorem 8.1. Clearly, if p1p2p3 does not divide the order of G then G is not a
(p1, p2, p3)-group. Suppose that p1p2p3 divides the order of G. Write
|Hom∗(T,G)| = Aq2|G|(1 + o(1))
where A is a constant and o(1) denotes a quantity that tends to 0 as q →∞ (see Remark
8.2). If q > 5 then by Lemma 2.2 the subgroups of G that we have to consider are the
maximal reducible subgroups, the subgroups conjugate to SO3(q) if q is odd, and the
subgroups conjugate to U3(q0) where q is an odd prime power of q0. Therefore provided
that q > 5, from the lemmas given above we get
|Hom1(T,G)| ≥ A|G|
(q2 − 6q)− 1
q
− 2−
∑
q an odd prime power of q0
(q20 + 3q0 + 11)
 .
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Now from [43] the number of prime divisors of n is bounded above by (ln(n)/ln(2)).
Also n ≤ ln(q)/ln(2) and finally q0 ≤ q 13 . It follows that
|Hom1(T,G)| ≥ A|G|
(
q2 − 6q − 1
q
− 2− ln(ln(q)/ln(2))
ln(2)
(q
2
3 + 3q
1
3 + 11)
)
The function on the right hand side is greater than zero provided q ≥ 11. It follows that
if q ≥ 11 then Theorem 8.1 holds.
Note that we do not need to consider the case where G ∈ {U3(2), U3(3)} as
|U3(2)| = 23 ∙ 32 and |U3(3)| = 25 ∙ 33 ∙ 7.
Suppose that G = U3(5) then |G| = 24 ∙ 32 ∙ 53 ∙ 7. Therefore we need to study the case
where (p1, p2, p3) = (3, 5, 7). Since 7 does not divide the order of the reducible subgroups
nor the order of the subgroups conjugate to SO3(q), the only subgroup of G to consider
is A7. Therefore using Propositions 7.6.2(iv) and 7.7.2(iii) we get
|Hom1(T,G)| = |Hom∗(T,G)| − |
⋃
g∈PGU3(q)
Hom∗(T,Ag7)|
= (2(q2 − q + 1)− 18)|PGU3(q)|
= 24|PGU3(q)|.
Hence U3(5) is a (3, 5, 7)-group.
Suppose that G = U3(4) then |G| = 26 ∙ 3 ∙ 52 ∙ 13. Therefore we need to study the
case where (p1, p2, p3) = (3, 5, 13). Since 13 does not divide the order of the reducible
subgroups, it follows from Proposition 7.7.1(xi) that
|Hom1(T,G)| = |Hom∗(T,G)| = 120|G| > 0.
Hence U3(4) is a (3, 5, 13)-group.
Suppose that G = U3(7) then |G| = 27 ∙ 3 ∙ 73 ∙ 43. Therefore we need to consider the
case where (p1, p2, p3) = (3, 7, 43). Since 43 does not divide the order of the reducible
subgroups nor the order of the subgroups conjugate to SO3(q), it follows that
|Hom1(T,G)| = |Hom∗(T,G)|.
Hence G is a (3, 7, 43)-group.
Suppose that G = U3(8) then |G| = 29 ∙ 34 ∙ 7 ∙ 19. Let T = T3,7,19. We do not need to
consider the subgroups conjugate to U3(2). Similarly as in the case where G = U3(4) we
get
|Hom1(T,G)| = |Hom∗(T,G)|.
Hence G is a (3, 7, 19)-group.
Suppose that G = U3(9) then |G| = 25 ∙ 36 ∙ 52 ∙ 73. Let T = T3,5,73. Similarly as in the
case where G = U3(7) we get
|Hom1(T,G)| = |Hom∗(T,G)|.
Hence G is a (3, 5, 73)-group. This completes the proof of Theorem 8.1.
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Chapter 9 U3(q) and (2, 3, p3)-groups
9.1 Introduction
One of the aims of this chapter is to prove the following result.
Theorem 9.1. Let p3 ≥ 7 be a prime number. Given a prime number p there are at most
two positive integers n such that U3(p
n) is a (2, 3, p3)-group.
In particular we recover the result of Cohen [8] stating that there is no prime power
q such that U3(q) is a Hurwitz group. If U3(p
n) is a (2, 3, p3)-group we also give the
limit that a randomly chosen homomorphism in Hom(T2,3,p3 , U3(p
n)) is an epimorphism
as |U3(pn)| → ∞.
A detailed account of the results is given below.
Proposition 9.1. There is no prime power q such that U3(q) is a (2, 3, 7)-group.
Proposition 9.2. Let p and p3 be prime numbers such that p3 > 7. Let
l =
{
1 if p = p3
order of p modulo p3 otherwise.
Finally let e be the number of positive integers n such that U3(p
n) is a (2, 3, p3)-group.
Then e ≤ 2. More precisely:
(i) If (l, 2) = 1 then e = 0.
(ii) If (l, 6) = 2 then e = 1 and n = l/2.
(iii) If (l, 6) = 6 then e = 2 and n ∈ {l/6, l/2}.
Proposition 9.3. Fix a prime number p3 > 7 and let T = T2,3,p3 . Let
Q = {q = pn : U3(q) is a (2, 3, p3)-group}.
For a prime p let l be its order modulo p3, and for an integer q let o denote its order
modulo p3. Finally let φ be a randomly chosen homomorphism in Hom(T,U3(q)). Then
(i)
lim
q →∞
q ∈ Q
(l, 6) = 2
Prob(φ is surjective) =
p3 − 5
p3 − 2 .
(ii)
lim
q →∞
q ∈ Q
(l, 6) = 6
o = 6
Prob(φ is surjective) = 1.
(iii)
lim
q →∞
q ∈ Q
(l, 6) = 6
o = 2
Prob(φ is surjective) =
p3 − 7
p3 − 2 .
U3(q) and (2, 3, p3)-groups
The proofs of Propositions 9.1 and 9.2 use the subgroup structure of U3(q) given in
Chapter 4 and the results of Chapter 7 where we calculate the size of Hom∗(T2,3,p3 , L) for
various subgroups L of U3(q). Finally the proof of Proposition 9.3 follows immediately
from the proof of Proposition 9.2.
9.2 Some notation
We let T = T2,3,p3 and for a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ is nontrivial}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
We let
α
(3)
6 = (p3 − 1)(p3 − 2)/6
α
(3)
7 = (p3 − 1)/2
α
(3)
8 = (p3 − 1)/3 (provided p3 ≡ 1 mod 3).
We let
r = q + 1, s = q − 1, t = 1− q + q2, d = (r, 3).
Also we denote by P and N the representatives of the two classes of maximal reducible
subgroups of U3(q). If U3(qi) is a subgroup of U3(q) we let
ri = qi + 1, si = qi − 1, ti = 1− qi + q2i , di = (ri, 3).
Note that we must have d = di. Finally, we denote by Pi and Ni the representatives of
the two classes of maximal reducible subgroups of U3(qi).
9.3 The case where p3 > 7
We suppose that p3 > 7 and divide our analysis into two cases, namely the case where
p = 2 and the case where p 6= 2.
9.3.1 The case where p = 2
We check that if p = 2 then Proposition 9.2 holds.
Proposition 9.3.1. Proposition 9.2 holds when p = 2.
Proof. Let G = U3(2
n) where n is a positive integer. If p3 does not divide the order of G
then clearly G is not a (2, 3, p3)-group. We therefore assume that p3 divides the order of
G. Also we let G0 = U3(2
n0) be the smallest unitary subgroup of G such that p3 divides
the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = 2
n0 and q = 2n.
(i) Suppose first that (l, 2) = 1. Then l divides n0. Hence q has order 1 modulo p3.
Therefore by Proposition 7.7.3
|Hom∗(T,G)| = α(3)7 q3rst.
But by Proposition 7.3.1
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| = α(3)7 q3rst.
It follows that
Hom1(T,G) = ∅.
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Therefore G is not a (2, 3, p3)-group.
(ii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer.
If a ≥ 1 then l divides n0. It follows from (i) that
Hom1(T,G) = ∅.
Suppose that a = 0. Then q0 and q have order 2 modulo p3. Hence by Proposition 7.7.3
|Hom∗(T,G0)| = d(α(3)6 − α(3)7 )|G0|+ α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = d(α(3)6 − α(3)7 )|G|+ α(3)7 q3rst.
By Lemma 2.2 the only subgroups of G0 that we need to consider are those conjugate to
N0 or P0. Since
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = α(3)7 q30r0s0t0
(see Proposition 7.3.1) it follows that
|Hom1(T,G0)| = d(α(3)6 − α(3)7 )|G0|.
It follows that G0 is a (2, 3, p3)-group. We claim that if G 6= G0 then G is not a (2, 3, p3)-
group. Indeed
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = [G : G0]|Hom1(T,G0)| = d(α(3)6 − α(3)7 )|G|
and
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| = α(3)7 q3rst.
Adding we get |Hom∗(T,G)|. The claim follows.
(iii) Suppose that (l, 6) = 6. Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b ≥ 1 is an odd integer. Then
n0 =
{
l/6 if a = 0
l/2 ∙ 2a if a ≥ 1.
If a ≥ 1 then l divides n0. It follows from (i) that
Hom1(T,G) = ∅.
Suppose that a = 0. Then q0 has order 6 modulo p3 and so by Proposition 7.7.3
|Hom∗(T,G0)| = dα(3)8 |G0|.
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By Lemma 2.2 there are no subgroups ofG0 to consider and so Hom
1(T,G0) = Hom
∗(T,G0).
It follows that G0 is a (2, 3, p3)-group. There are two cases to consider, namely the case
where (3, b) = 1 and the case where (3, b) = 3. Suppose first that (3, b) = 1. Then q has
order 6 modulo p3. It follows that
|Hom∗(T,G)| = dα(3)8 |G|.
If G 6= G0 then G is not a (2, 3, p3)-group. Indeed
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = [G : G0]|Hom1(T,G0)| = |Hom∗(T,G)|.
Suppose finally that (3, b) = 3. Then q has order 2 modulo p3. Let G1 = U3(q1) where
q1 = q
3
0 . Then G1 is a subgroup of G and q1 has order 2 modulo p3. It follows that
|Hom∗(T,G1)| = d(α(3)6 − α(3)7 )|G1|+ α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = d(α(3)6 − α(3)7 )|G|+ α(3)7 q3rst.
The only subgroups of G1 to consider are the conjugates of G0 and the reducible subgroups
of G1. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, P g1 ) ∪Hom∗(T,Ng1 )| = α(3)7 q31r1s1t1
and
|
⋃
g∈PGU3(q1)
Hom∗(T,Gg0)| = [G1 : G0]|Hom∗(T,G0)| = dα(3)8 |G1|.
It follows that
|Hom1(T,G1)| = d(α(3)6 − α(3)7 − α(3)8 )|G1|.
Since p3 > 7, |Hom1(T,G1)| > 0. Hence G1 is a (2, 3, p3)-group. If G 6= G1 then G is not
a (2, 3, p3)-group. Indeed we have
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| = α(3)7 q3rst
|
⋃
g∈PGU3(q)
Hom∗(T,Gg0)| = dα(3)8 |G|
and
|
⋃
g∈PGU3(q)
Hom1(T,Gg1)| = d(α(3)6 − α(3)7 − α(3)8 )|G|.
Adding the previous three equations we get |Hom∗(T,G)| and so
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
9.3.2 The case where p 6= 2
We check that if p 6= 2 then Proposition 9.2 holds.
Proposition 9.3.2. Proposition 9.2 holds when p 6= 2.
Proof. Let G = U3(p
n) where n is a positive integer. If p3 does not divide the order of G
then clearly G is not a (2, 3, p3)-group. We therefore assume that p3 divides the order of
G. Also we let G0 = U3(p
n0) be the smallest unitary subgroup of G such that p3 divides
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the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = p
n0 and q = pn.
(i) Suppose first that p = p3. Then by Proposition 7.7.3
|Hom∗(T,G)| = d|G|.
But by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = d|G|.
Hence G is not a (2, 3, p3)-group.
(ii) We now suppose that p 6= p3. Suppose first that (l, 2) = 1. Then l divides n0.
Hence q has order 1 modulo p3. Therefore
|Hom∗(T,G)| = dα(3)7 |G|.
But
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
Hence G is not a (2, 3, p3)-group.
(iii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a ≥ 1 then l divides n0. It follows
from (ii) that
Hom1(T,G) = ∅.
Suppose that a = 0. Then q0 and q have order 2 modulo p3. Hence
|Hom∗(T,G0)| = dα(3)6 |G0| and |Hom∗(T,G)| = dα(3)6 |G|.
By Lemma 2.2 the only subgroups of G0 that we need to consider are those conjugate to
SO3(q0). Since
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(3)7 |G0|
it follows that
|Hom1(T,G0)| = d(α(3)6 − α(3)7 )|G0|.
It follows that G0 is a (2, 3, p3)-group. We claim that if G 6= G0 then G is not a (2, 3, p3)-
group. Indeed
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = [G : G0]|Hom1(T,G0)| = d(α(3)6 − α(3)7 )|G|
and
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
Adding we get |Hom∗(T,G)|. The result follows.
(iii) Suppose that (l, 6) = 6. Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
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where a ≥ 0 is an integer and b ≥ 1 is an odd integer. Then
n0 =
{
l/6 if a = 0
l/2 ∙ 2a if a ≥ 1.
If a ≥ 1 then l divides n0. It follows from (ii) that
Hom1(T,G) = ∅.
Suppose that a = 0. Then q0 has order 6 modulo p3 and so
|Hom∗(T,G0)| = dα(3)8 |G0|.
There are no subgroups of G0 to consider and so Hom
1(T,G0) = Hom
∗(T,G0). It follows
that G0 is a (2, 3, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3. Suppose first that (3, b) = 1. Then q has order 6
modulo p3. It follows that
|Hom∗(T,G)| = dα(3)8 |G|.
If G 6= G0 then G is not a (2, 3, p3)-group. Indeed
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = [G : G0]|Hom1(T,G0)| = |Hom∗(T,G)|.
Suppose finally that (3, b) = 3. Then q has order 2 modulo p3. Let G1 = U3(q1) where
q1 = q
3
0 . Then G1 is a subgroup of G and q1 has order 2 modulo p3. It follows that
|Hom∗(T,G1)| = dα(3)6 |G1| and |Hom∗(T,G)| = dα(3)6 |G|.
The only subgroups of G1 to consider are the conjugates of G0 and the conjugates of
SO3(q1). Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = dα(3)7 |G1|
and
|
⋃
g∈PGU3(q1)
Hom∗(T,Gg0)| = [G1 : G0]|Hom∗(T,G0)| = dα(3)8 |G1|.
It follows that
|Hom1(T,G1)| = d(α(3)6 − α(3)7 − α(3)8 )|G1|.
Since p3 > 7, |Hom1(T,G1)| > 0. Hence G1 is a (2, 3, p3)-group. If G 6= G1 then G is not
a (2, 3, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
9.3.3 The proof of Proposition 9.3
The proof of Proposition 9.3 follows immediately from the proof of Proposition 9.3.2.
Indeed, let φ be a randomly chosen homomorphism in Hom(T,U3(q)). Then
lim
q→∞Prob(φ is surjective) = limq→∞
|Hom1(T,U3(q))|
|Hom∗(T,U3(q))| .
Finally the sizes of Hom1(T,G) and Hom∗(T,G) are given in the proof of Proposition
9.3.2.
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9.4 The case where p3 = 7
We prove Proposition 9.1.
Proof. Let G = U3(p
n) where n is a positive integer. If 7 does not divide the order of G
then clearly G is not a (2, 3, 7)-group. We therefore assume that 7 divides the order of G.
We let q = pn and if p 6= 7 we let l be the order of p modulo 7.
(i) Suppose first that p = 7. Then by Proposition 7.7.3
|Hom∗(T,G)| = d|G|.
Now by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = d|G|.
Hence G is not a (2, 3, 7)-group.
(ii) Suppose that p = 2. Then l = 3. Since l is odd, l must divide n. Therefore q has
order 1 modulo 7. Therefore by Proposition 7.7.3
|Hom∗(T,G)| = 3q3rst.
But by Proposition 7.3.1
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| = 3q3rst.
It follows that
Hom1(T,G) = ∅.
Therefore G is not a (2, 3, 7)-group.
(iii) We now suppose that p 6= 7 is odd. Suppose first that (l, 2) = 1. Then l divides
n. Hence q has order 1 modulo 7. Therefore
|Hom∗(T,G)| = 3d|G|.
But
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 3d|G|.
Hence G is not a (2, 3, 7)-group.
(iv) Suppose that (l, 6) = 2. Then l/2 divides n. Write
n =
l
2
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a ≥ 1 then l divides n. It follows
from (iii) that
Hom1(T,G) = ∅.
Suppose that a = 0. Then q has order 2 modulo 7. Hence
|Hom∗(T,G)| = 5d|G|.
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Since
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 3d|G|
and
|
⋃
g∈PGU3(q)
Hom∗(T,L2(7)g)| = 2d|G|
(see Proposition 7.6.1) it follows that
Hom1(T,G) = ∅.
Therefore G is not a (2, 3, 7)-group.
(v) Suppose that (l, 6) = 6. Then l/6 divides n. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b ≥ 1 is an odd integer. If a ≥ 1 then we must have (b, 3) = 3
and so l divides n. It follows from (iii) that
Hom1(T,G) = ∅.
Suppose that a = 0. There are two cases to consider, namely the case where (3, b) = 1
and the case where (3, b) = 3. Suppose first that (3, b) = 1. Then q has order 6 modulo 7.
It follows that
|Hom∗(T,G)| = 2d|G|.
Now L2(7) is a subgroup of G and
|
⋃
g∈PGU3(q)
Hom∗(T,L2(7)g)| = 2d|G|.
It follows that G is not a (2, 3, 7)-group.
Suppose finally that (3, b) = 3. Then q has order 2 modulo 7. Hence
|Hom∗(T,G)| = 5d|G|.
But
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 3d|G|
and
|
⋃
g∈PGU3(q)
Hom∗(T,L2(7)g)| = 2d|G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, 3, 7)-group.
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Chapter 10 U3(q) and (2, p2, p3)-groups
10.1 Introduction
One of the aims of this chapter is to prove the following result.
Theorem 10.1. Let p2 6= p3 be distinct odd primes greater than 3. Given a prime number
p there are most two positive integers n such that U3(p
n) is a (2, p2, p3)-group.
If U3(p
n) is a (2, p2, p3)-group we also give the limit that a randomly chosen homomor-
phism in Hom(T2,p2,p3 , U3(p
n)) is an epimorphism as |U3(pn)| → ∞.
A detailed account of the results is given below. For matter of clarity, we explain the
notation used in the following propositions. Consider a triple of prime numbers (p, p2, p3).
We let  ∈ {0,±1} be such that p ≡  mod 3. For i ∈ {2, 3} we set
li =
{
1 if p = pi
order of p modulo pi otherwise
and put
l = lcm(l2, l3).
We denote by l
(2)
i (respectively, l
(3)
i ) the power of 2 (respectively, 3) which properly divides
li. Without loss of generality we assume, unless otherwise stated, that l
(2)
2 ≥ l(2)3 and that
if l
(2)
2 = l
(2)
3 then l
(3)
2 ≥ l(3)3 .
Also we let
α
(i)
6 = (pi − 1)(pi − 2)/6
α
(i)
7 = (pi − 1)/2
α
(i)
8 = (pi − 1)/3 (provided pi ≡ 1 mod 3).
We first describe some exceptional cases. The general result is given in Proposition
10.4.
Proposition 10.1. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 5, (l, 6) ∈ {2, 6},  l2 6= −1, l(2)2 > l(2)3 .
Then there is no integer n such that U3(p
n) is a (2, p2, p3)-group.
Proposition 10.2. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 7, (l, 6) = 6, 
l
2 6= −1, l(2)2 > l(2)3 , l(3)2 > l(3)3 .
Then U3(p
n) is a (2, p2, p3)-group if and only if n =
l
6 .
Proposition 10.3. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 7, p3 = 5, (l, 6) = 6, 
l
2 6= −1, l(2)2 = l(2)3 , l(3)2 > l(3)3 .
Then U3(p
n) is a (2, p2, p3)-group if and only if n =
l
6 .
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Proposition 10.4. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that p, p2, p3 do not satisfy the assumptions of Propositions 10.1-10.3. Finally let
e be the number of positive integers n such that U3(p
n) is a (2, p2, p3)-group. Then e ≤ 2.
More precisely:
(i) We have e = 0 if (l, 2) = 1 and  6= −1.
(ii) We have e = 1 if
(a) (l, 2) = 1 and  = −1. Then n = l.
(b) (l, 6) = 2. Then n = l/2.
(c) (l, 6) = 6, l
(2)
2 > l
(2)
3 and l
(3)
2 ≤ l(3)3 . Then n = l/2.
(iii) We have e = 2 if l
(2)
2 = l
(2)
3 or l
(3)
2 > l
(3)
3 . Then n ∈ {l/6, l/2}.
We finally give the asymptotic probabilistic results.
Proposition 10.5. Fix two prime numbers p2 6= p3 greater than 3 and let T = T2,p2,p3 .
Let
Q = {q = pn : U3(q) is a (2, p2, p3)-group}.
For an integer q let o denote its order modulo p2. Let d = (q + 1, 3). Finally let φ be a
randomly chosen homomorphism in Hom(T,U3(q)). Then
(i)
lim
q →∞
q ∈ Q
(l, 2) = 1
Prob(φ is surjective) =
2
3
.
(ii)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 = l
(2)
3
Prob(φ is surjective) = 1− α
(2)
7 α
(3)
7
dα
(2)
6 α
(3)
6
.
(iii)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 > l
(2)
3
Prob(φ is surjective) = 1− α
(2)
7
dα
(2)
6
.
(iv)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 ≤ l(3)3
Prob(φ is surjective) = 1− α
(2)
7
dα
(2)
6
.
(v)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
o = 6
Prob(φ is surjective) = 1.
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(vi)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
o = 2
Prob(φ is surjective) = 1− dα
(2)
8 α
(3)
7 + α
(2)
7 α
(3)
7
dα
(2)
6 α
(3)
7
.
(vii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 > l
(3)
3
o = 6
Prob(φ is surjective) = 1.
(viii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 > l
(3)
3
o = 2
Prob(φ is surjective) = 1− dα
(2)
8 α
(3)
6 + α
(2)
7 α
(3)
7
dα
(2)
6 α
(3)
6
.
(ix)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 = l
(3)
3
o = 6
Prob(φ is surjective) = 1.
(x)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 = l
(3)
3
o = 2
Prob(φ is surjective) = 1− dα
(2)
8 α
(3)
8 + α
(2)
7 α
(3)
7
dα
(2)
6 α
(3)
6
.
The proofs of Propositions 10.1-10.4 use the subgroup structure of U3(q) given in
Chapter 4 and the results of Chapter 7 where we calculate the size of Hom∗(T2,p2,p3 , L) for
various subgroups L of U3(q). Finally the proof of Proposition 10.5 follows immediately
from the proof of Propositions 10.2-10.4.
10.2 Some notation
Together with the notation given in the introduction we use the following notation. We
let T = T2,p2,p3 and for a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ is nontrivial}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
We let
r = q + 1, s = q − 1, t = 1− q + q2, d = (r, 3).
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Also we denote by P and N the representatives of the two classes of maximal reducible
subgroups of U3(q). If U3(qi) is a subgroup of U3(q) we let
ri = qi + 1, si = qi − 1, ti = 1− qi + q2i , di = (ri, 3).
Note that we must have d = di. Finally, we denote by Pi and Ni the representatives of
the two classes of maximal reducible subgroups of U3(qi).
10.3 The proof of Propositions 10.1-10.4
We divide our analysis into two cases, the case where p = 2 and the case where p 6= 2.
10.3.1 The case where p = 2
We check that if p = 2 then Propositions 10.1-10.4 hold.
Proposition 10.3.1. Propositions 10.1-10.4 hold when p = 2.
Proof. Let G = U3(2
n) where n is a positive integer. If p2p3 does not divide the order
of G then clearly G is not a (2, p2, p3)-group. We therefore assume that p2p3 divides the
order of G. Also we let G0 = U3(2
n0) be the smallest unitary subgroup of G such that
p2p3 divides the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = 2
n0
and q = 2n.
(i) Suppose first that (l, 2) = 1. Then l divides n0. Write
n = l ∙ 2a ∙ b and n0 = l ∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. Then q and q0 have order 1 modulo
p2 (respectively, p3). Hence by Proposition 7.7.4
|Hom∗(T,G0)| = (d2 − d)α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2 − d)α(2)7 α(3)7 |G|+ α(2)7 α(3)7 q3rst.
Suppose first that a > 0 so that d = 1. Consider the reducible subgroups of G. Then by
Proposition 7.3.1
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| = α(2)7 α(3)7 q3rst.
It follows that Hom1(T,G) = ∅. Therefore G is not a (2, p2, p3)-group. Suppose that
a = 0. By Lemma 2.2 the only subgroups of G0 that we need to consider are the reducible
subgroups. Now by Proposition 7.3.1
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = 6α(2)7 α(3)7 |G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g) ∪Hom∗(T,Ng)| = |Hom∗(T,G)|.
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(ii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then p2p3 divides s. It
follows from (i) that G is not a (2, p2, p3)-group. Suppose now that a = 0. There are two
cases to consider, namely the case where l
(2)
2 = l
(2)
3 and the case where l
(2)
2 > l
(2)
3 .
(a) Suppose that l
(2)
2 = l
(2)
3 . Then q and q0 have order 2 modulo p2 (respectively, p3).
It follows that
|Hom∗(T,G0)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the reducible subgroups. Now
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = α(2)7 α(3)7 q30r0s0t0.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed
one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g) ∪Hom∗(T,Ng)| = |Hom∗(T,G)|.
(b) Suppose now that l
(2)
2 > l
(2)
3 . Then q and q0 have order 2 modulo p2, and q and q0
have order 1 modulo p3. Hence
|Hom∗(T,G0)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the reducible subgroups. Now
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = α(2)7 α(3)7 q30r0s0t0.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group unless p2 = 5. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g) ∪Hom∗(T,Ng)| = |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 6. There are four cases to consider, namely the case where
l
(2)
2 > l
(2)
3 and l
(3)
2 ≤ l(3)3 , the case where l(2)2 > l(2)3 and l(3)2 > l(3)3 , the case where l(2)2 = l(2)3
and l
(3)
2 > l
(3)
3 , and finally the case where l
(2)
2 = l
(2)
3 and l
(3)
2 = l
(3)
3 .
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(a) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 ≤ l(3)3 . Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then p2p3 divides s. It
follows from (i) that G is not a (2, p2, p3)-group. Suppose now that a = 0. Then q and q0
have order 2 modulo p2, and q,q0 have order 1 modulo p3. Hence
|Hom∗(T,G0)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the reducible subgroups. Now
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = α(2)7 α(3)7 q30r0s0t0.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group unless p2 = 5. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,G0) ∪Hom∗(T, P g) ∪Hom∗(T,Ng)| = |Hom∗(T,G)|.
(b) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 > l
(3)
3 . Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2p3 divides s. It follows from (i) that G is not a (2, p2, p3)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2 and q0 has order 1 modulo p3. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(3)7 |G0|.
Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2 and q has order 1 modulo
p3. Hence
|Hom∗(T,G)| = d2α(2)8 α(3)7 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2 and q has order 1 modulo
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p3. Put q1 = q
3
0 . Then G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G1 to consider are the reducible subgroups and the subgroups
conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, P g1 ) ∪Hom∗(T,Ng1 )| = α(2)7 α(3)7 q31r1s1t1
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(3)7 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(3)7 − d2α(2)8 α(3)7 − dα(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T,Ng) ∪Hom∗(T, P g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
(c) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 > l
(3)
3 . Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2p3 divides s. It follows from (i) that G is not a (2, p2, p3)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2 and q0 has order 2 modulo p3. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(3)6 |G0|.
Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2 and q has order 2 modulo
p3. Hence
|Hom∗(T,G)| = d2α(2)8 α(3)6 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2 and q has order 2 modulo
p3. Put q1 = q
3
0 . Then G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
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and
|Hom∗(T,G)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G1 to consider are the reducible subgroups and the subgroups
conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, P g1 ) ∪Hom∗(T,Ng1 )| = α(2)7 α(3)7 q31r1s1t1
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(3)6 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(3)6 − d2α(2)8 α(3)6 − dα(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T,Ng) ∪Hom∗(T, P g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
(d) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 = l
(3)
3 . Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2p3 divides s. It follows from (i) that G is not a (2, p2, p3)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2 and q0 has order 6 modulo p3. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(3)8 |G0|.
Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2 and q has order 6 modulo
p3. Hence
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2 and q has order 2 modulo
p3. Put q1 = q
3
0 . Then G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
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The only subgroups of G1 to consider are the reducible subgroups and the subgroups
conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, P g1 ) ∪Hom∗(T,Ng1 )| = α(2)7 α(3)7 q31r1s1t1
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(3)6 − d2α(2)8 α(3)8 − dα(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T,Ng) ∪Hom∗(T, P g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
10.3.2 The case where p 6= 2
We know check that if p 6= 2 then Propositions 10.1-10.4 hold. We first treat the case
where p = p3 = 5 and p2 = 7.
Proposition 10.3.2. U3(5
n) is a (2, 5, 7)-group if and only if n ∈ {1, 3}.
Proof. Write T = T2,5,7. Let G = U3(5
n) where n is a positive integer. Put q = 5n. If n is
even and (n, 3) = 1 then 7 does not divide the order of G, and so G is not a (2, 5, 7)-group.
Suppose that (n, 6) = 6. Then by Proposition 7.7.4
|Hom∗(T,G)| = 3|G|.
But by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 3|G|.
It follows that G is not a (2, 5, 7)-group.
We now suppose that n is odd. Let G0 = U3(5) and put q0 = 5. Then G0 is a subgroup
of G. We have (see Proposition 7.7.4)
|Hom∗(T,G0)| = 18|G0|.
By Lemma 2.2 the only subgroups of G0 to consider are those conjugate to A7. But by
Proposition 7.6.2
|
⋃
g∈PGU3(q0)
Hom∗(T,Ag7)| = 12|G0|.
Hence
|Hom1(T,G0)| = 6|G0|.
It follows that G0 is a (2, 5, 7)-group.
There are two cases to consider, namely the case where (n, 3) = 1 and the case where
(n, 3) = 3. If (n, 3) = 1 then q has order 6 modulo 7. It follows that
|Hom∗(T,G)| = 18|G|.
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If G 6= G0 then G is not a (2, 5, 7)-group. Indeed
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = [G : G0]|Hom1(T,G0)| = 6|G|
and
|
⋃
g∈PGU3(q)
Hom∗(T,Ag7)| = 12|G|.
Adding we get |Hom∗(T,G)|. Therefore G is not a (2, 5, 7)-group.
Suppose finally that (n, 3) = 3. Put q1 = q
3
0 and G1 = U3(q1). Then G1 is a subgroup of
G. Also q1 and q have order 2 modulo 7. It follows that
|Hom∗(T,G1)| = 45|G1| and |Hom∗(T,G)| = 45|G|.
Now the subgroups of G1 to consider are the subgroups conjugate to SO3(q1), G1 or A7.
Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = 9|G1|
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = 6|G1|
and
|
⋃
g∈PGU3(q1)
Hom∗(T,Ag7)| = 12|G1|.
It follows that
|Hom1(T,G1)| = 18|G1|.
Therefore G1 is a (2, 5, 7)-group. If G 6= G1 then G is not a (2, 5, 7)-group. Indeed one
can check that
|
⋃
q∈PGU3(q)
Hom1(T,Gg0)∪Hom1(T,Gg1)∪Hom∗(T, SO3(q)g)∪Hom∗(T,Ag7)| = |Hom∗(T,G)|.
We now treat more generally the case where p = p3.
Proposition 10.3.3. If p = p3 then Propositions 10.1-10.4 hold.
Remark 10.3.1. If p = 5 and p2 = 7 then the result is proved in Proposition 10.3.2. We
therefore assume in the proof that p 6= 5 or p2 6= 7.
Proof. Let G = U3(p
n) where n is a positive integer. If p2 does not divide the order of G
then clearly G is not a (2, p2, p)-group. We therefore assume that p2 divides the order of
G. Also we let G0 = U3(p
n0) be the smallest unitary subgroup of G such that p2 divides
the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = p
n0 and q = pn.
(i) Suppose first that (l, 2) = 1. Then l divides n0. Write
n = l ∙ 2a ∙ b and n0 = l ∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. Now q and q0 have order 1 modulo
p2. Hence by Proposition 7.7.4
|Hom∗(T,G0)| = d2α(2)7 |G0| and |Hom∗(T,G)| = d2α(2)7 |G|.
Suppose first that a > 0 so that d = 1. Consider the subgroups of G conjugate to SO3(q).
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Then by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 |G|.
It follows that Hom1(T,G) = ∅ and so G is not a (2, p2, p)-group.
Suppose now that a = 0. By Lemma 2.2 the only subgroups of G0 that we need to consider
are the subgroups conjugate to SO3(q0). Therefore
|Hom1(T,G0)| = (d2 − d)α(2)7 |G0|.
Hence G0 is a (2, p2, p)-group unless  6= −1. If G 6= G0 then G is not a (2, p2, p)-group.
Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0)| = |Hom∗(T,G)|.
(ii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then q has order 1 modulo
p2, and it follows from (i) that G is not a (2, p2, p)-group. Suppose that a = 0. Then q
and q0 have order 2 modulo p2. Hence
|Hom∗(T,G0)| = d2α(2)6 |G0| and |Hom∗(T,G)| = d2α(2)6 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 |G0|.
Therefore
|Hom1(T,G0)| = (d2α(2)6 − dα(2)7 )|G0|.
It follows that G0 is a (2, p2, p)-group unless p2 = 5 and 
l
2 6= −1. If G 6= G0 then G is
not a (2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0)| = |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 6. Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then q has order 1 modulo p2, and it follows from (i) that G is not a (2, p2, p)-group.
Suppose that a = 0. Then q0 has order 6 modulo p2. Hence
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 |G0|.
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If follows that G0 is a (2, p2, p)-group. There are two cases to consider, namely the case
where (b, 3) = 1 and the case where (b, 3) = 3.
(a) Suppose that (b, 3) = 1. Then q has order 6 modulo p2. Hence
|Hom∗(T,G)| = d2α(2)8 |G|.
If G 6= G0 then G is not a (2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that (b, 3) = 3. Then q has order 2 modulo p2. Put q1 = q
3
0 . Then
G1 = U3(q1) is a subgroup of G. We have
|Hom∗(T,G1)| = d2α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 |G|.
The only subgroups of G1 to consider are the subgroups conjugate to G0 and the subgroups
conjugate to SO3(q1). Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = dα(2)7 |G1|
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 |G1|.
Hence
|Hom1(T,G1)| = (d2α(2)6 − d2α(2)8 − dα(2)7 )|G1|.
It follows that G1 is a (2, p2, p)-group, unless p2 = 7 and 
l/2 6= −1. If G 6= G1 then G is
not a (2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
Proposition 10.3.4. Propositions 10.1-10.4 hold when p 6= 2 and p 6∈ {p2, p3}.
Proof. Let G = U3(p
n) where n is a positive integer. If p2p3 does not divide the order
of G then clearly G is not a (2, p2, p3)-group. We therefore assume that p2p3 divides the
order of G. Also we let G0 = U3(p
n0) be the smallest unitary subgroup of G such that
p2p3 divides the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = p
n0
and q = pn.
(i) Suppose first that (l, 2) = 1. Then l divides n0. Write
n = l ∙ 2a ∙ b and n0 = l ∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. Then q and q0 have order 1 modulo
p2 (respectively, p3). Hence by Proposition 7.7.4
|Hom∗(T,G0)| = d2α(2)7 α(3)7 |G0| and |Hom∗(T,G)| = d2α(2)7 α(3)7 |G|.
Suppose first that a > 0 so that d = 1. Consider the subgroups of G conjugate to SO3(q).
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Then by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = α(2)7 α(3)7 |G|.
It follows that Hom1(T,G) = ∅. Therefore G is not a (2, p2, p3)-group. Suppose that
a = 0. By Lemma 2.2 the only subgroups of G0 that we need to consider are the subgroups
conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d2 − d)α(2)7 α(3)7 |G0|.
Hence G0 is a (2, p2, p3)-group if and only if  = −1. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(ii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then p2p3 divides s. It
follows from (i) that G is not a (2, p2, p3)-group. Suppose now that a = 0. There are two
cases to consider, namely the case where l
(2)
2 = l
(2)
3 and the case where l
(2)
2 > l
(2)
3 .
(a) Suppose that l
(2)
2 = l
(2)
3 . Then q and q0 have order 2 modulo p2 (respectively, p3).
It follows that
|Hom∗(T,G0)| = d2α(2)6 α(3)6 |G0| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 α(3)7 |G0|.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed
one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(b) Suppose now that l
(2)
2 > l
(2)
3 . Then q and q0 have order 2 modulo p2, and q and q0
have order 1 modulo p3. Hence
|Hom∗(T,G0)| = d2α(2)6 α(3)7 |G0| and |Hom∗(T,G)| = d2α(2)6 α(3)7 |G|.
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The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 α(3)7 |G0|.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group unless p2 = 5 and 
l
2 6= −1. If G 6= G0 then G is
not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 6. There are four cases to consider, namely the case where
l
(2)
2 > l
(2)
3 and l
(3)
2 ≤ l(3)3 , the case where l(2)2 > l(2)3 and l(3)2 > l(3)3 , the case where l(2)2 = l(2)3
and l
(3)
2 > l
(3)
3 , and finally the case where l
(2)
2 = l
(2)
3 and l
(3)
2 = l
(3)
3 .
(a) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 ≤ l(3)3 . Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then p2p3 divides s. It
follows from (i) that G is not a (2, p2, p3)-group. Suppose now that a = 0. Then q and q0
have order 2 modulo p2, and q,q0 have order 1 modulo p3. Hence
|Hom∗(T,G0)| = d2α(2)6 α(3)7 |G0| and |Hom∗(T,G)| = d2α(2)6 α(3)7 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 α(3)7 |G0|.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(3)7 − dα(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group unless p2 = 5 and 
l
2 6= −1. If G 6= G0 then G is
not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(b) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 > l
(3)
3 . Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2p3 divides s. It follows from (i) that G is not a (2, p2, p3)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2 and q0 has order 1 modulo p3. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(3)7 |G0|.
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Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2 and q has order 1 modulo
p3. Hence
|Hom∗(T,G)| = d2α(2)8 α(3)7 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2 and q has order 1 modulo
p3. Put q1 = q
3
0 . Then G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = d2α(2)6 α(3)7 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)7 |G|.
The only subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the
subgroups conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = dα(2)7 α(3)7 |G1|
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(3)7 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(3)7 − d2α(2)8 α(3)7 − dα(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group unless p2 = 7 and 
l
2 6= −1. If G 6= G1 then G is not a
(2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
(c) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 > l
(3)
3 . Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2p3 divides s. It follows from (i) that G is not a (2, p2, p3)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2 and q0 has order 2 modulo p3. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(3)6 |G0|.
Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2 and q has order 2 modulo
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p3. Hence
|Hom∗(T,G)| = d2α(2)8 α(3)6 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2 and q has order 2 modulo
p3. Put q1 = q
3
0 . Then G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = d2α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The only subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the
subgroups conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = dα(2)7 α(3)7 |G1|
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(3)6 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(3)6 − d2α(2)8 α(3)6 − dα(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group unless p2 = 7, p3 = 5 and 
l
2 6= −1. If G 6= G1 then G is
not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
(d) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 = l
(3)
3 . Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2p3 divides s. It follows from (i) that G is not a (2, p2, p3)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2 and q0 has order 6 modulo p3. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(3)8 |G0|.
Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2 and q has order 6 modulo
p3. Hence
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
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If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2 and q has order 2 modulo
p3. Put q1 = q
3
0 . Then G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = d2α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The only subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the
subgroups conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = dα(2)7 α(3)7 |G1|
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(3)6 − d2α(2)8 α(3)8 − dα(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
10.4 The proof of Proposition 10.5
The proof of Proposition 10.5 follows immediately from the proof of Proposition 10.3.4.
Indeed, let φ be a randomly chosen homomorphism in Hom(T,U3(q)). Then
lim
q→∞Prob(φ is surjective) = limq→∞
|Hom1(T,U3(q))|
|Hom∗(T,U3(q))| .
Finally the sizes of Hom1(T,G) and Hom∗(T,G) are given in the proof of Proposition
10.3.4.
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11.1 Introduction
One of the aims of this chapter is to prove the following result.
Theorem 11.1. Let p2 be a prime number greater than 3. Given a prime number p there
are at most two positive integers n such that U3(p
n) is a (2, p2, p2)-group.
If U3(p
n) is a (2, p2, p2)-group we also give the limit that a randomly chosen homomor-
phism in Hom(T2,p2,p2 , U3(p
n)) is an epimorphism as |U3(pn)| → ∞.
A detailed account of the results is given below. We first describe an exceptional case.
The general result is given in Proposition 11.2.
Proposition 11.1. Let p 6= 5 be a prime number and let p2 = 5. Let l be the order of p
modulo 5. Finally let  ∈ {±1, 0} be such that p ≡  mod 3. Suppose that
(l, 6) = 2 and 
l
2 6= −1.
Then there is no positive integer n such that U3(p
n) is a (2, 5, 5)-group.
Proposition 11.2. Let p, p2 be prime numbers such that p2 ≥ 5. Suppose that p, p2 do
not satisfy the assumptions of Proposition 11.1. Let
l =
{
1 if p = p2
order of p modulo p2 otherwise
and let  ∈ {±1, 0} be such that p ≡  mod 3. Finally let e be the number of positive
integers n such that U3(p
n) is a (2, p2, p2)-group. Then e ≤ 2. More precisely:
(i) We have e = 0 if (l, 2) = 1 and  6= −1.
(ii) We have e = 1 if
(a) (l, 2) = 1 and  = −1. Then n = l.
(b) (l, 6) = 2. Then n = l/2.
(iii) We have e = 2 if (l, 6) = 6. Then n ∈ {l/6, l/2}.
We finally give the asymptotic probabilistic results.
Proposition 11.3. Fix a prime number p2 ≥ 5 not equal to 7, and let T = T2,p2,p2 . Let
Q = {q = pn : U3(q) is a (2, p2, p2)-group} .
For a prime p let l be its order modulo p2, and for an integer q let o denote its order
modulo p2. Let d = (q + 1, 3). Finally let φ be a randomly chosen homomorphism in
Hom(T,U3(q)). Then
(i)
lim
q →∞
q ∈ Q
(l, 2) = 1
Prob(φ is surjective) =
2
3
.
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(ii)
lim
q →∞
q ∈ Q
(l, 6) = 2
Prob(φ is surjective) = 1− 9
d(p2 − 2)2 .
(iii)
lim
q →∞
q ∈ Q
(l, 6) = 6
o = 6
Prob(φ is surjective) = 1.
(iv)
lim
q →∞
q ∈ Q
(l, 6) = 6
o = 2
Prob(φ is surjective) = 1− 4d+ 9
d(p2 − 2)2 .
Proposition 11.4. Let T = T2,7,7 and let
Q = {q = pn : U3(q) is a (2, 7, 7)-group} .
For a prime p let l be its order modulo 7, and for an integer q let o denote its order modulo
7. Let d = (q+1, 3). Finally let φ be a randomly chosen homomorphism in Hom(T,U3(q)).
Then
(i)
lim
q →∞
q ∈ Q
(l, 2) = 1
Prob(φ is surjective) =
2
3
.
(ii)
lim
q →∞
q ∈ Q
l = 2
Prob(φ is surjective) =
25d− 11
25d
.
(iii)
lim
q →∞
q ∈ Q
l = 6
o = 6
Prob(φ is surjective) =
4d− 2
4d
.
(iv)
lim
q →∞
q ∈ Q
l = 6
o = 2
Prob(φ is surjective) =
21d− 9
25d
.
The proofs of Propositions 11.1 and 11.2 use the subgroup structure of U3(q) given in
Chapter 4 and the results of Chapter 7 where we calculate the size of Hom∗(T2,p2,p2 , L)
for various subgroups L of U3(q). Finally the proof of Propositions 11.3 and 11.4 follows
immediately from the proof of Proposition 11.2.
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11.2 Some notation
We let
T = T2,p2,p2 = 〈x, y : x2 = yp2 = (xy)p2 = 1〉
and for a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
We let
r = q + 1, s = q − 1, t = 1− q + q2, d = (r, 3).
Also we denote by P and N the representatives of the two classes of maximal reducible
subgroups of U3(q). If U3(qi) is a subgroup of U3(q) we let
ri = qi + 1, si = qi − 1, ti = 1− qi + q2i , di = (ri, 3).
Note that we must have d = di. We also denote by Pi and Ni the representatives of the
two classes of maximal reducible subgroups of U3(qi).
Finally we let
α
(2)
6 = (p2 − 1)(p2 − 2)/6
α
(2)
7 = (p2 − 1)/2
α
(2)
8 = (p2 − 1)/3 (provided p2 ≡ 1 mod 3).
11.3 The proof of Propositions 11.1 and 11.2
We divide our analysis into two cases, the case where p = 2 and the case where p 6= 2.
11.3.1 The case where p = 2
We check that if p = 2 then Propositions 11.1 and 11.2 hold.
Proposition 11.3.1. Propositions 11.1 and 11.2 hold when p = 2.
Proof. Let G = U3(2
n) where n is a positive integer. If p2 does not divide the order of G
then clearly G is not a (2, p2, p2)-group. We therefore assume that p2 divides the order of
G. Also we let G0 = U3(2
n0) be the smallest unitary subgroup of G such that p2 divides
the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = 2
n0 and q = 2n.
(i) Suppose first that (l, 2) = 1. Then l divides n0. Write
n = l ∙ 2a ∙ b and n0 = l ∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. Then q and q0 have order 1 modulo
p2. Hence by Proposition 7.7.5
|Hom∗(T,G0)| =
{
α
(2)
7 (α
(2)
7 + 1)q
3
0r0s0t0 if d = 1
6(α
(2)
7 )
2|G0|+ α(2)7 (α(2)7 + 1)q30r0s0t0 if d = 3
and
|Hom∗(T,G)| =
{
α
(2)
7 (α
(2)
7 + 1)q
3rst if d = 1
6(α
(2)
7 )
2|G|+ α(2)7 (α(2)7 + 1)q3rst if d = 3.
Suppose first that a > 0 so that d = 1. Consider the reducible subgroups of G. Then by
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Proposition 7.3.1
|
⋃
g∈PGU3(q)
Hom∗(T, P g) ∪Hom∗(T,Ng)| = α(2)7 (α(2)7 + 1)q3rst.
It follows that Hom1(T,G) = ∅. Therefore G is not a (2, p2, p2)-group. Suppose that
a = 0. By Lemma 2.2 the only subgroups of G0 that we need to consider are the reducible
subgroups. Now
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = α(2)7 (α(2)7 + 1)q30r0s0t0.
It follows that
|Hom1(T,G0)| = 6(α(2)7 )2|G0|.
Hence G0 is a (2, p2, p2)-group. If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g) ∪Hom∗(T,Ng)| = |Hom∗(T,G)|.
(ii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then p2 divides s. It follows
from (i) that G is not a (2, p2, p2)-group. Suppose now that a = 0. Then q and q0 have
order 2 modulo p2. It follows that
|Hom∗(T,G0)| =
{
p2α
(2)
7 (α
(2)
7 − 1)q30r0s0t0 + (p2−1)(p2−4)(p2−5)
2
36 |G0| if d = 1
p2α
(2)
7 (α
(2)
7 − 1)q30r0s0t0 + (p2−1)(p2−3)(p
2
2−5p2+12)
4 |G0| if d = 3
and
|Hom∗(T,G)| =
{
p2α
(2)
7 (α
(2)
7 − 1)q3rst+ (p2−1)(p2−4)(p2−5)
2
36 |G| if d = 1
p2α
(2)
7 (α
(2)
7 − 1)q3rst+ (p2−1)(p2−3)(p
2
2−5p2+12)
4 |G| if d = 3.
The only subgroups of G0 to consider are the reducible subgroups. Now
|
⋃
g∈PGU3(q0)
Hom∗(T, P g0 ) ∪Hom∗(T,Ng0 )| = p2α(2)7 (α(2)7 − 1)q30r0s0t0.
Hence
|Hom1(T,G0)| =
{
(p2−1)(p2−4)(p2−5)2
36 |G0| if d = 1
(p2−1)(p2−3)(p22−5p2+12)
4 |G0| if d = 3.
It follows that G0 is a (2, p2, p2)-group unless p2 = 5. If G 6= G0 then G is not a (2, p2, p2)-
group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g) ∪Hom∗(T,Ng)| = |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 6. Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
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where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2 divides s. It follows from (i) that G is not a (2, p2, p2)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = dα(2)8 (dα(2)8 − 1)|G0|.
Hence G0 is a (2, p2, p2)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2. Hence
|Hom∗(T,G)| = dα(2)8 (dα(2)8 − 1)|G|.
If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2. Put q1 = q
3
0 . Then
G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| =
{
p2α
(2)
7 (α
(2)
7 − 1)q31r1s1t1 + (p2−1)(p2−4)(p2−5)
2
36 |G1| if d = 1
p2α
(2)
7 (α
(2)
7 − 1)q31r1s1t1 + (p2−1)(p2−3)(p
2
2−5p2+12)
4 |G1| if d = 3
and
|Hom∗(T,G)| =
{
p2α
(2)
7 (α
(2)
7 − 1)q3rst+ (p2−1)(p2−4)(p2−5)
2
36 |G| if d = 1
p2α
(2)
7 (α
(2)
7 − 1)q3rst+ (p2−1)(p2−3)(p
2
2−5p2+12)
4 |G| if d = 3.
The only subgroups of G1 to consider are the reducible subgroups and the subgroups
conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, P g1 ) ∪Hom∗(T,Ng1 )| = p2α(2)7 (α(2)7 − 1)q31r1s1t1
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = dα(2)8 (dα(2)8 − 1)|G1|.
It follows that
|Hom1(T,G1)| =
{
(p2−1)(p2−3)(p2−4)(p2−7)
36 |G1| if d = 1
(p2−1)(p2−4)(p22−4p2+7)
4 |G1| if d = 3.
Hence G1 is a (2, p2, p2)-group. If G 6= G1 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T,Ng) ∪Hom∗(T, P g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
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11.3.2 The case where p 6= 2
We know check that if p 6= 2 then Propositions 11.1 and 11.2 hold. We first treat the cases
where p2 = 7 and p ≡ 3, 5, 6 mod 7.
Proposition 11.3.2. U3(5
n) is a (2, 7, 7)-group if and only if n ∈ {1, 3}.
Proof. Let G = U3(5
n) where n is a positive integer and let T = T2,7,7. If 7 does not
divide the order of G then G is not a (2, 7, 7)-group. We therefore assume that 7 divides
the order of G. Put q = 5n. Let G0 = U3(q0) be the smallest unitary subgroup of G such
that 7 divides the order of G0.
(i) Suppose that n is even. Then 3 must divide n. Hence q has order 1 modulo 7. It
follows from Proposition 7.7.5 that
|Hom∗(T,G)| = 9|G|.
But by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 9|G|.
It follows that G is not a (2, 7, 7)-group.
(ii) Suppose that n is odd. Then G0 = U3(5). Since q0 has order 6 modulo 7, it follows
that
|Hom∗(T,G0)| = 36|G0|.
By Lemma 2.2 the only subgroups of G0 to consider are the subgroups conjugate to A7.
But by Proposition 7.6.2
|
⋃
g∈PGU3(q0)
Hom∗(T,Ag7)| = 24|G0|.
It follows that
|Hom1(T,G0)| = 12|G0|.
Hence G0 is a (2, 7, 7)-group. There are two cases to consider, namely the case where
(3, n) = 1 and the case where (3, n) = 3.
(a) Suppose that (3, n) = 1. Then q has order 6 modulo 7. It follows that
|Hom∗(T,G)| = 36|G|.
If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T,Ag7)| = |Hom∗(T,G)|.
(b) Suppose that (3, n) = 3. Put q1 = q
3
0 and G1 = U3(q1). Then G1 is a subgroup of
G. The order of q1 (respectively, q) modulo 7 is 2. Therefore
|Hom∗(T,G1)| = 225|G1| and |Hom∗(T,G)| = 225|G|.
Now the subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the sub-
groups conjugate to G0 and the subgroups conjugate to A7. But
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = 27|G1|
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|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = 12|G1|
and
|
⋃
g∈PGU3(q1)
Hom∗(T,Ag7)| = 24|G1|.
It follows that
|Hom1(T,G1)| = 162|G1|.
Therefore G1 is a (2, 7, 7)-group. If G 6= G1 then G is not a (2, 7, 7)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)∪Hom1(T,Gg1)∪Hom∗(T, SO3(q)g)∪Hom∗(T,Ag7)| = |Hom∗(T,G)|.
Proposition 11.3.3. Suppose that p 6= 5 and p ≡ 3, 5 mod 7. Then U3(pn) is a (2, 7, 7)-
group if and only if n ∈ {1, 3}.
Proof. Let G = U3(p
n) where n is a positive integer and let T = T2,7,7. If 7 does not
divide the order of G then G is not a (2, 7, 7)-group. We therefore assume that 7 divides
the order of G. Put q = pn. Let G0 = U3(q0) be the smallest unitary subgroup of G such
that 7 divides the order of G0.
Suppose that n is even. Then 3 must divide n. Hence q has order 1 modulo 7. It follows
from Proposition 7.7.5 that
|Hom∗(T,G)| = 9|G|.
But by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 9|G|.
It follows that G is not a (2, 7, 7)-group.
Suppose now that n is odd. Then q0 = p and q0 has order 6 modulo 7. We have
|Hom∗(T,G0)| = 4d2|G0|.
By Lemma 2.2 the only subgroups of G0 that we need to consider are the subgroups
conjugate to L2(7). Now by Proposition 7.6.1
|
⋃
g∈PGU3(q0)
Hom∗(T,L2(7)g)| = 2d|G0|.
It follows that
|Hom1(T,G0)| = (4d2 − 2d)|G0|.
Hence G0 is a (2, 7, 7)-group. There are two cases to consider, namely the case where
(n, 3) = 1 and the case where (n, 3) = 3.
(i) Suppose that (3, n) = 1. Then q has order 6 modulo 7. It follows that
|Hom∗(T,G)| = 4d2|G|.
If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
155
U3(q) and (2, p2, p2)-groups
(ii) Suppose that (3, n) = 3. Put q1 = q
3
0 and G1 = U3(q1). Then G1 is a subgroup of
G. The order of q1 (respectively, q) modulo 7 is 2. Therefore
|Hom∗(T,G1)| = 25d2|G1| and |Hom∗(T,G)| = 25d2|G|.
Now the subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the sub-
groups conjugate to G0 and the subgroups conjugate to L2(7). But
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = 9d|G1|
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = (4d2 − 2d)|G1|
and
|
⋃
g∈PGU3(q1)
Hom∗(T,L2(7)g)| = 2d|G1|.
It follows that
|Hom1(T,G1)| = (21d2 − 9d)|G1|.
Therefore G1 is a (2, 7, 7)-group. If G 6= G1 then G is not a (2, 7, 7)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)∪Hom1(T,Gg0)∪Hom1(T,Gg1)∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
Proposition 11.3.4. Suppose that p ≡ 6 mod 7. Then U3(pn) is a (2, 7, 7)-group if and
only if n = 1.
Proof. Let G = U3(p
n) where n is a positive integer and let T = T2,7,7. If 7 does not
divide the order of G then G is not a (2, 7, 7)-group. We therefore assume that 7 divides
the order of G. Put q = pn. Let G0 = U3(q0) be the smallest unitary subgroup of G such
that 7 divides the order of G0.
Suppose that n is even. Then q has order 1 modulo 7. It follows from Proposition 7.7.5
that
|Hom∗(T,G)| = 9|G|.
But by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = 9|G|.
It follows that G is not a (2, 7, 7)-group.
Suppose now that n is odd. Then q0 = p and q0, q have order 2 modulo 7. We have
have
|Hom∗(T,G0)| = 25d2|G0| and |Hom∗(T,G)| = 25d2|G|.
By Lemma 2.2 the only subgroups of G0 that we need to consider are the subgroups
conjugate to SO3(q0) and the subgroups conjugate to L2(7). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = 9d|G0|
and by Proposition 7.6.1
|
⋃
g∈PGU3(q0)
Hom∗(T,L2(7)g)| = 2d|G0|.
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It follows that
|Hom1(T,G0)| = (25d2 − 11d)|G0|.
Hence G0 is a (2, 7, 7)-group. If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one can
check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
We now turn to the case where p = p2.
Proposition 11.3.5. If p = p2 then Proposition 11.2 holds.
Proof. Let G = U3(p
n) where n is a positive integer. Also we let G0 = U3(p
n0) be the
smallest unitary subgroup of G. Note that n0 is a divisor of n and n/n0 is odd. Let
q0 = p
n0 and q = pn.
(i) Suppose first that n is even. Then by Proposition 7.7.5
|Hom∗(T,G)| = |G|.
But by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = |G|.
It follows that Hom1(T,G) = ∅ and so G is not a (2, p, p)-group.
(ii) Suppose that n is odd. Then q0 = p. We have
|Hom∗(T,G0)| = d2|G0| and |Hom∗(T,G)| = d2|G|.
By Lemma 2.2 the only subgroups of G0 to consider are the subgroups conjugate to
SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = d|G0|.
It follows that
|Hom1(T,G0)| = (d2 − d)|G0|.
Therefore G0 is a (2, p, p)-group if and only if  = −1. If G 6= G0 then G is not a
(2, p, p)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom∗(T,Gg0)| = |Hom∗(T,G)|.
The following proposition completes the proof of Propositions 11.1 and 11.2.
Proposition 11.3.6. Propositions 11.1 and 11.2 hold when p 6∈ {2, p2}.
Remark 11.3.1. We have already treated the case where p ≡ 3, 5, 6 mod 7 and p2 = 7.
We therefore assume that p 6≡ 3, 5, 6 mod 7 or p2 6= 7.
Proof. Let G = U3(p
n) where n is a positive integer. If p2 does not divide the order of G
then clearly G is not a (2, p2, p2)-group. We therefore assume that p2 divides the order of
G. Also we let G0 = U3(p
n0) be the smallest unitary subgroup of G such that p2 divides
the order of G0. Note that n0 is a divisor of n and n/n0 is odd. Let q0 = p
n0 and q = pn.
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(i) Suppose first that (l, 2) = 1. Then l divides n0. Write
n = l ∙ 2a ∙ b and n0 = l ∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. Then q and q0 have order 1 modulo
p2. Hence by Proposition 7.7.5
|Hom∗(T,G0)| = d2α(2)7 α(2)7 |G0| and |Hom∗(T,G)| = d2α(2)7 α(2)7 |G|.
Suppose first that a > 0 so that d = 1. Consider the subgroups of G conjugate to SO3(q).
Then by Corollary 7.5.2
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g)| = α(2)7 α(2)7 |G|.
It follows that Hom1(T,G) = ∅. Therefore G is not a (2, p2, p2)-group. Suppose that
a = 0. By Lemma 2.2 the only subgroups of G0 that we need to consider are the subgroups
conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 α(2)7 |G0|.
It follows that
|Hom1(T,G0)| = (d2 − d)α(2)7 α(2)7 |G0|.
Hence G0 is a (2, p2, p2)-group if and only if  = −1. If G 6= G0 then G is not a (2, p2, p2)-
group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(ii) Suppose that (l, 6) = 2. Then l/2 divides n0. Write
n =
l
2
∙ 2a ∙ b and n0 = l
2
∙ 2a
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then p2 divides s. It follows
from (i) that G is not a (2, p2, p2)-group. Suppose now that a = 0. Then q and q0 have
order 2 modulo p2. It follows that
|Hom∗(T,G0)| = d2α(2)6 α(2)6 |G0| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGU3(q0)
Hom∗(T, SO3(q0)g)| = dα(2)7 α(2)7 |G0|.
Hence
|Hom1(T,G0)| = (d2α(2)6 α(2)6 − dα(2)7 α(2)7 )|G0|.
It follows that G0 is a (2, p2, p2)-group unless p2 = 5 and 
l/2 6= −1. If G 6= G0 then G is
not a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
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(iii) Suppose that (l, 6) = 6. Then l/6 divides n0. Write
n =
l
6
∙ 2a ∙ b
where a ≥ 0 is an integer and b > 0 is an odd integer. If a > 0 then (b, 3) = 3. Also
n0 =
{
l
2 ∙ 2a if a > 0
l/6 if a = 0.
If a > 0 then p2 divides s. It follows from (i) that G is not a (2, p2, p2)-group. Suppose
that a = 0. Then q0 has order 6 modulo p2. It follows that
|Hom1(T,G0)| = |Hom∗(T,G0)| = d2α(2)8 α(2)8 |G0|.
Hence G0 is a (2, p2, p2)-group. There are two cases to consider, namely the case where
(3, b) = 1 and the case where (3, b) = 3.
I. Suppose that (3, b) = 1. Then q has order 6 modulo p2. Hence
|Hom∗(T,G)| = d2α(2)8 α(2)8 |G|.
If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGU3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (3, b) = 3. Then q has order 2 modulo p2. Put q1 = q
3
0 . Then
G1 = U3(q1) is a subgroup of G and we have
|Hom∗(T,G1)| = d2α(2)6 α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
The only subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the
subgroups conjugate to G0. Now
|
⋃
g∈PGU3(q1)
Hom∗(T, SO3(q1)g)| = dα(2)7 α(2)7 |G1|
and
|
⋃
g∈PGU3(q1)
Hom1(T,Gg0)| = [G1 : G0]|Hom1(T,G0)| = d2α(2)8 α(2)8 |G1|.
It follows that
|Hom1(T,G1)| = (d2α(2)6 α(2)6 − d2α(2)8 α(2)8 − dα(2)7 α(2)7 )|G1|.
Hence G1 is a (2, p2, p2)-group. If G 6= G1 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGU3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
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11.4 The proof of Propositions 11.3 and 11.4
The proof of Propositions 11.3 and 11.4 follows immediately from the proof of Proposition
11.2. Indeed, let φ be a randomly chosen homomorphism in Hom(T,U3(q)). Then
lim
q→∞Prob(φ is surjective) = limq→∞
|Hom1(T,U3(q))|
|Hom∗(T,U3(q))| .
Finally the sizes of Hom1(T,G) and Hom∗(T,G) are given in the proof of Proposition 11.2.
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Chapter 12 The number of homomorphisms
from T to parabolic subgroups of L3(q)
12.1 Introduction
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct or one of the
primes is equal to 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
We calculate the number of homomorphisms from T to the parabolic subgroups of G. Let
P1, P2 be the representatives of the two classes of maximal parabolic subgroups of G. We
compute ∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣
where for a given group L, we define
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1, φ(y) 6= 1, φ(xy) 6= 1}.
Let V = F3q denote the natural module of G and let F be the collection of subgroups
of the maximal parabolic subgroups of G. Without loss of generality, the group P1 is the
stabilizer in G of a one-dimensional subspace of V and the group P2 is the stabilizer in G
of a two-dimensional subspace of V. Hence
P1 =

 λ1 c 0a λ2 0
b d λ3
 : a, b, c, d, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 − acλ3 = 1
 /Z
and
P2 =

 λ1 b ca λ2 d
0 0 λ3
 : a, b, c, d, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 − abλ3 = 1
 /Z
where Z denotes the center of L3(q). More precisely,
Z =


 1 0 00 1 0
0 0 1
 if (3, q − 1) = 1
 $i 0 00 $i 0
0 0 $i
 : i = 0, 1, 2
 if (3, q − 1) = 3
where $ ∈ Fq is such that $3 = 1 and $ 6= 1.
Throughout we set
r = q − 1
s = q + 1
t = 1 + q + q2
r′ =
r
(r, 3)
.
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Using the inclusion-exclusion principle given in Lemma 2.8, we derive a formula for∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣
in terms of |Hom∗(T, F )|, where F belongs to a subset F1 of the collection F .
Definition 12.1. Let F denote the collection of subgroups of the maximal parabolic sub-
groups of L3(q). We define F1 ⊂ F as follows
F1 = {P1, G1, G2,K1,K2,H1,H2}
where
P1 =

 λ1 c 0a λ2 0
b d λ3
 : a, b, c, d, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 − acλ3 = 1
 /Z
G1 =

 λ1 a b0 λ2 c
0 0 λ3
 : a, b, c, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z
G2 =

 λ1 b 0a λ2 0
0 0 λ3
 : a, b, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 − abλ3 = 1
 /Z
K1 =

 λ1 0 a0 λ2 b
0 0 λ3
 : a, b, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z
K2 =

 λ1 0 a0 λ2 0
0 0 λ3
 : a, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z
H1 =

 λ1 0 a0 λ1 b
0 0 λ1
−2
 : a, b ∈ Fq and λ1 ∈ F∗q
 /Z
and
H2 =

 λ1 0 a0 λ1 0
0 0 λ1
−2
 : a ∈ Fq and λ1 ∈ F∗q
 /Z.
Definition 12.2. Given F ∈ F , we use the notation F to denote |Hom∗(T, F )|, and
endow F with the following natural equivalence relation. Let F1, F2 ∈ F . We say that F1
and F2 are equivalent and write F1 ∼ F2 if and only if F1 = F2.
For example, as P1 ∼= P2 it follows that P1 ∼ P2. Also, if F ∈ F is such that F = 0,
then F ∼ 1.
We express ∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣
in terms of P1, G1, G2, and K2. More precisely, we prove the following result.
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Theorem 12.1.∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣ = 2tP1 − stG1 − q2tG2 + q2stK2.
Remark 12.1. We have∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣ =
∣∣∣∣∣∣
⋃
g,h∈PGL3(q)
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣ .
The proof of Theorem 12.1 is lengthy as it involves the inclusion-exclusion principle
and many terms need to be taken into account. We compute P1, G1, G2, and K2 in
§12.4. In doing so we need some information concerning hyperbolic triangle groups and
SL2(q), GL2(q). This information is given respectively in §§3.7 and 3.8.1. We are then
able to give an explicit expression for∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣ .
We get the following proposition.
Proposition 12.1. Let q = pn where p is a prime number and n is a positive integer.
Let G = L3(q). Let P1, P2 be the representatives of the two conjugacy classes of maximal
parabolic subgroups in G. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 <
p2 ≤ p3 are all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Suppose that lcm(p1, p2, p3) divides the order of G. Then
(i) Suppose p1, p2, p3 are all distinct. Then
(a) If p 6= 2 or p1 6= 2 then
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = q2t(2q2 − 1)|Hom∗(T, SL2(q))|.
(b) If p = p1 = 2 then
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = q2t(2q − 1)|Hom∗(T, SL2(q))|.
(ii) Suppose p1 = 2 and p2 = p3. Then
(a) If p 6= 2 then ⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h) = ∅.
(b) If p = 2 and s ≡ 0 mod p2 then∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣
= q2rst
(
(p2 − 1)2
2
qr +
(p2 − 1)(p2 − 3)
4
q
)
.
(c) If p = 2 and r ≡ 0 mod p2 then∣∣∣∣∣∣
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣
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= q2rst
(
(p2 − 1)(p22 − 5p2 + 8)
2
qr +
(p2 − 1)(p22 + p2 − 8)
4
q + 2(p2 − 1)
)
.
Remark 12.2. If p1, p2, p3 are all distinct then the size of Hom
∗(T, SL2(q)) is given in
Proposition 3.7.1.
12.2 Preliminary results
We state without proof some facts about one-dimensional and two-dimensional subspaces
of V = F3q.
Lemma 12.2.1. Let V = F3q.
(i) There are t one-dimensional subspaces in V.
(ii) There are t two-dimensional subspaces in V.
(iii) A two-space in V contains s one-spaces.
(iv) Given a one-space in V, there are s two-spaces in V containing it.
The conjugates of P1 are the stabilisers of the distinct t one-dimensional spaces. The
conjugates of P2 are the stabilisers of the distinct t two-dimensional spaces.
12.3 A formula for the number of homomorphisms from a triangle
group to the maximal parabolic subgroups of L3(q)
We are going to derive the formula
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = 2tP1 − stG1 − q2tG2 + q2stK2
in three steps. Set
X1 =
⋃
g∈G
Hom∗(T, P1g)
and
X2 =
⋃
g∈G
Hom∗(T, P2g).
Then
X1 ∩X2 =
⋃
g,h∈G
Hom∗(T, P1g) ∩Hom∗(T, P2h)
and we have
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = |X1|+ |X2| − |X1 ∩X2|.
Therefore we are going to compute |X1|, |X2| and |X1 ∩X2|.
12.3.1 The homomorphisms from a hyperbolic triangle group to the conju-
gates of the stabiliser of a one-space
Let P1 be a representative of the class consisting of the maximal parabolic subgroups in
L3(q) stabilising a one-dimensional subspace of V = F3q. Let K1,H1 be the subgroups in
F defined as follows
K1 =

 λ1 0 a0 λ2 b
0 0 λ3
 : a, b, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z
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and
H1 =

 λ1 0 a0 λ1 b
0 0 λ−21
 : a, b ∈ Fq and λ1 ∈ F∗q
 /Z.
Let K1,H1 denote respectively |Hom∗(T,K1)|, |Hom∗(T,K2)|. We have the following
result.
Proposition 12.3.1. Let
X1 =
⋃
g∈G
Hom∗(T, P1g).
Then
|X1| = tP1 − qst
2
K1 +
qrt
2
H1.
The proof uses the inclusion-exclusion principle. The conjugates of P1 are the stabilisers
of the distinct t one-spaces of V. Let V1, ..., Vk be one-spaces of V. Then
k⋂
i=1
Hom∗(T, StabG(Vi)) = Hom∗
(
T,∩ki=1StabG (Vi)
)
.
Therefore, in order to prove the proposition, we need to know the intersection of an
arbitrary number of stabilisers in L3(q) of one-dimensional spaces.
Lemma 12.3.2. Let G = L3(q) and V = F3q.
(i) Suppose that V1, V2 are distinct one-dimensional subspaces of V. Then
StabG(V1) ∩ StabG(V2) ∼ K1.
(ii) Let V1, ..., Vk be distinct one-dimensional subspaces of V (3 ≤ k ≤ t). Then
k⋂
i=1
StabG(Vi) ∼
{
H1 if V1, ..., Vk are all contained in a two-space
1 otherwise.
Proof. (i) Write V1 = 〈v1〉 and V2 = 〈v2〉. Complete v1, v2 to a basis v1, v2, v3 of V. Let
gZ be any element of StabG(V1) ∩ StabG(V2). Then
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + bv2 + (λ1λ2)
−1v3
for some a, b ∈ Fq and some nonzero λ1, λ2 ∈ Fq. Hence
StabG(V1) ∩ StabG(V2) =

 λ1 0 a0 λ2 b
0 0 (λ1λ2)
−1
 /Z = K1.
(ii) Suppose that V1, ..., Vk do not lie in a two-dimensional subspace. Then
k⋂
i=1
StabG(Vi) =

 λ1 0 00 λ2 0
0 0 (λ1λ2)
−1
 /Z ∼ 1.
Suppose that V1, ..., Vk lie in a two-dimensional subspace, say W . Write V1 = 〈v1〉 and
V2 = 〈v2〉, so that W = 〈v1, v2〉. Also write V3 = 〈u3〉, where u3 = v1 + av2 for some
nonzero a ∈ Fq. Complete v1, v2 to a basis v1, v2, v3 of V. Let gZ be any element of
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⋂k
i=1 StabG(Vi). As g fixes three distinct one-spaces in the two-dimensional space W , it
follows that g acts trivially on W . Indeed, since g fixes Vi (i = 1, 2, 3), there exist some
nonzero λi ∈ Fq such that
g(v1) = λ1v1
g(v2) = λ2v2
g(u3) = λ3u3
= λ3v1 + λ3av2.
On the other hand, by linearity
g(u3) = g(v1 + av2)
= g(v1) + ag(v2)
= λ1v1 + λ2av2.
Identifying coefficients, we get λ1 = λ2 = λ3.
Hence
g(v1) = λ1v1
g(v2) = λ1v2
g(v3) = av1 + bv2 + λ
−2
1 v3
for some a, b ∈ Fq. Therefore
k⋂
i=1
StabG(Vi) =

 λ1 0 a0 λ1 b
0 0 λ−21
 /Z = H1.
Proof of Proposition 12.3.1. Recall that we want to compute the number of elements in
X1 =
⋃
g∈G
Hom∗(T, P1g).
The conjugates of P1 are the stabilisers in G of one-dimensional subspaces of V. Therefore
we look at the intersection of k stabilisers of one-dimensional spaces, and consider its
contribution to the inclusion-exclusion principle.
Suppose that k = 1. There are t one-spaces and given a one-space V1, we have
StabG(V1) ∼= P1 (by definition). Hence the contribution for k = 1 to the inclusion-
exclusion principle is tP1.
Suppose that k = 2. There are
(
t
2
)
pairs (V1, V2) of one-spaces. Also by Lemma 12.3.2,
given a pair (V1, V2) of one-spaces we have StabG(V1) ∩ StabG(V2) ∼ K1. Hence the con-
tribution for k = 2 to the inclusion-exclusion principle is −(t2)K1.
Suppose that k ≥ 3. Fix k. By Lemma 12.3.2, a tuple (V1, ...Vk) gives a nonzero contri-
bution to the inclusion-exclusion principle if and only if V1, ..., Vk all lie in a two-space.
Note that as there are s one-spaces in a two-space, we must have k ≤ s. Now there are t
two-spaces, and given a two-space W there are
(
s
k
)
tuples (V1, ..., Vk) of distinct one-spaces
in W . Again by Lemma 12.3.2, given a tuple (V1, ..., Vk) of distinct one-spaces in W we
have
k⋂
i=1
StabG(Vi) ∼ H1.
So we deduce that the contribution for a fixed integer k, lying between 3 and s, to the
inclusion-exclusion principle is (−1)k+1t(s
k
)
H1. Therefore
|X1| = tP1 −
(
t
2
)
K1 +
s∑
k=3
(−1)k+1t
(
s
k
)
H1.
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It remains to calculate
s∑
k=3
(−1)k+1
(
s
k
)
.
Now since s > 0 we have the following known identity (see [19, p. 165])
s∑
k=0
(−1)k
(
s
k
)
= 0.
Hence
s∑
k=3
(−1)k+1
(
s
k
)
=
2∑
k=0
(−1)k
(
s
k
)
= 1−
(
s
1
)
+
(
s
2
)
=
(s− 1)(s− 2)
2
=
qr
2
.
Therefore
|X1| = tP1 − qst
2
K1 +
qrt
2
H1.
This completes the proof of Proposition 12.3.1.
12.3.2 The homomorphisms from a hyperbolic triangle group to the conju-
gates of the stabiliser of a two-space
Let P2 be a representative of the class consisting of the maximal parabolic subgroups of
L3(q) stabilising a two-dimensional subspace of V = F3q. Recall that we define
X2 =
⋃
g∈G
Hom∗(T, P2g).
We show that |X1| = |X2|.
Proposition 12.3.3. Let
X2 =
⋃
g∈G
Hom∗(T, P2g).
Then
|X2| = |X1| = tP1 − qst
2
K1 +
qrt
2
H1.
Proof. This follows from the proof of Proposition 12.3.1 by applying a graph automorphism
γ of G (φ ∈ Hom(T, P1)⇐⇒ φγ ∈ Hom(T, P2)).
12.3.3 The homomorphisms from a hyperbolic triangle group having their
image contained in the intersection of two maximal parabolic sub-
groups stabilising respectively a one-space and a two-space
We denote by P1 a representative of the class of maximal parabolic subgroups of L3(q)
stabilising one-dimensional subspaces of V = F3q. Similarly P2 denotes a representative of
the other class of maximal parabolic subgroups of L3(q). The latter class consists of the
stabilisers in L3(q) of two-dimensional subspaces of V. Recall that we define
X1 =
⋃
g∈G
Hom∗(T, P1g)
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and
X2 =
⋃
g∈G
Hom∗(T, P2g).
We just showed that |X1| = |X2| and gave an expression for |X1| in terms of P1, K1 and
H1. We are going to calculate the number of elements in
X1 ∩X2 =
⋃
g,h∈G
Hom∗(T, P1g) ∩Hom∗(T, P2h)
in terms of G1, G2, K1, K2, and H1.
Proposition 12.3.4. Let
X1 =
⋃
g∈G
Hom∗(T, P1g)
and
X2 =
⋃
g∈G
Hom∗(T, P2g).
Then
|X1 ∩X2| = stG1 + q2tG2 − qstK1 − q2stK2 + qrtH1.
We derive the above result using the inclusion-exclusion principle. The intersection
of a conjugate of P1 and a conjugate of P2 is the stabiliser in G of a one-space and a
two-space. Let k ≥ 1. Let (V1,W1), ..., (Vk,Wk) be distinct pairs of subspaces of V, where
Vi, Wi have respectively dimension 1 and 2 (i = 1, .., k). Let lV denote the number of
distinct Vi’s, and lW denote the number of distinct Wi’s. Then
k⋂
i=1
Hom∗(T, StabG(Vi,Wi)) = Hom∗
(
T,
k⋂
i=1
StabG(Vi,Wi)
)
.
We therefore need to know the intersection between an arbitrary number k of elements
of the type StabG(V,W ), where V is a one-dimensional subspace of V and W is a two-
dimensional subspace of V.
Intersections of stabilisers which can be disregarded
We first describe intersections that give no contribution to the inclusion-exclusion princi-
ple. Let k ≥ 1. Let (V1,W1), ..., (Vk,Wk) be distinct pairs of subspaces of V, where Vi, Wi
have respectively dimension 1 and 2 (i = 1, .., k). Let lV denote the number of distinct Vi
and lW denote the number of distinct Wi. Then
k⋂
i=1
StabG(Vi,Wi) =
(
k⋂
i=1
StabG(Vi)
) ⋂ ( k⋂
i=1
StabG(Wi)
)
.
Therefore if we want to compute
k⋂
i=1
StabG(Vi,Wi)
we can assume that V1, ..., VlV and W1, ...,WlW are all distinct.
We describe intersections that give no contribution to the inclusion-exclusion principle.
Lemma 12.3.5. Let k ≥ 2. Let (V1,W1), ..., (Vk,Wk) be distinct pairs of subspaces of V,
where Vi, Wi have respectively dimension 1 and 2 (i = 1, .., k). Let lV denote the number
of distinct Vi and lW the number of distinct Wi. Assume that V1, ..., VlV and W1, ...,WlW
are all distinct. Suppose that one of the following holds:
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(i) lV ≥ 2, lW ≥ 2, and W1 ∩W2 6⊂ V1 ⊕ V2.
(ii) lV ≥ 2, lW ≥ 2, W1 ∩W2 ⊂ V1 ⊕ V2, W1 ∩W2 6= V1, V2, and V1 ⊕ V2 6=W1,W2.
(iii) V1, ..., Vk do not lie in a two-space.
(iv) W1, ...,Wk do not have a common one-space.
(v) lV ≥ 3, lW ≥ 2, W1 ∩W2 ⊂ V1 ⊕ V2, ⊕lVi=1Vi = V1 ⊕ V2, and V1 ⊕ V2 6=W1,W2.
(vi) lV ≥ 2, lW ≥ 3, W1 ∩W2 ⊂ V1 ⊕ V2, and ∩lWi=1Wi 6= 0, V1, V2.
(vii) lV ≥ 3 and lW ≥ 3.
Then
k⋂
i=1
StabG(Vi,Wi) ∼ 1.
Proof. (i) Write V1 = 〈v1〉, V2 = 〈v2〉 andW1∩W2 = 〈v3〉. SinceW1∩W2 is not a subspace
of V1 ⊕ V2, the vectors v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Then
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = (λ1λ2)
−1v3
for some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) ≤

 λ1 0 00 λ2 0
0 0 (λ1λ2)
−1
 /Z ∼ 1.
(ii) Write V1 = 〈u1〉 and V2 = 〈v2〉. Then W1 ∩W2 = 〈u1 + βv2〉 for some nonzero
β ∈ Fq. Let v1 = u1 + βv2, then W1 = 〈v1, v3〉 for some v3 6∈ V1 ⊕ V2. Therefore v1, v2, v3
form a basis of V. Finally, W2 = 〈v1, v2+αv3〉 for some nonzero α ∈ Fq. Let v4 = v2+αv3,
so that W2 = 〈v1, v4〉. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g fixes three one-dimensional subspaces in V1 ⊕ V2 (namely V1, V2, and W1 ∩W2),
g acts trivially on V1 ⊕ V2. Therefore
g(v1) = λ1v1
g(v2) = λ1v2
for some nonzero λ1 ∈ Fq. Also g stabilises W1 and W2, therefore
g(v3) = av1 + λ3v3
g(v4) = bv1 + cv4
= bv1 + cv2 + αcv3
for some a, b, c, λ3 ∈ Fq. On the other hand, by linearity
g(v4) = g(v2 + αv3)
= g(v2) + αg(v3)
= αav1 + λ1v2 + αλ3v3.
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Identifying coefficients, we get b = αa and c = λ1 = λ3. Therefore
k⋂
i=1
StabG(Vi,Wi) ≤

 λ1 0 a0 λ1 0
0 0 λ1
 : a, λ1 ∈ Fq and λ13 = 1
 /Z ∼ 1.
(iii) This is proved in Lemma 12.3.2.
(iv) Without loss of generality, write W1 = 〈v1, v2〉, W2 = 〈v1, v3〉, and W3 = 〈v2, v3〉.
Clearly v1, v2, v3 form a basis of V. Let gZ be any element of
⋂k
i=1 StabG(Vi,Wi). Then
g stabilises W1 ∩W2 = 〈v1〉, W1 ∩W3 = 〈v2〉, and W2 ∩W3 = 〈v3〉. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 00 λ2 0
0 0 (λ1λ2)
−1
 /Z ∼ 1.
(v) If W1 ∩W2 6= V1, V2, then by (ii)
k⋂
i=1
StabG(Vi,Wi) ∼ 1.
Therefore without loss of generality we can assume that W1 ∩W2 = V1. Write V1 = 〈v1〉
and V2 = 〈v2〉. Since W1 6= V1 ⊕ V2, W1 = 〈v1, v3〉 for some v3 6∈ V1 ⊕ V2. Therefore
the vectors v1, v2, v3 form a basis of V. Similarly, W2 = 〈v1, v2 + αv3〉 for some nonzero
α ∈ Fq. Let v4 = v2 + αv3, so that W2 = 〈v1, v4〉. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since lV ≥ 3, g fixes three one-spaces in V1 ⊕ V2. Hence g acts trivially on V1 ⊕ V2.
Therefore
g(v1) = λ1v1
g(v2) = λ1v2
for some nonzero λ1 ∈ Fq. Also g stabilises W1 and W2, therefore
g(v3) = av1 + λ3v3
g(v4) = bv1 + cv4
= bv1 + cv2 + αcv3
for some a, b, c, λ3 ∈ Fq. On the other hand, by linearity
g(v4) = g(v2 + αv3)
= g(v2) + αg(v3)
= αav1 + λ1v2 + αλ3v3.
Identifying coefficients, we get b = αa and c = λ1 = λ3. Therefore
k⋂
i=1
StabG(Vi,Wi) ≤

 λ1 0 a0 λ1 0
0 0 λ1
 : a, b ∈ Fq and λ13 = 1
 /Z ∼ 1.
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(vi) If V1 ⊕ V2 6=W1,W2, then by (ii)
k⋂
i=1
StabG(Vi,Wi) ∼ 1.
Therefore without loss of generality we can assume that V1 ⊕ V2 = W1. Let gZ be any
element of
k⋂
i=1
StabG(Vi,Wi).
Since g fixes three one-spaces in W1 = V1 ⊕ V2 (namely V1, V2,W1 ∩W2), g acts trivially
on W1. Write W1 = 〈v1, v2〉, without loss of generality ∩lWi=1Wi = 〈v1〉. Therefore W2 =
〈v1, v3〉 for some v3 6∈ V1 ⊕ V2. Then the vectors v1, v2, v3 form a basis of V. Finally,
W3 = 〈v1, v2 + αv3〉 for some nonzero α ∈ Fq. Let v4 = v2 + αv3, so that W3 = 〈v1, v4〉.
Since g acts trivially on W1 = V1 ⊕ V2, we have
g(v1) = λ1v1
g(v2) = λ1v2
for some nonzero λ1 ∈ Fq. Also g stabilises W2 and W3, therefore
g(v3) = av1 + λ3v3
g(v4) = bv1 + cv4
= bv1 + cv2 + αcv3
for some a, b, c, λ3 ∈ Fq. On the other hand, by linearity
g(v4) = g(v2 + αv3)
= g(v2) + αg(v3)
= αav1 + λ1v2 + αλ3v3.
Identifying coefficients, we get b = αa and c = λ1 = λ3. Therefore
k⋂
i=1
StabG(Vi,Wi) ≤

 λ1 0 a0 λ1 0
0 0 λ1
 : a, λ1 ∈ Fq and λ13 = 1
 /Z ∼ 1.
(vii) Suppose that lV ≥ 3 and lW ≥ 3. Without loss of generality, we can assume that
V1 ⊕ V2 6= W1,W2. Indeed, if V1 ⊕ V2 = Wi for some i ∈ {1, .., lW }, we can assume (as
lW ≥ 3) that i = 3. We can also assume that W1 ∩W2 ⊂ V1 ⊕ V2, otherwise we are done
using (i).
We can finally assume that V1 ⊕ ...⊕ VlV = V1 ⊕ V2, otherwise we are done using (iii).
Now V1, ..., VVl and W1, ...,WlW satisfy all the conditions in (v). Therefore we deduce that
k⋂
i=1
StabG(Vi,Wi) ∼ 1.
The intersections of stabilisers that we must consider
We now describe intersections of elements of the type StabG(V,W ) that can give nonzero
contribution to the inclusion-exclusion principle, where V ⊂ V denotes a one-space and
W ⊂ V denotes a two-space.
Lemma 12.3.6. Let k ≥ 1. Let (V1,W1), ..., (Vk,Wk) be distinct pairs of subspaces of V,
where Vi, Wi have respectively dimension 1 and 2 (i = 1, .., k). Let lV denote the number
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of distinct Vi and lW the number of distinct Wi. Assume that V1, ..., VlV and W1, ...,WlW
are all distinct.
(i) Suppose that lV = lW = 1.
(a) If V1 ⊂W1, then
k⋂
i=1
StabG(Vi,Wi) ∼ G1.
(b) If V1 6⊂W1, then
k⋂
i=1
StabG(Vi,Wi) ∼ G2.
(ii) Suppose that lV = 2 and lW = 1.
(a) If W1 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ K1.
(b) If W1 6= V1 ⊕ V2 and V1 ⊂W1, then
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
(c) If W1 6= V1 ⊕ V2, V1 6⊂W1 and V2 6⊂W1, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
(iii) Suppose that lV = 1 and lW = 2.
(a) If V1 =W1 ∩W2, then
k⋂
i=1
StabG(Vi,Wi) ∼ K1.
(b) If V1 6=W1 ∩W2 and V1 ⊂W1, then
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
(c) If V1 6=W1 ∩W2, V1 6⊂W1 and V1 6⊂W2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
(iv) Suppose that lV = lW = 2.
(a) If W1 = V1 ⊕ V2 and W1 ∩W2 = V1, then
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
(b) If W1 = V1 ⊕ V2, W1 ∩W2 ⊂ V1 ⊕ V2 and W1 ∩W2 6= V1, V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
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(c) If V1 ⊕ V2 6=W1,W2 and W1 ∩W2 = V1, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
(v) Suppose that lV ≥ 3 and lW = 1.
(a) If ⊕lVi=1Vi = V1 ⊕ V2 and W1 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H1.
(b) If ⊕lVi=1Vi = V1 ⊕ V2 and W1 6= V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
(vi) Suppose that lV = 1 and lW ≥ 3.
(a) If
⋂lW
i=1Wi = V1, then
k⋂
i=1
StabG(Vi,Wi) ∼ H1.
(b) If
⋂lW
i=1Wi 6= 0 and
⋂lW
i=1Wi 6= V1, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
(vii) Suppose that lV ≥ 3 and lW = 2. If ⊕lVi=1Vi = V1 ⊕ V2 and W1 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
(viii) Suppose that lV = 2 and lW ≥ 3. If
⋂lW
i=1Wi = V1, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
Remark 12.3.1. Lemmas 12.3.5 and 12.3.6 describe all the intersections of elements of
the type StabG(V,W ), where V denotes a one-dimensional subspace of V, and W a two-
dimensional subspace of V.
Proof. (i) (a) Write V1 = 〈v1〉 and W1 = 〈v1, v2〉. Complete v1, v2 to a basis v1, v2, v3 of
V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises V1 and W1, we have
g(v1) = λ1v1
g(v2) = av1 + λ2v2
g(v3) = bv1 + cv2 + (λ1λ2)
−1v3
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for some a, b, c ∈ Fq and some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 a b0 λ2 c
0 0 (λ1λ2)
−1
 /Z = G1.
(b) Write W1 = 〈v1, v2〉. As V1 6⊂ W1, write V1 = 〈v3〉 for some v3 6∈ W1. The vectors
v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises V1 and W1, we have
g(v1) = λ1v1 + av2
g(v2) = bv1 + λ2v2
g(v3) = λ3v3
for some a, b, λ1, λ2, λ3 ∈ Fq satisfying λ1λ2λ3 − abλ3 = 1. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 b 0a λ2 0
0 0 λ3
 : λ1λ2λ3 − abλ3 = 1
 /Z = G2.
(ii) (a) Write V1 = 〈v1〉 and V2 = 〈v2〉, so that W1 = 〈v1, v2〉. Complete v1, v2 to a
basis v1, v2, v3 of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises V1 and V2, we have
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + bv2 + (λ1λ2)
−1v3
for some a, b ∈ Fq, and some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ2 b
0 0 (λ1λ2)
−1
 /Z = K1.
(b) Write V1 = 〈v1〉 and V2 = 〈v2〉. Then W1 = 〈v1, v3〉 for some v3 6∈ V1 ⊕ V2.
Therefore v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises V1, V2, and W1, we have
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + (λ1λ2)
−1
v3
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for some a ∈ Fq and some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ2 0
0 0 (λ1λ2)
−1
 /Z = K2.
(c) Write V1 = 〈u1〉 and V2 = 〈v2〉. Let W1 ∩ (V1 ⊕ V2) = 〈v1〉. By assumption,
〈v1〉 6= V1, V2. Write W1 = 〈v1, v3〉 for some v3 6∈ V1 ⊕ V2. The vectors v1, v2, v3 form
clearly a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises three one-spaces in V1 ⊕ V2 (namely V1, V2 and 〈v1〉), g acts trivially on
V1 ⊕ V2. Hence
g(v1) = λ1v1
g(v2) = λ1v2
g(v3) = av1 + λ
−2
1 v3
for some a ∈ Fq and some nonzero λ1 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ1 0
0 0 λ−21
 /Z = H2.
(iii) (a) Write V1 = 〈v1〉, W1 = 〈v1, v2〉, and W2 = 〈v1, v3〉. The vectors v1, v2, v3 form
a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises V1, W1, and W2, we have
g(v1) = λ1v1
g(v2) = av1 + λ2v2
g(v3) = bv1 + (λ1λ2)
−1v3
for some a, b ∈ Fq and some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 a b0 λ2 0
0 0 (λ1λ2)
−1
 /Z ∼ K1.
(b) We can write W1 = 〈v1, v2〉, W2 = 〈v1, v3〉, and V1 = 〈v2〉. The vectors v1, v2, v3
form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
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Since g stabilises W1, W2, and V1 we have
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + λ1λ2
−1v3
for some a ∈ Fq and some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ2 0
0 0 (λ1λ2)
−1
 /Z = K2.
(c) We can write W1 = 〈v1, v3〉, V1 = 〈v2〉 for some v2 6∈ W1, and W2 = 〈v1, v2 + αv3〉
for some nonzero α ∈ Fq. Let v4 = v2 + αv3, so that W2 = 〈v1, v4〉. The vectors v1, v2, v3
form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises W1, W2, and V1, we have
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + λ3v3
g(v4) = bv1 + cv4
= bv1 + cv2 + αcv3
for some a, b, c ∈ Fq and some nonzero λ1, λ2, λ3 ∈ Fq satisfying λ1λ2λ3 = 1. On the other
hand, by linearity
g(v4) = g(v2 + αv3)
= g(v2) + αg(v3)
= αav1 + λ2v2 + αλ3v3.
Identifying coefficients, we get b = αa and c = λ2 = λ3. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ−22 0 a0 λ2 0
0 0 λ2
 /Z ∼ H2.
(iv) (a) Write W1 = 〈v1, v2〉, V1 = 〈v1〉, V2 = 〈v2〉, and W2 = 〈v1, v3〉. The vectors
v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Then
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + (λ1λ2)
−1
v3
for some a ∈ Fq and some nonzero λ1, λ2 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ2 0
0 0 (λ1λ2)
−1
 /Z = K2.
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(b) Write V1 = 〈u1〉 and V2 = 〈v2〉, so that W1 = 〈u1, v2〉. Then W2 = 〈u1 + αv2, v3〉
for some nonzero α ∈ Fq and some v3 6∈W1. Let v1 = u1+αv2, so that W1 = 〈v1, v2〉 and
W2 = 〈v1, v3〉. The vectors v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises three one-spaces in V1⊕ V2 (namely 〈u1〉, 〈v1〉, 〈v2〉), g must act trivially
on V1 ⊕ V2. Also g stabilises W2. Therefore
g(v1) = λ1v1
g(v2) = λ1v2
g(v3) = av1 + λ
−2
1 v3
for some a ∈ Fq and some nonzero λ1 ∈ Fq. Hence
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ1 0
0 0 λ−21
 /Z = H2.
(c) Write V1 = 〈v1〉 and V2 = 〈v2〉. Then W1 = 〈v1, v3〉 for some v3 6∈ V1 ⊕ V2, and
W2 = 〈v1, v2+αv3〉 for some nonzero α ∈ Fq. The vectors v1, v2, v3 form a basis of V. Let
v4 = v2 + αv3, so that W2 = 〈v1, v4〉. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since g stabilises V1, V2, W1, and W2, we have
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + λ3v3
g(v4) = bv1 + cv4
= bv1 + cv2 + αcv3
for some a, b, c ∈ Fq and some nonzero λ1, λ2, λ3 ∈ Fq. On the other hand, by linearity
g(v4) = g(v2 + αv3)
= g(v2) + αg(v3)
= αav1 + λ2v2 + αλ3v3.
Identifying coefficients, we get b = αa and c = λ2 = λ3. Hence
k⋂
i=1
StabG(Vi,Wi) =

 λ−22 0 a0 λ2 0
0 0 λ2
 /Z ∼ H2.
(v) (a) Write V1 = 〈v1〉, V2 = 〈v2〉, and W1 = 〈v1, v2〉. Complete v1, v2 to a basis
v1, v2, v3 of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
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Since lV ≥ 3 and ⊕lVi=1Vi = V1 ⊕ V2, we get that g stabilises at least three one-spaces in
V1 ⊕ V2. Therefore g acts trivially on V1 ⊕ V2. Hence
g(v1) = λ1v1
g(v2) = λ1v2
g(v3) = av1 + bv2 + λ
−2
1 v3
for some a, b ∈ Fq and some nonzero λ1 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ1 b
0 0 λ−21
 /Z = H1.
(b) Let 〈v1〉 be the intersection of V1 ⊕ V2 and W1. Then W1 = 〈v1, v3〉 for some
v3 6∈ V1 ⊕ V2. Without loss of generality, we can assume that V1 6⊂ W1. Write V1 = 〈v2〉.
The vectors v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since lV ≥ 3 and ⊕lVi=1Vi = V1 ⊕ V2, we get that g stabilises at least three one-spaces in
V1 ⊕ V2. Therefore g acts trivially on V1 ⊕ V2. Hence
g(v1) = λ1v1
g(v2) = λ1v2
g(v3) = av1 + λ
−2
1 v3
for some a ∈ Fq and some nonzero λ1 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ1 0
0 0 λ−21
 /Z = H2.
(vi) (a) Write V1 = 〈v1〉, W1 = 〈v1, v2〉, and W2 = 〈v1, v3〉. The vectors v1, v2, v3 form
a basis of V. Write Wj = 〈v1, v2 + αjv3〉 for 3 ≤ j ≤ lW , where αj are distinct nonzero
elements in Fq. Let uj = v2 + αjv3, so that Wj = 〈v1, uj〉. Let gZ be any element of⋂k
i=1 StabG(Vi,Wi). Then
g(v1) = λ1v1
g(v2) = av1 + λ2v2
g(v3) = bv1 + λ3v3
g(uj) = cjv1 + djuj
= cjv1 + djv2 + αjdjv3
for some a, b, cj , dj ∈ Fq and some nonzero λ1, λ2, λ3 ∈ Fq.
On the other hand, by linearity
g(uj) = g(v2 + αjv3)
= g(v2) + αjg(v3)
= (a+ αjb)v1 + λ2v2 + αjλ3v3.
Identifying coefficients, we get cj = (a+αjb) and dj = λ2 = λ3. In particular λ2 = λ3.
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Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ−22 a b0 λ2 0
0 0 λ2
 /Z ∼ H1.
(b) By assumption,
⋂lW
i=1Wi = 〈v1〉 for some v1 6∈ V1. Let V1 = 〈v2〉. There are
two cases to consider. The first case treats the situation where Wi = 〈v1, v2〉 for some
1 ≤ i ≤ lW . The second case treats the situation where none of the Wi are equal to
〈v1, v2〉. As shown below, these cases are almost identical.
Suppose that the first case holds. Without loss of generality, assume that W1 = 〈v1, v2〉.
Write W2 = 〈v1, v3〉. The vectors v1, v2, v3 form a basis of V. Write Wj = 〈v1, v2 + αjv3〉
for 3 ≤ j ≤ lW , where αj are distinct nonzero elements in Fq. Let uj = v2 +αjv3, so that
Wj = 〈v1, uj〉.
Suppose that the second case holds. Write W1 = 〈v1, v3〉. The vectors v1, v2, v3 form a
basis of V. Write Wj = 〈v1, v2 + αjv3〉 for 2 ≤ j ≤ lW , where αj are distinct nonzero
elements in Fq. Let uj = v2 + αjv3, so that Wj = 〈v1, uj〉.
Assume that one of the two cases holds. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Then
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + λ3v3
g(uj) = bjv1 + cjuj
= bjv1 + cjv2 + αjcjv3
for some a, bj , cj ∈ Fq and some nonzero λ1, λ2, λ3 ∈ Fq.
On the other hand, by linearity
g(uj) = g(v2 + αjv3)
= g(v2) + αjg(v3)
= (αja)v1 + λ2v2 + αjλ3v3.
Identifying coefficients, we get bj = αja, cj = λ2 = λ3. In particular λ2 = λ3.
Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ−22 0 a0 λ2 0
0 0 λ2
 /Z ∼ H2.
(vii) Write W1 = 〈v1, v2〉 and W2 = 〈v1, v3〉, so that W1 ∩W2 = 〈v1〉. The vectors
v1, v2, v3 form a basis of V. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Since lV ≥ 3 and ⊕lVi=1Vi = V1 ⊕ V2, we get that g stabilises at least three one-spaces in
W1 = V1 ⊕ V2. Therefore g acts trivially on W1 = V1 ⊕ V2. Therefore
g(v1) = λ1v1
g(v2) = λ1v2
g(v3) = av1 + λ
−2
1 v3
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for some a ∈ Fq and some nonzero λ1 ∈ Fq. Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ1 0 a0 λ1 0
0 0 λ−21
 /Z = H2.
(viii) Write V1 = 〈v1〉 and V2 = 〈v2〉. By assumption,
⋂lW
i=1Wi = V1. There are
two cases to consider. The first case treats the situation where Wi = 〈v1, v2〉 for some
1 ≤ i ≤ lW . The second case treats the situation where none of the Wi are equal to
〈v1, v2〉. As shown below, these cases are almost identical.
Suppose that the first case holds. Without loss of generality, assume that W1 = 〈v1, v2〉.
Write W2 = 〈v1, v3〉. The vectors v1, v2, v3 form a basis of V. Write Wj = 〈v1, v2 + αjv3〉
for 3 ≤ j ≤ lW , where αj are distinct nonzero elements in Fq. Let uj = v2 +αjv3, so that
Wj = 〈v1, uj〉.
Suppose that the second case holds. Write W1 = 〈v1, v3〉. The vectors v1, v2, v3 form a
basis of V. Write Wj = 〈v1, v2 + αjv3〉 for 2 ≤ j ≤ lW , where αj are distinct nonzero
elements in Fq. Let uj = v2 + αjv3, so that Wj = 〈v1, uj〉.
Assume that one of the two cases holds. Let gZ be any element of
k⋂
i=1
StabG(Vi,Wi).
Then
g(v1) = λ1v1
g(v2) = λ2v2
g(v3) = av1 + λ3v3
g(uj) = bjv1 + cjuj
= bjv1 + cjv2 + αjcjv3
for some a, bj , cj ∈ Fq and some nonzero λ1, λ2, λ3 ∈ Fq.
On the other hand, by linearity
g(uj) = g(v2 + αjv3)
= g(v2) + αjg(v3)
= (αja)v1 + λ2v2 + αjλ3v3.
Identifying coefficients, we get bj = αja and cj = λ2 = λ3. In particular λ2 = λ3.
Therefore
k⋂
i=1
StabG(Vi,Wi) =

 λ−22 0 a0 λ2 0
0 0 λ2
 /Z ∼ H2.
The number of complete k-pairs and some combinatorial identities
We introduce the concept of complete k-pairs. Counting such pairs is useful when proving
Proposition 12.3.4.
Definition 12.3.7. Let V = F3q. Let k ≥ 1 and let {V1, ..., VlV ,W1, ...,WlW } be a set
of subspaces of V, where Vi (respectively, Wj) denotes a subspace of V of dimension 1
(respectively, 2). A k-pair denotes a tuple of k distinct pairs of the type (V,W ), where
V = Vi and W =Wj, for some 1 ≤ i ≤ lV and 1 ≤ j ≤ lW . A complete k-pair is a k-pair
containing every element of {V1, ..., VlV ,W1, ...,WlW }.
For example, let k = 3, lV = 3, and lW = 2. Then
(V1,W1) (V2,W1) (V3,W1)
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is not a complete 3-pair. But
(V1,W1) (V2,W1) (V3,W2)
is a complete 3-pair.
Let k ≥ 2. Let {V1, ..., VlV ,W1, ...,WlW } be a set of subspaces of V, where Vi (respec-
tively, Wj) denotes a subspace of V of dimension 1 (respectively, 2). We count the number
of distinct complete k-pairs, where lV = 2 or lW = 2. For example, let k = lV = lW = 2.
Then we can form the following complete 2-pairs
(V1,W1) (V2,W2)
(V2,W1) (V1,W2).
Therefore we get 2 complete 2-pairs.
As an other example, let k = 5, lV = 3, and lW = 2. Then we can form the following
complete 5-pairs
(V1,W1) (V2,W1) (V3,W1) (V1,W2) (V2,W2)
(V1,W1) (V2,W1) (V3,W1) (V1,W2) (V3,W2)
(V1,W1) (V2,W1) (V3,W1) (V2,W2) (V3,W2)
(V1,W1) (V2,W1) (V1,W2) (V2,W2) (V3,W2)
(V1,W1) (V3,W1) (V1,W2) (V2,W2) (V3,W2)
(V2,W1) (V3,W1) (V1,W2) (V2,W2) (V3,W2).
Therefore we get 6 complete 5-pairs.
Lemma 12.3.8. Let k ≥ 2. Let {V1, ..., VlV ,W1, ...,WlW } be a set of subspaces of V, where
Vi (respectively, Wj) denotes a subspace of V of dimension 1 (respectively, 2). Suppose
that lW = 2 or lV = 2. For a positive integer l, define
Nk,l =

0 if l < dk2 e or l > k
22l−k
(
l
k−l
)
if dk2 e ≤ l < k
2k − 2 if l = k.
Let N be the number of complete k-pairs. Then
(i) If lW = 2, then N = Nk,lV .
(ii) If lV = 2, then N = Nk,lW .
Proof. (i) Suppose that lW = 2. If lV > k, then there are too many Vi. Therefore we
cannot get a complete k-pair, and N = 0.
On the other hand, if lV < dk2 e, then there are too few Vi. Therefore we cannot form a
complete k-pair, and N = 0.
Suppose that dk2 e ≤ lV < k. Given a complete k-pair, there are k− lV one-spaces that are
associated to both W1 and W2. Each of the remaining
lV − (k − lV ) = 2lV − k
one-spaces is associated to exactly one of W1,W2. To find the number N of complete
k-pairs, we proceed as follows. First we have to choose k− lV one-spaces to be associated
to both W1 and W2, from the lV one-spaces available. Once we have chosen those k − lV
one-spaces, each of the remaining 2lV − k one-spaces can be associated to either W1 or
W2. Therefore
N = 22lV −k
(
lV
k − lV
)
.
Finally suppose that k = lV . There are 2
k k-pairs satisfying the following condition: each
one-space in {V1, ..., Vk} is associated to either W1 or W2. Exactly two of these k-pairs
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are not complete, namely the one where we associate W1 to each one-space, and the one
where we associate W2 to each one-space. Therefore N = 2
k − 2.
(ii) The proof is similar to that of (i).
We end this section by giving some combinatorial identities used in the proof of Propo-
sition 12.3.4.
Lemma 12.3.9. Let s be a positive integer. We have the following identities.
(i)
s∑
k=0
(−1)k
(
s
k
)
= 0.
Therefore
(a) if s ≥ 3 then
s∑
k=3
(−1)k+1
(
s
k
)
=
(s− 1)(s− 2)
2
.
(b) if s ≥ 5 then
s∑
k=5
(−1)k+1
(
s
k
)
=
(s− 1)(s− 2)(s− 3)(s− 4)
24
.
(ii)
s∑
k=0
(−1)k
k∑
l=d k2 e
Mk,l
(
s
l
)
+
2s∑
k=s+1
(−1)k
s∑
l=d k2 e
Mk,l
(
s
l
)
= 0
where
Mk,l = 2
2l−k
(
l
k − l
)
.
Therefore if s ≥ 5 then
(a)
s∑
k=5
(−1)k+1
k∑
l=d k2 e
Mk,l
(
s
l
)
+
2s∑
k=s+1
(−1)k+1
s∑
l=d k2 e
Mk,l
(
s
l
)
=
(s− 1)(s− 2)(2s− 1)(2s− 3)
6
.
Remark 12.3.2. The integers Nk,l and Mk,l are closely related.
Proof. (i) The first identity is well-known (see [19, p. 167]). Identities (a) and (b) follow
easily.
(ii) Let
S1 =
s∑
k=0
(−1)k
k∑
l=d k2 e
Mk,l
(
s
l
)
and
S2 =
2s∑
k=s+1
(−1)k
s∑
l=d k2 e
Mk,l
(
s
l
)
.
Consider the sum S1. We change the order of summation. Fix some integer l. If 0 ≤ l ≤
d s−12 e, then k varies from l to 2l. Otherwise, if d s+12 e ≤ l ≤ s, then k varies from l to s.
Therefore
182
The number of homomorphisms from T to parabolic subgroups of L3(q)
S1 =
d s−12 e∑
l=0
(
s
l
) 2l∑
k=l
(−1)kMk,l +
s∑
l=d s+12 e
(
s
l
) s∑
k=l
(−1)kMk,l.
Now
2l∑
k=l
(−1)kMk,l =
2l∑
k=l
(−1)k22l−k
(
l
k − l
)
= (−1)l
l∑
k=0
(−1)k2l−k
(
l
k
)
The latter identity is obtained using the change of variable defined by setting k to be k− l.
Using [19, p. 166], we get
2l∑
k=l
(−1)kMk,l = (−1)l
l∑
k=0
(−1)k2l−k
(
l
k
)
= (−1)l
l∑
k=0
(
l
k
)
(−1)k2l−k
= (−1)l
l∑
k=0
(
0
k
)
(1)k(−1 + 2)l−k
= (−1)l
l∑
k=0
(
0
k
)
= (−1)l.
Therefore
S1 =
d s−12 e∑
l=0
(−1)l
(
s
l
)
+
s∑
l=d s+12 e
(
s
l
) s∑
k=l
(−1)kMk,l.
Consider the sum S2. We change the order of summation. Fix some integer l with
d s+12 e ≤ l ≤ s. Then k varies from s+ 1 to 2l. Therefore
S2 =
s∑
l=d s+12 e
(
s
l
) 2l∑
k=s+1
(−1)kMk,l.
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Hence
S1 + S2 =
d s−12 e∑
l=0
(−1)l
(
s
l
)
+
s∑
l=d s+12 e
(
s
l
) s∑
k=l
(−1)kMk,l
+
s∑
l=d s+12 e
(
s
l
) 2l∑
k=s+1
(−1)kMk,l
=
d s−12 e∑
l=0
(−1)l
(
s
l
)
+
s∑
l=d s+12 e
(
s
l
) 2l∑
k=l
(−1)kMk,l
=
d s−12 e∑
l=0
(−1)l
(
s
l
)
+
s∑
l=d s+12 e
(−1)l
(
s
l
)
=
s∑
l=0
(−1)l
(
s
l
)
= 0 (by (i)).
The identity (a) follows easily.
The proof of Proposition 12.3.4
Recall that we want to compute the number of elements in
X1 ∩X2 =
⋃
g,h∈G
Hom∗(T, P1g) ∩Hom∗(T, P2h).
Note that an arbitrary intersection between a conjugate of P1 and a conjugate of P2 is of
the form
P g1 ∩ Ph2 = StabG(V,W )
for some one-space V ⊂ V and some two-space W ⊂ V . Therefore for a given positive
integer k, we consider all the intersections of k distinct elements of the type StabG(V,W ),
where V ⊂ V is a one-space and W ⊂ V is a two-space. By Lemmas 12.3.5 and 12.3.6,
we are able to describe those intersections. Here below, we give their contribution to the
inclusion-exclusion principle.
Lemma 12.3.10. Suppose that k = 1. Then the contribution to the inclusion-exclusion
principle is (
sG1 + q
2G2
)
t.
Proof. Since k = 1, we have lV = 1 and lW = 1.
Fix W1. If V1 ⊂W1, then by Lemma 12.3.6
StabG(V1,W1) ∼ G1.
There are s such V1. Indeed, a two-space contains s one-spaces.
If V1 6⊂W1, then by Lemma 12.3.6
Stab(V1,W1) ∼ G2.
There are q2 such V1. Indeed, there are t one-spaces in V, of which s are subspaces of W1.
Hence there are t− s = q2 one-spaces not in W1.
Unfix W1. There are t two-spaces in V.
So we deduce that the contribution for k = 1 to the inclusion-exclusion principle is(
sG1 + q
2G2
)
t.
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Lemma 12.3.11. Suppose that k = 2. Then the contribution to the inclusion-exclusion
principle is
− (K1 + 4qK2 + 3qrH2) qst.
Proof. There are a few cases to consider.
(i) lV = 2 and lW = 1.
(ii) lV = 1 and lW = 2.
(iii) lV = 2 and lW = 2.
(i) Suppose that lV = 2 and lW = 1.
Fix W1. If V1 ⊕ V2 =W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ K1.
There are
(
s
2
)
such pairs (V1, V2) of one-spaces. Indeed, we have to choose 2 one-spaces
from the s one-spaces contained in W1.
If V1 ⊕ V2 6=W1 and V1 ⊂W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
There are q2s pairs such pairs (V1, V2). Indeed, there are s one-spaces in W1, and q
2
one-spaces not in W1.
If V1 6⊂W1, and V2 6⊂W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
q2
2
)
pairs (V1, V2) such pairs (V1, V2). Indeed, we have to choose 2 one-spaces
from the q2 one-spaces not contained in W1.
Unfix W1. There are t two-spaces in V. So we deduce that the contribution for k = 2
in case (i) to the inclusion-exclusion principle is
−t
((
s
2
)
K1 + q
2sK2 +
(
q2
2
)
H2
)
= − ( 12K1 + qK2 + qr2 H2) qst.
(ii) Suppose that lV = 1 and lW = 2. Then similarly as in case (i), we get that the
contribution for k = 2 in case (ii) to the inclusion-exclusion principle is
−
(
1
2
K1 + qK2 +
qr
2
H2
)
qst.
(iii) Suppose that lV = lW = 2.
Fix (W1,W2). If W1 = V1 ⊕ V2 and V1 =W1 ∩W2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
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There are q such pairs (V1, V2). Indeed, V1 is already determined (as V1 =W1 ∩W2) and
there are q choices for V2 (any one-space not equal to V1 contained in W1). Given a fixed
pair (V1, V2), by Lemma 12.3.8, we can form 2
2 − 2 = 2 complete 2-pairs. Hence in total,
there are 2q complete 2-pairs.
Similarly, if W2 = V1 ⊕ V2 and V1 =W1 ∩W2, then
k⋂
i=1
StabG(Vi,Wi) ∼ K2
and there are 2q complete 2-pairs.
If W1 = V1 ⊕ V2 and W1 ∩W2 6= V1, V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
q
2
)
such pairs (V1, V2). Indeed, there are q one-spaces in W1 not equal to
W1 ∩W2. Given a fixed pair (V1, V2), by Lemma 12.3.8, we can form 22 − 2 = 2 complete
2-pairs. Hence in total there are 2
(
q
2
)
= qr complete 2-pairs.
Similarly, if W2 = V1 ⊕ V2 and W1 ∩W2 6= V1, V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
and there are qr complete 2-pairs.
If W1 6= V1 ⊕ V2, W2 6= V1 ⊕ V2, and V1 =W1 ∩W2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are qr such pairs (V1, V2). Indeed, V1 is already determined (as V1 = W1 ∩W2).
Finally, V2 is any one-space not contained in W1 nor W2, and there are t − s − s + 1 =
q2 − q = qr such spaces. Given a fixed pair (V1, V2), by Lemma 12.3.8, we can form
22 − 2 = 2 complete 2-pairs. Hence in total there are 2qr complete 2-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the
contribution for k = 2 in case (iii) to the inclusion-exclusion principle is
−(t2) (2 ∙ 2qK2 + 2 ∙ qrH2 + 2qrH2)
= − (2qK2 + 2qrH2) qst.
Putting altogether, the contribution for k = 2 to the inclusion-exclusion principle is
−2 ∙ ( 12K1 + qK2 + qr2 H2) qst− (2qK2 + 2qrH2) qst
= − (K1 + 4qK2 + 3qrH2) qst.
Lemma 12.3.12. Suppose that k = 3. Then the contribution to the inclusion-exclusion
principle is((
s
3
)
H1 + qs
(
s
3
)
H2
)
2t+ (4qK2 + 4qrH2) qst+
(
N3,3
(
s
3
))
2qstH2
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where N3,3 = 6 (see Lemma 12.3.8).
Proof. By Lemmas 12.3.5 and 12.3.8, the cases to consider are
(i) lV = 3 and lW = 1.
(ii) lV = 1 and lW = 3.
(iii) lV = 2 and lW = 2.
(iv) lV = 3 and lW = 2.
(v) lV = 2 and lW = 3.
(i) Suppose that lV = 3 and lW = 1.
Fix W1. By Lemma 12.3.5, we can assume that ⊕3i=1Vi = V1 ⊕ V2.
If V1 ⊕ V2 =W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H1.
There are
(
s
3
)
such triples (V1, V2, V3). Indeed, there are s one-spaces in W1, and we must
choose 3 of them.
If V1 ⊕ V2 6=W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are qs
(
s
3
)
such triples (V1, V2, V3). Indeed, V1, V2, V3 must lie in a two-space not
equal to W1. There are qs such two-spaces. Once the two-space is chosen, we must choose
3 one-spaces from the s one-spaces contained in it.
Unfix W1. There are t two-spaces in V. So we deduce that the contribution for k = 3
in case (i) to the inclusion-exclusion principle is((
s
3
)
H1 + qs
(
s
3
)
H2
)
t.
(ii) Suppose that lV = 1 and lW = 3. Then similarly as in case (i), we get that the
contribution for k = 3 in case (ii) to the inclusion-exclusion principle is((
s
3
)
H1 + qs
(
s
3
)
H2
)
t.
(iii) Suppose that lV = lW = 2
Fix (W1,W2). If W1 = V1 ⊕ V2 and V1 =W1 ∩W2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
There are q such pairs (V1, V2). Given a fixed pair (V1, V2), by Lemma 12.3.8, we can form
22∙2−3
(
2
1
)
= 4 complete 3-pairs. Hence in total, there are 4q complete 3-pairs.
Similarly, if W2 = V1 ⊕ V2 and V1 =W1 ∩W2, then
k⋂
i=1
StabG(Vi,Wi) ∼ K2
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and there are 4q complete 3-pairs.
If W1 = V1 ⊕ V2, and W1 ∩W2 6= V1, V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
q
2
)
such pairs (V1, V2). Given a fixed pair (V1, V2), by Lemma 12.3.8, we can
form 22∙2−3
(
2
1
)
= 4 complete 3-pairs. Hence in total there are 4
(
q
2
)
= 2qr complete 3-pairs.
Similarly, if W2 = V1 ⊕ V2 and W1 ∩W2 6= V1, V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
and there are 4
(
q
2
)
= 2qr complete 3-pairs.
If W1 6= V1 ⊕ V2, W2 6= V1 ⊕ V2, and V1 =W1 ∩W2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are qr such pairs (V1, V2). Given a fixed pair (V1, V2), by Lemma 12.3.8, we can
form 22∙2−3
(
2
1
)
= 4 complete 3-pairs. Hence in total there are 4qr complete 3-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the
contribution for k = 3 in case (iii) to the inclusion-exclusion principle is(
t
2
)
(2 ∙ 4qK2 + 2 ∙ 2qrH2 + 4qrH2)
= (4qK2 + 4qrH2) qst.
(iv) Suppose that lV = 3 and lW = 2.
Fix (W1,W2). By Lemma 12.3.5, we can assume that ⊕3i=1Vi = V1⊕V2 and that V1⊕V2 =
W1 or W2.
If W1 = V1 ⊕ V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
s
3
)
such triples (V1, V2, V3). Indeed, we must choose 3 one-spaces from the s
one-spaces contained in W1. By Lemma 12.3.8, given a triple (V1, V2, V3), we can form
N3,3 complete 3-pairs. Hence in total there are N3,3
(
s
3
)
complete 3-pairs.
Similarly, if W2 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
and there are N3,3
(
s
3
)
complete 3-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the
contribution for k = 3 in case (iv) to the inclusion-exclusion principle is(
t
2
) (
2 ∙N3,3
(
s
3
)
H2
)
=
(
N3,3
(
s
3
))
qstH2.
(v) Suppose that lV = 2 and lW = 3. Then similarly as in case (iv), we get that the
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contribution for k = 3 in case (v) to the inclusion-exclusion principle is(
N3,3
(
s
3
))
qstH2.
Putting altogether the contribution for k = 3 to the inclusion-exclusion principle is
2 ∙ ((s3)H1 + qs(s3)H2) t+ (4qK2 + 4qrH2) qst+ 2 ∙ (N3,3(s3)) qstH2
=
((
s
3
)
H1 + qs
(
s
3
)
H2
)
2t+ (4qK2 + 4qrH2) qst+
(
N3,3
(
s
3
))
2qstH2.
Lemma 12.3.13. Suppose that k = 4. Then the contribution to the inclusion-exclusion
principle is
−
[((
s
4
)
H1 + qs
(
s
4
)
H2
)
2t+ (qK2 + qrH2) qst+
(
N4,3
(
s
3
)
+N4,4
(
s
4
))
2qstH2
]
where N4,3 = 12 and N4,4 = 14 (see Lemma 12.3.8).
Proof. By Lemmas 12.3.5 and 12.3.8, the cases to consider are
(i) lV = 4 and lW = 1.
(ii) lV = 1 and lW = 4.
(iii) lV = 2 and lW = 2.
(iv) lV = 3, 4 and lW = 2.
(v) lV = 2 and lW = 3, 4.
(i) Suppose that lV = 4 and lW = 1.
Fix W1. By Lemma 12.3.5, we can assume that ⊕4i=1Vi = V1 ⊕ V2.
If V1 ⊕ V2 =W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H1.
There are
(
s
4
)
such tuples (V1, ..., V4). Indeed, there are s one-spaces in W1, and we must
choose 4 of them.
If V1 ⊕ V2 6=W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are qs
(
s
4
)
such tuples (V1, ..., V4). Indeed, V1, V2, V3, V4 must lie in a two-space not
equal to W1. There are qs such two-spaces. Once the two-space is chosen, we must choose
4 one-spaces from the s one-spaces contained in it.
Unfix W1. There are t two-spaces in V. So we deduce that the contribution for k = 4
in case (i) to the inclusion-exclusion principle is
−
((
s
4
)
H1 + qs
(
s
4
)
H2
)
t.
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(ii) Suppose that lV = 1 and lW = 4. Then similarly as in case (i), we get that the
contribution for k = 4 in case (ii) to the inclusion-exclusion principle is
−
((
s
4
)
H1 + qs
(
s
4
)
H2
)
t.
(iii) Suppose that lV = lW = 2
Fix (W1,W2). If W1 = V1 ⊕ V2 and V1 =W1 ∩W2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ K2.
There are q such pairs (V1, V2). Given a fixed pair (V1, V2), by Lemma 12.3.8, we can form
22∙2−4
(
2
2
)
= 1 complete 4-pair. Hence in total, there are q complete 4-pairs.
Similarly, if W2 = V1 ⊕ V2 and V1 =W1 ∩W2, then
k⋂
i=1
StabG(Vi,Wi) ∼ K2
and there are q complete 4-pairs.
If W1 = V1 ⊕ V2, and W1 ∩W2 6= V1, V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
q
2
)
such pairs (V1, V2). Given a fixed pair (V1, V2), by Lemma 12.3.8, we can
form 22∙2−4
(
2
2
)
= 1 complete 4-pair. Hence in total there are
(
q
2
)
= qr2 complete 4-pairs.
Similarly, if W2 = V1 ⊕ V2 and W1 ∩W2 6= V1, V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
and there are qr2 complete 4-pairs.
If W1 6= V1 ⊕ V2, W2 6= V1 ⊕ V2, and V1 =W1 ∩W2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are qr such pairs (V1, V2). Given a fixed pair (V1, V2), by Lemma 12.3.8, we can
form 22∙2−4
(
2
2
)
= 1 complete 4-pair. Hence in total there are qr complete 4-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the
contribution for k = 4 in case (iii) to the inclusion-exclusion principle is
−(t2) (2 ∙ qK2 + 2 ∙ qr2 H2 + qrH2)
= − (qK2 + qrH2) qst.
(iv) Suppose that lV = 3, 4 and lW = 2. Fix lV and write l = lV . By Lemma 12.3.8,
the number of complete 4-pairs is N4,l, where N4,3 = 12 and N4,4 = 14. Fix (W1,W2).
By Lemma 12.3.5, we can assume that ⊕li=1Vi = V1 ⊕ V2 and that V1 ⊕ V2 =W1 or W2.
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If W1 = V1 ⊕ V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
s
l
)
such tuples (V1, ..., Vl). Indeed, we must choose l one-spaces from the s
one-spaces contained in W1. By Lemma 12.3.8, given a tuple (V1, ..., Vl), we can form N4,l
complete 4-pairs. Hence in total there are N4,l
(
s
l
)
complete 4-pairs.
Similarly, if W2 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
and there are N4,l
(
s
l
)
complete 4-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the
contribution for k = 4 for a fixed lV = l in case (iv) to the inclusion-exclusion principle is
−(t2) (2 ∙N4,l(sl)H2)
= − (N4,l(sl)) qstH2.
Unfix lV . Then the total contribution for k = 4 in case (iv) to the inclusion-exclusion
principle is
−
(
N4,3
(
s
3
)
+N4,4
(
s
4
))
qstH2.
(v) Suppose that lV = 2 and lW = 3, 4. Then similarly as in case (iv), we get that the
contribution for k = 4 in case (v) to the inclusion-exclusion principle is
−
(
N4,3
(
s
3
)
+N4,4
(
s
4
))
qstH2.
Putting altogether the contribution for k = 4 to the inclusion-exclusion principle is
− [2 ∙ ((s4)H1 + qs(s4)H2) t+ (qK2 + qrH2) qst+ 2 ∙ (N4,3(s3)+N4,4(s4)) qstH2]
= − [((s4)H1 + qs(s4)H2) 2t+ (qK2 + qrH2) qst+ (N4,3(s3)+N4,4(s4)) 2qstH2] .
Remark 12.3.3. We now consider all intersections of k distinct elements of the type
StabG(V,W ), where V and W denote respectively a one-space and a two-space of V,
for k ≥ 5. Let V1, ..., VlV and W1, ...,WlW be respectively the distinct one-spaces and the
distinct two-spaces. As k ≥ 5, by Lemma 12.3.8 we can no longer have lV = lW = 2.
Lemma 12.3.14. Suppose that 5 ≤ k ≤ s. Then the contribution to the inclusion-
exclusion principle is
(−1)k+1
((s
k
)
H1 + qs
(
s
k
)
H2
)
2t+
 k∑
l=d k2 e
Nk,l
(
s
l
) 2qstH2

where Nk,l is given in Lemma 12.3.8.
Proof. By Lemmas 12.3.5 and 12.3.8, the cases to consider are
(i) lV = k and lW = 1.
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(ii) lV = 1 and lW = k.
(iii) dk2 e ≤ lV ≤ k and lW = 2.
(iv) lV = 2 and dk2 e ≤ lW ≤ k.
(i) Suppose that lV = k and lW = 1.
Fix W1. By Lemma 12.3.5, we can assume that ⊕ki=1Vi = V1 ⊕ V2.
If V1 ⊕ V2 =W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H1.
There are
(
s
k
)
such tuples (V1, ..., Vk). Indeed, there are s one-spaces in W1, and we must
choose k of them.
If V1 ⊕ V2 6=W1, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are qs
(
s
k
)
such tuples (V1, ..., Vk). Indeed, V1, ..., Vk must lie in a two-space not equal
to W1. There are qs such two-spaces. Once the two-space is chosen, we must choose k
one-spaces from the s one-spaces contained in it.
Unfix W1. There are t two-spaces in V. So we deduce that the contribution for a fixed
integer k with 5 ≤ k ≤ s, in case (i), to the inclusion-exclusion principle is
(−1)k+1
((
s
k
)
H1 + qs
(
s
k
)
H2
)
t.
(ii) Suppose that lV = 1 and lW = k. Then similarly as in case (i), we get that the
contribution for a fixed integer k with 5 ≤ k ≤ s, in case (ii), to the inclusion-exclusion
principle is
(−1)k+1
((
s
k
)
H1 + qs
(
s
k
)
H2
)
t.
(iii) Suppose that dk2 e ≤ lV ≤ k and lW = 2. Write l = lV and let Nk,l be the number
of complete k-pairs. Fix such an integer l.
Fix (W1,W2). By Lemma 12.3.5, we can assume that ⊕li=1Vi = V1 ⊕ V2 and that
V1 ⊕ V2 =W1 or W2.
If W1 = V1 ⊕ V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
s
l
)
such tuples (V1, ..., Vl). Indeed, we must choose l one-spaces from the s
one-spaces contained in W1. By Lemma 12.3.8, given a tuple (V1, ..., Vl), we can form Nk,l
complete k-pairs. Hence in total there are Nk,l
(
s
l
)
complete k-pairs.
Similarly, if W2 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
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and there are Nk,l
(
s
l
)
complete k-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the contribution
for a fixed integer k with 5 ≤ k ≤ s and a fixed integer l = lV with dk2 e ≤ l ≤ k, in case
(iii), to the inclusion-exclusion principle is
(−1)k+1(t2) (2 ∙Nk,l(sl)H2)
= (−1)k+1 (Nk,l(sl)) qstH2.
Unfix l, then the total contribution for a fixed integer k with 5 ≤ k ≤ s, in case (iii),
to the inclusion-exclusion principle is
(−1)k+1
 k∑
l=d k2 e
Nk,l
(
s
l
) qstH2.
(iv) Suppose that lV = 2 and dk2 e ≤ lW ≤ k. Then similarly as in case (iii), we
get that the total contribution for a fixed integer k with 5 ≤ k ≤ s, in case (iv), to the
inclusion-exclusion principle is
(−1)k+1
 k∑
l=d k2 e
Nk,l
(
s
l
) qstH2.
Putting altogether, the contribution for a fixed integer k with 5 ≤ k ≤ s to the
inclusion-exclusion principle is
(−1)k+1
[
2 ∙ ((s
k
)
H1 + qs
(
s
k
)
H2
)
t+ 2 ∙
(∑k
l=d k2 eNk,l
(
s
l
))
qstH2
]
= (−1)k+1
[((
s
k
)
H1 + qs
(
s
k
)
H2
)
2t+
(∑k
l=d k2 eNk,l
(
s
l
))
2qstH2
]
.
Lemma 12.3.15. Suppose that max(5, s + 1) ≤ k ≤ 2s. Then the contribution to the
inclusion-exclusion principle is
(−1)k+1
 s∑
l=d k2 e
(
Nk,l
(
s
l
))
2qstH2

where Nk,l is given in Lemma 12.3.8.
Proof. As k > s, we can suppose that lV > 1 and lW > 1. Indeed, suppose that lW = 1.
Then lV = k. By Lemma 12.3.5, if V1, ..., Vk do not lie in a two-space then
k⋂
i=1
StabG(Vi,Wi) ∼ 1.
On the other hand, in a given two-space there are s one spaces, so as k > s the one-spaces
V1, ..., Vk cannot lie in a two-space. Therefore we can assume that lW > 1 and similarly
that lV > 1. Therefore by Lemmas 12.3.5 and 12.3.8 the cases to consider are
(i) dk2 e ≤ lV ≤ s and lW = 2.
(ii) lV = 2 and dk2 e ≤ lW ≤ s.
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(i) Suppose that dk2 e ≤ lV ≤ s and lW = 2. Write l = lV and let Nk,l be the number
of complete k-pairs. Fix such an integer l.
Fix (W1,W2). By Lemma 12.3.5, we can assume that ⊕li=1Vi = V1 ⊕ V2 and that
V1 ⊕ V2 =W1 or W2.
If W1 = V1 ⊕ V2, then by Lemma 12.3.6
k⋂
i=1
StabG(Vi,Wi) ∼ H2.
There are
(
s
l
)
such tuples (V1, ..., Vl). Indeed, we must choose l one-spaces from the s
one-spaces contained in W1. By Lemma 12.3.8, given a tuple (V1, ..., Vl), we can form Nk,l
complete k-pairs. Hence in total there are Nk,l
(
s
l
)
complete k-pairs.
Similarly, if W2 = V1 ⊕ V2, then
k⋂
i=1
StabG(Vi,Wi) ∼ H2
and there are Nk,l
(
s
l
)
complete k-pairs.
Unfix (W1,W2). There are
(
t
2
)
pairs of two-spaces in V. So we deduce that the contribution
for a fixed integer k with max(5, s+1) ≤ k ≤ 2s and a fixed integer l = lV with dk2 e ≤ l ≤ s,
in case (i), to the inclusion-exclusion principle is
(−1)k+1(t2) (2 ∙Nk,l(sl)H2)
= (−1)k+1 (Nk,l(sl)) qstH2.
Unfix l, then the total contribution for a fixed integer k with max(5, s+ 1) ≤ k ≤ 2s,
in case (i), to the inclusion-exclusion principle is
(−1)k+1
 s∑
l=d k2 e
Nk,l
(
s
l
) qstH2.
(ii) Suppose that lV = 2 and dk2 e ≤ lW ≤ s. Then similarly as in case (i), we get that
the total contribution for a fixed integer k with max(5, s+1) ≤ k ≤ 2s, in case (ii), to the
inclusion-exclusion principle is
(−1)k+1
 s∑
l=d k2 e
Nk,l
(
s
l
) qstH2.
Putting altogether, the contribution for a fixed integer k with max(5, s+ 1) ≤ k ≤ 2s
to the inclusion-exclusion principle is
2 ∙ (−1)k+1
(∑s
l=d k2 eNk,l
(
s
l
))
qstH2
= (−1)k+1
[(∑s
l=d k2 eNk,l
(
s
l
))
2qstH2
]
.
Lemma 12.3.16. Suppose that k > 2s. Then the contribution to the inclusion-exclusion
principle is 0.
194
The number of homomorphisms from T to parabolic subgroups of L3(q)
Proof. This follows from Lemmas 12.3.5 and 12.3.6. Indeed, since k > s the cases to
consider are
(i) lW = 2.
(ii) lV = 2.
(i) Suppose that lW = 2. Since k > 2s, by Lemma 12.3.8 we must have lV > s.
Therefore lV > 3. By Lemmas 12.3.5 and 12.3.6, if V1, ..., VlV do not lie in W1 nor W2,
then
k⋂
i=1
StabG(Vi,Wi) ∼ 1.
As lV > s, V1, ..., VlV cannot lie in a two-space, and so we are done.
(ii) The proof is similar.
We can now prove Proposition 12.3.4.
Proposition 12.3.17. Suppose q = 2. Then Proposition 12.3.4 holds.
Proof. Since q = 2 we have s = 3. By Lemmas 12.3.10, 12.3.11, 12.3.12, 12.3.13, 12.3.15
and 12.3.16, we have
|X1 ∩X2| =(
sG1 + q
2G2
)
t
− (K1 + 4qK2 + 3qrH2) qst
+
((
s
3
)
H1 + qs
(
s
3
)
H2
)
2t+ (4qK2 + 4qrH2) qst+
(
N3,3
(
s
3
))
2qstH2
− [((s4)H1 + qs(s4)H2) 2t+ (qK2 + qrH2) qst+ (N4,3(s3)+N4,4(s4)) 2qstH2]
+
∑6
k=5(−1)k+1
[∑s
l=d k2 e
(
Nk,l
(
s
l
))]
2qstH2.
Therefore
|X1 ∩X2| = stG1 + q2tG2 − qstK1 − q2stK2 + 2tH1
+(1 +N3,3 −N4,3 +N5,3 −N6,3) 2qstH2
= stG1 + q
2tG2 − qstK1 − q2stK2 + qrtH1
+(1 + 6− 12 + 6− 1) 2qstH2
= stG1 + q
2tG2 − qstK1 − q2stK2 + qrtH1.
Proposition 12.3.18. Suppose that q = 3. Then Proposition 12.3.4 holds.
Proof. Since q = 3 we have s = 4. By Lemmas 12.3.10, 12.3.11, 12.3.12, 12.3.13, 12.3.15
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and 12.3.16, we have
|X1 ∩X2| =(
sG1 + q
2G2
)
t
− (K1 + 4qK2 + 3qrH2) qst
+
((
s
3
)
H1 + qs
(
s
3
)
H2
)
2t+ (4qK2 + 4qrH2) qst+
(
N3,3
(
s
3
))
2qstH2
− [((s4)H1 + qs(s4)H2) 2t+ (qK2 + qrH2) qst+ (N4,3(s3)+N4,4(s4)) 2qstH2]
+
∑8
k=5(−1)k+1
[∑s
l=d k2 e
(
Nk,l
(
s
l
))]
2qstH2.
Therefore
|X1 ∩X2| = stG1 + q2tG2 − qstK1 − q2stK2 +
((
4
3
)
−
(
4
4
))
2tH1
+
((
4
3
)
−
(
4
4
)
+N3,3
(
4
3
)
−N4,3
(
4
3
)
−N4,4
(
4
4
))
2qstH2
+
(
N5,3
(
4
3
)
+N5,4
(
4
4
)
−N6,3
(
4
3
)
−N6,4
(
4
4
))
2qstH2
+
(
N7,4
(
4
4
)
−N8,4
(
4
4
))
2qstH2
= stG1 + q
2tG2 − qstK1 − q2stK2 + 6tH1
+(4− 1 + 6 ∙ 4− 12 ∙ 4− 14 + 6 ∙ 4 + 32− 1 ∙ 4− 24) 2qstH2
+(8− 1) 2qstH2
= stG1 + q
2tG2 − qstK1 − q2stK2 + qrtH1
+(4− 1 + 24− 48− 14 + 24 + 32− 4− 24 + 8− 1) 2qstH2
= stG1 + q
2tG2 − qstK1 − q2stK2 + qrtH1.
Proposition 12.3.19. Suppose that q > 3. Then Proposition 12.3.4 holds.
Proof. Since q > 3 we have s ≥ 5. By Lemmas 12.3.10, 12.3.11, 12.3.12, 12.3.13, 12.3.14,
12.3.15 and 12.3.16, we have
|X1 ∩X2| =(
sG1 + q
2G2
)
t
− (K1 + 4qK2 + 3qrH2) qst
+
((
s
3
)
H1 + qs
(
s
3
)
H2
)
2t+ (4qK2 + 4qrH2) qst+
(
N3,3
(
s
3
))
2qstH2
− [((s4)H1 + qs(s4)H2) 2t+ (qK2 + qrH2) qst+ (N4,3(s3)+N4,4(s4)) 2qstH2]
+
∑s
k=5(−1)k+1
[((
s
k
)
H1 + qs
(
s
k
)
H2
)
2t+
(∑k
l=d k2 eNk,l
(
s
l
))
2qstH2
]
+
∑2s
k=s+1(−1)k+1
[∑s
l=d k2 e
(
Nk,l
(
s
l
))]
2qstH2.
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Recall the definition of Nk,l and Mk,l given respectively in Lemma 12.3.8 and Lemma
12.3.9. Given two positive integers k and l we defined
Mk,l = 2
2l−k
(
l
k − l
)
.
Hence
Nk,l =
{
Mk,l if dk2 e ≤ l < k
Mk,l − 2 if l = k.
Therefore rearranging terms,
|X1 ∩X2| =
stG1 + q
2tG2 − qstK1 − q2stK2
+
(
N3,3
(
s
3
)−N4,3(s3)−N4,4(s4)) 2qstH2
+
[∑s
k=3(−1)k+1
(
s
k
)]
2tH1
+
[∑s
k=3(−1)k+1
(
s
k
)]
2qstH2
+
[∑s
k=5(−1)k+1
∑k−1
l=d k2 eMk,l
(
s
l
)]
2qstH2 +
[∑s
k=5(−1)k+1(Mk,k − 2)
(
s
k
)]
2qstH2
+
∑2s
k=s+1(−1)k+1
[∑s
l=d k2 e
(
Mk,l
(
s
l
))]
2qstH2.
Using Lemma 12.3.9,
|X1 ∩X2| =
stG1 + q
2tG2 − qstK1 − q2stK2
+
(
s(s− 1)(s− 2)− 2s(s− 1)(s− 2)− 7s(s−1)(s−2)(s−3)12 )
)
2qstH2
+(s− 1)(s− 2)tH1
+ (s−1)(s−2)2 ∙ 2qstH2
+
[∑s
k=5(−1)k+1
∑k
l=d k2 eMk,l
(
s
l
)]
2qstH2 − 2 ∙
[∑s
k=5(−1)k+1
(
s
k
)]
2qstH2
+
∑2s
k=s+1(−1)k+1
[∑s
l=d k2 e
(
Mk,l
(
s
l
))]
2qstH2.
Rearranging terms,
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|X1 ∩X2| = stG1 + q2tG2 − qstK1 − q2stK2 + qrtH1
−
(
s(s− 1)(s− 2)(7s− 9)
12
− (s− 1)(s− 2)
2
)
2qstH2
+
 s∑
k=5
(−1)k+1
k∑
l=d k2 e
Mk,l
(
s
l
) 2qstH2
+
2s∑
k=s+1
(−1)k+1
 s∑
l=d k2 e
(
Mk,l
(
s
l
)) 2qstH2
−2 ∙
[
s∑
k=5
(−1)k+1
(
s
k
)]
2qstH2.
Using Lemma 12.3.9,
|X1 ∩X2| = stG1 + q2tG2 − qstK1 − q2stK2 + qrtH1
−
(
(s− 1)(s− 2)(7s2 − 9s− 6)
12
)
2qstH2
+
[
(s− 1)(s− 2)(2s− 1)(2s− 3)
6
]
2qstH2
−
[
(s− 1)(s− 2)(s− 3)(s− 4)
12
]
2qstH2
= stG1 + q
2tG2 − qstK1 − q2stK2 + qrtH1.
12.3.4 The proof of Theorem 12.1
Proof. Let
X1 =
⋃
g∈G
Hom∗(T, P1g)
and
X2 =
⋃
g∈G
Hom∗(T, P2g).
We have
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = |X1|+ |X2| − |X1 ∩X2|.
Therefore by Propositions 12.3.1, 12.3.3 and 12.3.4
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = |X1|+ |X2| − |X1 ∩X2|
= 2|X1| − |X1 ∩X2|
= 2
(
tP1 − qst
2
K1 +
qrt
2
H1
)
−(stG1 + q2tG2 − qstK1 − q2stK2 + qrtH1)
= 2tP1 − stG1 − q2tG2 + q2stK2.
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12.4 The number of homomorphism from a hyperbolic triangle
group to several subgroups of the maximal parabolic sub-
groups of L3(q)
Given a hyperbolic triangle group
T = Tp1,p2,p3 = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
we are going to calculate
|Hom∗(T, F )|
for some subgroups F ∈ F , where F is the collection of subgroups of the maximal parabolic
subgroups of L3(q). In particular we calculate |Hom∗(T, F )| for F ∈ {P1, G1, G2,K2}.
Recall that we assume, unless otherwise stated, that if (p1, p2, p3) is a hyperbolic triple of
odd primes, then p1, p2, p3 are all distinct.
12.4.1 Some subgroups that we do not need to consider
In deriving the formula
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = 2tP1 − stG1 − q2tG2 + q2stK2
we claimed that some subgroups F ∈ F are such that |Hom∗(T, F )| = 0. We first justify
this fact.
Lemma 12.4.1. Let G = L3(q) and consider the following subgroup of G:
L1 =

 λ1 0 00 λ2 0
0 0 λ3
 : λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z.
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are not all equal, and
let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
Hom∗(T,L1) = ∅.
Proof. Since L1 is an abelian group, the result follows immediately from Lemma 2.6.
Proposition 12.4.2. Let G = L3(q) and consider the following subgroup of G:
L2 =

 λ1 0 a0 λ1 0
0 0 λ1
 : a, λ1 ∈ Fq and λ13 = 1
 /Z.
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are not all equal, and
let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
Hom∗(T,L2) = ∅.
Proof. Write
L2 =

 1 0 a0 1 0
0 0 1
 : a ∈ Fq
Z
Z
.
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Note that |L2| = q. Every element of prime order in L2 has order p. Since p1, p2, p3
are not all equal, we deduce that Hom∗(T,L2) = ∅.
12.4.2 The number of homomorphisms from T to P1
Let G = L3(q) where q = p
n for some prime number p and some positive integer n, and
let P be a maximal parabolic subgroup of L3(q). Let (p1, p2, p3) be a hyperbolic triple of
primes and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. We calculate
|Hom∗(T, P )|.
Theorem 12.4.3. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Let P be a maximal parabolic subgroup of L3(q). Let (p1, p2, p3) be
a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or p1 = 2. Let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose lcm(p1, p2, p3) divides
|P |. Then
(i) Suppose that p 6= 2 and p1 = 2. Then
Hom∗(T, P ) = ∅.
(ii) Suppose that p1, p2, p3 are all distinct. Then
|Hom∗(T, P )| =
{
q3|Hom∗(T, SL2(q))| if p = p1 = 2
q4|Hom∗(T, SL2(q))| otherwise.
(iii) Suppose that p = p1 = 2 and p2 = p3. Write u = p2. Then
|Hom∗(T, P )| =

q2rs
[
u(u−1)2
4 qr +
(u−1)(u2+5u−12)
4 q + 3(u− 1)
]
if r ≡ 0 mod u
q2rs
[
(u−1)2
4 qr +
(u−1)(u−3)
4 q
]
if s ≡ 0 mod u.
In those calculations, without loss of generality, a maximal parabolic subgroup of L3(q)
will be thought as being the stabiliser in L3(q) of a one-dimensional subspace of F3q.
Some notation
Let P1 be the stabiliser in L3(q) of a one-dimensional subspace of F3q. Write P1 as a
semidirect product
P1 = N ∙H
where
N =

 1 0 00 1 0
a b 1
 : a, b ∈ Fq
Z
Z
and
H =
{(
A 0
0 λ
)
: A ∈ GL2(q) and det(A)λ = 1
}
Z
.
Note that N ∼= ((Fq)2,+), |N | = q2 and H ∼= GL2(q)/Z, |H| = qrr′s.
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Let P+1 be the subgroup of SL3(q) corresponding to P1, that is P
+
1 is such that P1 =
P+1 Z
Z
. Then P+1 is a semidirect product
P+1 = N
+ ∙H+
where N+, H+ are the subgroups of SL3(q) corresponding to N and H respectively. That
is N = N
+Z
Z
and H+ is such that H = H
+
Z
. Note that N+ ∼= N , |N+| = q2 and
H+ ∼= GL2(q) , |H+| = qr2s.
Suppose (p1, p2, p3) is such that p1, p2, p3 are all distinct if p1, p2, p3 are odd. Then
when we calculate |Hom∗(T, P1)|, it is useful to turn N+ into a vector space over Fq and
to define for any h ∈ H+ an endomorphism θh of N+.
Lemma 12.4.4. N+ is a vector space over Fq of dimension 2 with natural basis B =
{b1, b2}, where
b1 =
 1 0 00 1 0
1 0 1
 and b2 =
 1 0 00 1 0
0 1 1
 .
Let h ∈ H+ and write
h =
(
Ah 0
0 αh
)
where Ah ∈ GL2(q), αh = det(Ah)−1.
Define
θh : N
+ −→ N+
n 7→ nh.
Then θh is an endomorphism of N
+. Finally, let [θh]B be the be the matrix of the endo-
morphism θh with respect to the basis B. Then
[θh]B = α−1h A
T
h .
Proof. We turn N+ into a vector space over Fq with scalar multiplication and vector
addition defined as follows. Let λ be any element of Fq and n1, n2 be any elements of N+.
Write
n1 =
 1 0 00 1 0
λ1 μ1 1
 and n2 =
 1 0 00 1 0
λ2 μ2 1
 .
Define
λ ∙ n1 =
 1 0 00 1 0
λλ1 λμ1 1
 and n1 + n2 =
 1 0 00 1 0
λ1 + λ2 μ1 + μ2 1
 .
Note that the vector addition in N+ viewed as a vector space is the same as the mul-
tiplication operation in N+ viewed as a subgroup of SL3(q).
It is clear that N+ is a vector space over Fq of dimension 2 with basis
B = {b1, b2}.
Let n1 be any element of N
+ and write
Ah =
(
a c
b d
)
.
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Then
θh(n1) = h
−1n1h =
 1 0 00 1 0
α−1h (aλ1 + bμ1) α
−1
h (cλ1 + dμ1) 1
 .
Let us check that θh is indeed an endomorphism of N
+. Since N+CP+1 we have nh ∈ N+
for any n ∈ N+. Let λ be any element of Fq and n1, n2 be any elements of N+. Then
θh(n1 + n2) = (n1 + n2)
h = (n1n2)
h = nh1 ∙ nh2 = nh1 + nh2 = θh(n1) + θh(n2)
and
θh(λ ∙ n1) = θh
 1 0 00 1 0
λλ1 λμ1 0

=
 1 0 00 1 0
α−1h (aλλ1 + bλμ1) α
−1
h (cλλ1 + dλμ1) 1

= λ ∙
 1 0 00 1 0
α−1h (aλ1 + bμ1) α
−1
h (cλ1 + dμ1) 1

= λ ∙ θh(n1).
Hence θh is an endomorphism of N
+, as required.
Finally, θh(b1) = α
−1
h (ab1 + cb2) and θh(b2) = α
−1
h (bb1 + db2). Hence
[θh]B = α−1h
(
a b
c d
)
= α−1h A
T
h .
Case where p1, p2, p3 are all distinct
We now prove Theorem 12.4.3. We first treat the case where p1, p2, p3 are all distinct.
Without loss of generality we can assume that p1 < p2 < p3.
Proposition 12.4.5. Suppose that p1, p2, p3 are all distinct. Then Theorem 12.4.3 holds.
In order to calculate the size of Hom∗(T, P1), given an element h of H+ of prime order
u (say), we need to the determine the elements n ∈ N+ such that nh has order u.
Lemma 12.4.6. Let u be a prime number dividing |H+|. Let
h =
(
Ah 0
0 1
)
be an element of H+ of order u, where Ah ∈ SL2(q).
(i) Suppose that p 6= 2. Then nh has order u for any n ∈ N+.
(ii) Suppose that p = 2.
(a) If u 6= 2. Then nh has order u for any n ∈ N+.
(b) If u = 2. Then there are only q elements n ∈ N+ such that nh has order u.
Proof. Consider N+ as a vector space over Fq with basis B (see Lemma 12.4.4). Let θh be
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the endomorphism of N+ defined in Lemma 12.4.4. Let n be any element of N+. Then
(nh)u = nhu
∏u−1
i=1 h
−(u−i)nhu−i
=
∏u−1
i=0 θh
u−i(n)
=
∏u−1
i=0 θh
i(n) (as N+ is abelian)
=
∑u−1
i=0 θh
i(n) (N+ viewed as a vector space)
=
(∑u−1
i=0 θh
i
)
(n)
= (1 + θh + θ
2
h + ...+ θ
u−1
h )(n).
Let fh(t) be the minimal polynomial of [θh]B. By Lemma 12.4.4, we have
[θh]B = ATh .
Since h has order u, fh(t) must divide t
u − 1.
Suppose that 1 is not an eigenvalue of [θh]B. Then fh(t) divides
tu − 1
t− 1 =
u−1∑
i=0
ti.
Therefore
u−1∑
i=0
([θh]B)i = 0.
Hence if 1 is not an eigenvalue of [θh]B then
(nh)u =
{
0 as a vector space element
1 as a group element.
As N+ ∩H+ = 1, it follows that nh has order u. Now 1 is an eigenvalue of [θh]B if and
only if 1 is an eigenvalue of Ah. So we proved that if 1 is not an eigenvalue of Ah then nh
has order u for any element n ∈ N+.
Suppose now that 1 is an eigenvalue of Ah and p 6= 2. By the description of the
conjugacy classes of SL2(q) given in [16, p. 228], there are two conjugacy classes of
nontrivial elements having 1 as eigenvalue. They have representatives(
1 0
1 1
)
and
(
1 0
ν 1
)
where ν is a generator of F∗q .
These representatives have order p. Therefore u = p and Ah is conjugate in SL2(q) to an
element of the type (
1 0
a 1
)
where a ∈ F∗q .
After a suitable change of basis of F3q, we can assume that
n =
 1 0 00 1 0
λ μ 1
 and h =
 1 0 0a 1 0
0 0 1

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for some λ, μ ∈ Fq and some nonzero a ∈ Fq. Therefore
(nh)u =
 1 0 0ua 1 0
uλ+ u(u+1)2 aμ pμ 1
 =
 1 0 00 1 0
p(p+1)
2 aμ 0 1
 = 1.
As N+ ∩H+ = 1, it follows that nh has order u. Therefore if p 6= 2 and h is such that 1
is an eigenvalue of Ah then nh has order u for any n ∈ N+.
Suppose that 1 is an eigenvalue of Ah and p = 2. By the description of the conjugacy
classes of SL2(q) given in [16, p. 232], there is a single conjugacy class of nontrivial
elements having 1 as eigenvalue. It has representative(
1 0
1 1
)
of order p = 2. This is the only class in SL2(q) whose elements have order p = 2. Hence if
p = 2 then saying that Ah 6= 1 has eigenvalue 1 is equivalent to saying that u = p. After
a suitable change of basis of F3q, we can assume that
n =
 1 0 00 1 0
λ μ 1
 and h =
 1 0 01 1 0
0 0 1

for some λ, μ ∈ Fq. Therefore
(nh)u =
 1 0 00 1 0
p(p+1)
2 μ 0 1
 =
 1 0 00 1 0
μ 0 1
 .
Hence
(nh)u = 1 if and only if μ = 0.
If μ = 0, as N+ ∩ H+ = 1, it follows that nh has order u. Therefore if u = p = 2 then
there are only q elements n ∈ N+ such that nh has order u. The lemma is proved.
Proof of Proposition 12.4.5. Write P1 as a semidirect product
P1 = N ∙H.
Let φ be any element of Hom∗(T, P1). Let π : P1 −→ H be the canonical homomorphism.
Let ψ = π ◦ φ, so that ψ ∈ Hom(T,H). Without loss of generality we suppose that
p1 < p2 < p3. We first give some assumptions we can make about the homomorphism ψ.
Now
ψ(x) has order dividing p1
ψ(y) has order dividing p2
ψ(xy) has order dividing p3 (*).
We first note that ψ(x), ψ(y), ψ(xy) 6= 1. Indeed, suppose that one of ψ(x), ψ(y), ψ(xy) is
equal to the identity element. Then, as p1, p2, p3 are distinct primes, ψ is trivial. Therefore
Im φ ⊂ N . But the only elements of prime order in N have order p. Therefore as p1, p2, p3
are not all equal, at least one of φ(x), φ(y), φ(xy) is the identity element, a contradiction.
Therefore
ψ(x), ψ(y), ψ(xy) 6= 1.
Now
ψ(x) =
(
X 0
0 x1
)
Z
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for some X ∈ GL2(q) and some x1 ∈ Fq with det(X)x1 = 1, and
ψ(y) =
(
Y 0
0 x2
)
Z
for some Y ∈ GL2(q) and some x2 ∈ Fq with det(Y )x2 = 1. Therefore
ψ(xy) =
(
XY 0
0 x1x2
)
Z.
Let x3 = x1x2. Note that since p1 < p2 < p3, we must have p3 6= 3. Without loss of
generality we can assume that xp33 = 1. Indeed by (∗), we must have xp33 ∈ {1, $,$2}. If
(3, q − 1) = 1 then it is obvious that xp33 = 1.
Suppose that (3, q − 1) = 3. Now p3 ≡ i mod 3 for some i ∈ {1, 2}. If xp33 = 1 then we
are done. Suppose that xp33 = $
j where j ∈ {1, 2}. Consider $2ji 0 00 $2ji 0
0 0 $2ji
ψ(xy) = ψ(xy)
instead. Then
($2jix3)
p3
= $2jip3 ∙ x3p3 = $2ji2 ∙$j = $2j ∙$j = 1.
Similarly, if pi 6= 3 (i ∈ {1, 2}) then without loss of generality we can assume that xpii = 1.
Since p1, p2, p3 are all distinct, we must have p1 6= 3 or p2 6= 3. Suppose that p1 6= 3.
Then xp11 = 1 and (x1x2)
p3 = 1. Therefore
xp1p32 = (x
p3
2 )
p1 = (x−p31 )
p1 = 1.
Now by (∗), x3p22 = 1. As (p1p3, 3p2) = 1, we deduce that x2 = 1. Finally since (p1, p3) = 1,
we get x1 = 1. Hence x1 = x2 = 1.
Similarly if p2 6= 3, then we can assume without loss of generality that x1 = x2 = 1.
We can therefore assume that
ψ(x) =
(
X 0
0 1
)
Z
for some X ∈ SL2(q) of order p1, and
ψ(y) =
(
Y 0
0 1
)
Z
for some Y ∈ SL2(q) of order p2 such that XY has order p3.
Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+.
Now there are |Hom∗(T, SL2(q))| homomorphisms ψ : T −→ H such that
ψ(x) =
(
X 0
0 1
)
Z
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for some X ∈ SL2(q) of order p1, and
ψ(y) =
(
Y 0
0 1
)
Z
for some Y ∈ SL2(q) of order p2 such that XY has order p3.
Fix such a homomorphism ψ. We determine the number of homomorphisms φ ∈ Hom∗(T, P1)
such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Suppose that p 6= 2 or p1 6= 2. By Lemma 12.4.6, we have q2 choices
for n1 and q
2 choices for n2. Therefore there are q
4 homomorphisms φ ∈ Hom∗(T, P1)
with π ◦ φ = ψ. Hence
|Hom∗(T, P1)| = q4|Hom∗(T, SL2(q))|.
Note that if p 6= 2 and p1 = 2 then it follows from Proposition 3.7.1 that
Hom∗(T, P1) = ∅.
Suppose that p = p1 = 2. By Lemma 12.4.6, we have q choices for n1 and q
2 choices for
n2. Therefore there are q
3 homomorphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Hence
|Hom∗(T, P1)| = q3|Hom∗(T, SL2(q))|.
This completes the proof of Proposition 12.4.5.
Case where p 6= 2, p1 = 2 and p2 = p3
We now prove Theorem 12.4.3 when p 6= 2, p1 = 2 and p2 = p3. We make a slight change
of notion. We write u = p2 and let T = T2,u,u.
Proposition 12.4.7. Let G = L3(q) where q = p
n for some odd prime number p and
some positive integer n. Let u > 3 be an odd prime and let T = T2,u,u. Then
Hom∗(T, P1) = ∅.
Proof. The proof follows the steps of the proof of Proposition 12.4.5. Write P1 as a
semidirect product
P1 = N ∙H.
Let φ be any element of Hom∗(T, P1). Let π : P1 −→ H be the canonical homomorphism.
Let ψ = π ◦ φ, so that ψ ∈ Hom(T,H). We first give some assumptions we can make
about the homomorphism ψ. Now
ψ(x) has order dividing 2
ψ(y) has order dividing u
ψ(xy) has order dividing u (∗).
We first note that ψ(x), ψ(y), ψ(xy) 6= 1. Indeed, if ψ(x) = 1 then φ(x) ∈ N . Since p is
odd, N has no elements of order 2 and so φ(x) = 1, a contradiction. Suppose ψ(y) = 1 or
ψ(xy) = 1 then as (2,u) = 1, we get ψ(x) = 1, a contradiction. Therefore
ψ(x), ψ(y), ψ(xy) 6= 1.
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Now
ψ(x) =
(
X 0
0 x1
)
Z
for some X ∈ GL2(q) and some x1 ∈ Fq with det(X)x1 = 1, and
ψ(y) =
(
Y 0
0 x2
)
Z
for some Y ∈ GL2(q) and some x2 ∈ Fq with det(Y )x2 = 1. Therefore
ψ(xy) =
(
XY 0
0 x1x2
)
Z.
Since u > 3, without loss of generality we can assume, as in the proof of Proposition
12.4.5, that x21 = x
u
2 = 1. It then follows from (∗) that x1 = 1.
We can therefore assume that
ψ(x) =
(
X 0
0 1
)
Z
for some X ∈ SL2(q) of order 2, and
ψ(y) =
(
Y 0
0 x2
)
Z
for some Y ∈ GL2(q) of order u such that XY has order u and some x2 ∈ Fq such that
det(Y )x2 = 1.
Now SL2(q) has a unique element of order 2 and this element is central in GL2(q). Hence
X is a central involution in GL2(q) and so XY cannot have order u, a contradiction.
Therefore
Hom∗(T, P1) = ∅.
Case where p = p1 = 2 and p2 = p3
We finally prove Theorem 12.4.3 when p = p1 = 2 and p2 = p3. We write u = p2 and let
T = T2,u,u. We want to calculate |Hom∗(T, P1)|. Write P1 as a semidirect product
P1 = N ∙H.
Let φ be any element of Hom∗(T, P1). Let π : P1 −→ H be the canonical homomorphism.
Let ψ = π ◦ φ, so that ψ ∈ Hom(T,H). We first describe the various possibilities for ψ.
Lemma 12.4.8. Let p = 2. Write P1 as the semidirect product
P1 = N ∙H.
Let u > 3 be a prime number and let T = T2,u,u where
T2,u,u = 〈x, y : x2 = yu = (xy)u = 1〉.
Let φ be any element of Hom∗(T, P1). Let π : P1 −→ H be the canonical homomorphism
and let ψ = π ◦ φ. Then
ψ(x) =
(
X 0
0 1
)
Z
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for some X ∈ SL2(q) of order 1 or 2, and
ψ(y) =
(
Y 0
0 y1
)
Z
for some Y ∈ GL2(q) of order u such that XY has order u and some nonzero y1 ∈ Fq
such that det(Y )y1 = 1.
Proof. First note that
ψ(x) has order dividing 2
ψ(y) has order dividing u
ψ(xy) has order dividing u (∗).
We show that ψ(y), ψ(xy) 6= 1. Indeed, suppose that ψ(y) = 1 or ψ(xy) = 1. Then, as
(2,u) = 1, by (∗) we get ψ(x) = 1. Therefore ψ is trivial. In particular, φ(y) ∈ N . Since
p = 2, every element in N of prime order has order 2, and so φ(y) = 1, a contradiction.
Now
ψ(x) =
(
X 0
0 x1
)
Z
for some x1 ∈ Fq and some X ∈ GL2(q) with det(X)x1 = 1, and
ψ(y) =
(
Y 0
0 y1
)
Z
for some y1 ∈ Fq and some Y ∈ GL2(q) with det(Y )y1 = 1. Therefore
ψ(xy) =
(
XY 0
0 x1y1
)
Z.
Without loss of generality, as u 6= 3 we can assume that
x21 = y
u
1 = (x1y1)
u = 1.
It follows in particular that x1 = 1.
Putting altogether we get
ψ(x) =
(
X 0
0 1
)
Z
for some X ∈ SL2(q) of order 1 or 2, and
ψ(y) =
(
Y 0
0 y1
)
Z
for some Y ∈ GL2(q) of order u such that XY has order u and some nonzero y1 ∈ Fq such
that det(Y )y1 = 1.
Remark 12.4.1. Since p = 2, every element of order 2 in GL2(q) is an element of order 2 in
SL2(q). Given a prime number u > 3, we can use Lemma 3.8.4 to determine the number
of pairs (X,Y ) in GL2(q) such that X has order 2, Y has order u and XY has order u.
In order to calculate the size of Hom∗(T, P1), given an element h of H+ of prime order
u (say), we need to the determine the elements n ∈ N+ such that nh has order u.
Lemma 12.4.9. Suppose that q = 2n for some integer n. Let u 6= 3 be a prime number.
Let
h =
(
Ah 0
0 αh
)
∈ H+
be any element of order u.
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(i) Suppose that u = 2. Then αh = 1 is an eigenvalue of Ah. There are only q elements
n ∈ N+ such that nh has order u.
(ii) Suppose that u is odd. Then
(a) Suppose that αh is not an eigenvalue of Ah. Then nh has order u for any
n ∈ N+.
(b) Suppose that αh is an eigenvalue of Ah. Then there are only q elements n ∈ N+
such that nh has order u.
(c) αh is an eigenvalue of Ah if and only if r ≡ 0 mod u and Ah is conjugate to(
ρk 0
0 ρ−2k
)
where ρ is a primitive rth root of unity in F∗q and k = K ru for some 1 ≤ K ≤
u− 1.
(d) Suppose that r ≡ 0 mod u. Then there are (u − 1)qs elements h ∈ H+ such
that αh is an eigenvalue of Ah.
Proof. Consider N+ as a vector space over Fq with basis B (see Lemma 12.4.4). Let θh be
the endomorphism of N+ defined in Lemma 12.4.4. Let n be any element of N+. Then
(nh)u = nhu
∏u−1
i=1 h
−(u−i)nhu−i
=
∏u−1
i=0 θh
u−i(n)
=
∏u−1
i=0 θh
i(n) (as N+ is abelian)
=
∑u−1
i=0 θh
i(n) (N+ viewed as a vector space)
=
(∑u−1
i=0 θh
i
)
(n)
= (1 + θh + θ
2
h + ...+ θ
u−1
h )(n).
Let fh(t) be the minimal polynomial of [θh]B. By Lemma 12.4.4 we have
[θh]B = α−1h A
T
h .
Since h has order u, fh(t) must divide t
u − 1.
Suppose that 1 is not an eigenvalue of [θh]B. Then fh(t) divides
tu − 1
t− 1 =
u−1∑
i=0
ti.
Therefore
u−1∑
i=0
([θh]B)i = 0.
Hence if 1 is not an eigenvalue of [θh]B then
(nh)u =
{
0 as a vector space element
1 as a group element.
As N+ ∩ H+ = 1, it follows that nh has order u. Now 1 is an eigenvalue of [θh]B if
and only if αh is an eigenvalue of Ah. So we proved that if αh is not an eigenvalue of
Ah then nh has order u for any element n ∈ N+. In particular we have proved part (ii) (a).
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We now determine the elements h ∈ H+ of order u such that αh is an eigenvalue of Ah.
Suppose first that u = 2. Then by Lemma 3.8.3 every element of order 2 in H+ satisfies
αh = 1 and αh is an eigenvalue of Ah. By Lemma 12.4.6, for each element h ∈ H+ of
order 2 there are only q elements n ∈ N+ such that nh has order 2. This proves part (i).
Suppose now that u is odd. Looking at the conjugacy classes of GL2(2
n) whose elements
have order u (see Lemma 3.8.3), we derive part (ii) (c). Suppose that r ≡ 0 mod u. Fix
a class of elements in H+ for which αh is an eigenvalue of Ah. By Lemma 3.8.2, such a
class has qs elements and part (ii) (d) follows. Finally, let h ∈ H+ be an element of order
u such that αh is an eigenvalue of Ah and let n be any element of N
+. After a suitable
change of basis of F3q, we can assume that
n =
 1 0 00 1 0
λ μ 1
 and h =
 a 0 00 a−2 0
0 0 a

for some λ, μ ∈ Fq and a ∈ Fq of order u. Then
(nh)u =
 au 0 00 a−2u 0
uauλ a−2u
∑u−1
i=0 a
3i au
 .
Now since a has order u 6= 3, we deduce that
u−1∑
i=0
a3i = 0
and so
(nh)u =
 1 0 00 1 0
λ 0 1
 .
Hence
(nh)u = 1 if and only if λ = 0.
If λ = 0, as N+ ∩ H+ = 1, it follows that nh has order u. Therefore there are only q
elements n ∈ N+ such that nh has order u. This proves part (ii) (b). The lemma is
proved.
We are now ready to calculate |Hom∗(T, P1)| and complete the proof of Theorem 12.4.3.
Proposition 12.4.10. Let q = 2n for some positive integer n. Let u > 3 be a prime
number. Put T = T2,u,u. Then
|Hom∗(T, P1)| =

q2rs
[
u(u−1)2
4 qr +
(u−1)(u2+5u−12)
4 q + 3(u− 1)
]
if r ≡ 0 mod u
q2rs
[
(u−1)2
4 qr +
(u−1)(u−3)
4 q
]
if s ≡ 0 mod u
0
otherwise.
Proof. Suppose that r 6≡ 0 mod u and that s 6≡ 0 mod u. Then u is not a divisor of |P1|
and so Hom∗(T, P1) = ∅. Therefore we suppose that r ≡ 0 mod u or s ≡ 0 mod u.
As in Lemma 12.4.8, write P1 as a semidirect product
P1 = N ∙H.
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Let π : P1 −→ H be the canonical homomorphism and let ψ = π ◦ φ. By Lemma 12.4.8,
we can assume that
ψ(x) =
(
X 0
0 1
)
Z
for some X ∈ SL2(q) of order 1 or 2, and
ψ(y) =
(
Y 0
0 y1
)
Z
for some Y ∈ GL2(q) of order u such that XY has order u and some nonzero y1 ∈ Fq such
that det(Y )y1 = 1. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+.
(i) Assume that s ≡ 0 mod u. Suppose first that ψ(x) = 1. By Lemmas 3.8.2
and 3.8.3, there are u−12 qr such homomorphisms. Fix such a homomorphism ψ. We
determine the number of homomorphisms φ ∈ Hom∗(T, P1) such that π ◦φ = ψ. Fix such
a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Since φ(x) 6= 1 , we have q2 − 1 choices for n1. By Lemma 12.4.9,
we have q2 choices for n2. Therefore there are q
2rs homomorphisms φ ∈ Hom∗(T, P1)
with π ◦ φ = ψ. Unfixing ψ, we deduce that there are
u− 1
2
q3r2s
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) = 1.
Suppose now that ψ(x) has order 2. By Lemma 3.8.4, there are (u−1)(u−3)4 qrs such homo-
morphisms. Fix such a homomorphism ψ. We determine the number of homomorphisms
φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.9, we have q choices for n1 and q2 choices for n2.
Therefore there are q3 homomorphisms φ ∈ Hom∗(T, P1) with π ◦ φ = ψ. Unfixing ψ, we
deduce that there are
(u− 1)(u− 3)
4
q4rs.
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2. Putting altogether, we get
|Hom∗(T, P1)| = u− 1
2
q3r2s+
(u− 1)(u− 3)
4
q4rs
=
(
u− 1
2
)2
q3r2s+
(u− 1)(u− 3)
4
q3rs
(ii) Assume now that r ≡ 0 mod u.
(a) Suppose first that ψ(x) = 1. There are the following possibilities for ψ(y): Y is a
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central element of GL2(q), or Y is a noncentral element and y1 is not an eigenvalue of Y ,
or finally Y is a noncentral element and y1 is an eigenvalue of Y .
I. Suppose that Y is a central element. By Lemma 3.8.3, there are u − 1 such homo-
morphisms. Fix such a homomorphism ψ. We determine the number of homomorphisms
φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Since φ(x) 6= 1, we have q2 − 1 choices for n1. By Lemma 12.4.9,
we have q2 choices for n2. Therefore there are q
2rs homomorphisms φ ∈ Hom∗(T, P1)
with π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)q2rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) = 1 and ψ(y) is such that Y is central.
II. Suppose that Y is not a central element and y1 is not an eigenvalue of Y . By Lemmas
3.8.3 and 12.4.9, there are
u(u− 1)
2
qs− (u− 1)qs = u− 1
2
(u− 2)qs
such homomorphisms. Fix such a homomorphism ψ. We determine the number of homo-
morphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Since φ(x) 6= 1, we have q2 − 1 choices for n1. By Lemma 12.4.9,
we have q2 choices for n2. Therefore there are q
2rs homomorphisms φ ∈ Hom∗(T, P1)
with π ◦ φ = ψ. Unfixing ψ, we deduce that there are
1
2
(u− 1)(u− 2)q3rs2
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) = 1, and ψ(y) is such that Y is not
central and y1 is not an eigenvalue of Y .
III. Suppose that Y is not a central element and y1 is an eigenvalue of Y . By Lemmas
3.8.3 and 12.4.9, there are (u− 1)qs such homomorphisms. Fix such a homomorphism ψ.
We determine the number of homomorphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix
such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Write
n1 =
 1 0 00 1 0
λx μx 1

for some λx, μx ∈ Fq. After a suitable change of basis of F3q, we can assume that
n2 =
 1 0 00 1 0
λy μy 1
 and ψ(y) =
 y1 0 00 y−21 0
0 0 y1
Z
for some λy, μy ∈ Fq. By Lemma 12.4.9, λy = 0 and so there are q choices for n2. Fix
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such an element n2. Now
φ(xy) =
 1 0 00 1 0
λx μx + μy 1
 y1 0 00 y−21 0
0 0 y1
Z.
Since φ(xy) has order u, by Lemma 12.4.9 we must have λx = 0. Hence, as φ(x) 6= 1,
we deduce that there are (q − 1) choices for n1. Therefore there are qr homomorphisms
φ ∈ Hom∗(T, P1) with π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)q2rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) = 1, and ψ(y) is such that Y is not
central and y1 is an eigenvalue of Y .
It follows that there are
(u− 1)q2rs+ 1
2
(u− 1)(u− 2)q3rs2 + (u− 1)q2rs
= q2rs
(
1
2
(u− 1)(u− 2)qr + (u− 1)(u− 2)q + 2(u− 1)
)
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) = 1.
(b) Suppose now that ψ(x) has order 2. By Lemma 3.8.4, we can assume that Y and
XY are noncentral elements. Say that Y and XY are conjugate to(
ρk 0
0 ρl
)
and
(
ρa 0
0 ρb
)
respectively, where k = K ru , l = L
r
u for some 1 ≤ K < L ≤ u and a = A ru , b = B ru for
some 1 ≤ A < B ≤ u. There are two cases to consider: ψ(y) is such that y1 is not an
eigenvalue of Y or ψ(y) is such that y1 is an eigenvalue of Y .
I. Suppose first that ψ(y) is such that y1 is not an eigenvalue of Y . There are u − 1
conjugacy classes in GL2(q) consisting of elements of order u whose determinant is the
inverse of an eigenvalue.
A. Suppose that XY is conjugate to Y . By Lemma 3.8.4, there are(
1
2
u(u− 1)− (u− 1)
)
2qrs = (u− 1)(u− 2)qrs
such homomorphisms. Fix such a homomorphism ψ. We determine the number of homo-
morphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.9, since X has order 2, we have q choices for
n1, but q
2 choices for n2. Therefore there are q
3 homomorphisms φ ∈ Hom∗(T, P1) with
π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)(u− 2)q4rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2, and ψ(y) is such that y1 is
not an eigenvalue of Y and XY is conjugate to Y .
B. Suppose now that XY is such that XY is not conjugate to Y , y1 is not an eigenvalue of
XY , and det(XY ) = det(Y ). Note that the latter condition is equivalent to K+L ≡ A+B
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mod u. If y1 6= 1, using Lemma 3.8.4 there are(
(u− 1)(u− 2)
2
− u− 1
2
)
∙
(
u− 3
2
− 1
)
qrs =
(u− 1)(u− 3)(u− 5)
4
qrs
such homomorphisms. Fix such a homomorphism ψ. We determine the number of homo-
morphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.9, since X has order 2, we have q choices for
n1, but q
2 choices for n2. Therefore there are q
3 homomorphisms φ ∈ Hom∗(T, P1) with
π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)(u− 3)(u− 5)
4
q4rs
such homomorphisms φ ∈ Hom∗(T, P1). If y1 = 1, using Lemma 3.8.4 there are
u− 1
2
∙
(
u− 1
2
− 1
)
qrs =
(u− 1)(u− 3)
4
qrs
such homomorphisms. Fix such a homomorphism ψ. We determine the number of homo-
morphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.9, since X has order 2, we have q choices for
n1, but q
2 choices for n2. Therefore there are q
3 homomorphisms φ ∈ Hom∗(T, P1) with
π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)(u− 3)
4
q4rs
such homomorphisms φ ∈ Hom∗(T, P1). Therefore there are(
(u− 1)(u− 3)(u− 5)
4
+
(u− 1)(u− 3)
4
)
q4rs =
(u− 1)(u− 3)(u− 4)
4
q4rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2, and ψ(y) is such that y1
is not an eigenvalue of Y , XY is not conjugate to Y , y1 is not an eigenvalue of XY and
det(XY ) = det(Y ).
C. Suppose finally that y1 is an eigenvalue of XY and det(XY ) = det(Y ). Note that
y1 6= 1. By Lemma 3.8.4, there are(
u− 1
2
(u− 2)− u− 1
2
)
qrs =
(u− 1)(u− 3)
2
qrs
such homomorphisms. Fix such a homomorphism ψ. We determine the number of homo-
morphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
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for some n1, n2 ∈ N+. By Lemma 12.4.9, since X has order 2, we have q choices for n1.
Also since XY has eigenvalue y1, it follows by Lemma 12.4.9 that there are q choices for
n2. Therefore there are q
2 homomorphisms φ ∈ Hom∗(T, P1) with π ◦ φ = ψ. Unfixing ψ,
we deduce that there are
(u− 1)(u− 3)
2
q3rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2, and ψ(y) is such that y1 is
not an eigenvalue of Y , y1 is an eigenvalue of XY and det(XY ) = det(Y ).
By Lemma 3.8.4 we have described all the homomorphisms φ ∈ Hom∗(T, P1) satisfying
ψ(x) has order 2 and y1 is not an eigenvalue of Y . Putting altogether, we deduce that
there are
(u− 1)(u− 2)q4rs+ (u−1)(u−3)(u−4)4 q4rs+ (u−1)(u−3)2 q3rs
= (u−1)(u
2−3u+4)
4 q
4rs+ (u−1)(u−3)2 q
3rs
= q2rs
(
(u−1)(u2−3u+4)
4 qr +
(u−2)(u−1)(u+1)
4 q
)
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2 and y1 is not an eigenvalue
of Y .
II. Finally, suppose that ψ is such that ψ(x) has order 2 and ψ(y) is such that y1 is an
eigenvalue of Y .
A. Suppose first that XY is conjugate to Y . Fix Y . We can assume without loss of
generality that
Y =
(
y1 0
0 y−21
)
.
Then
X =
(
1 c
0 1
)
or X =
(
1 0
c 1
)
for some nonzero element c in Fq. Note that unfixing Y we get (u− 1)qs choices for ψ(y).
Suppose first that ψ(x) is such that
X =
(
1 c
0 1
)
for some c ∈ F∗q . There are (u− 1)qrs such homomorphisms ψ. We determine the number
of homomorphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ.
Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Since y1 is an eigenvalue of Y , by Lemma 12.4.9 there are only q
choices for n2. Also since X has order 2 there are q choices for n1. It can easily be checked
that any of these q2 pairs (n1, n2) are such that φ(xy) has order u. Therefore there are q
2
homomorphisms φ ∈ Hom∗(T, P1) with π ◦ φ = ψ. Unfixing ψ we deduce that there are
(u− 1)q3rs such homomorphisms φ ∈ Hom∗(T, P1).
Suppose now that ψ(x) is such that
X =
(
1 0
c 1
)
for some c ∈ F∗q . There are (u− 1)qrs such homomorphisms ψ. We determine the number
of homomorphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ.
Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
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for some n1, n2 ∈ N+. Since y1 is an eigenvalue of Y , by Lemma 12.4.9 there are only
q choices for n2. Also since X has order 2, it can be checked that once n2 is chosen, n1
is determined. Therefore there are q homomorphisms φ ∈ Hom∗(T, P1) with π ◦ φ = ψ.
Unfixing ψ we deduce that there are (u− 1)q2rs such homomorphisms φ ∈ Hom∗(T, P1).
We deduce that there are
(u− 1)q3rs+ (u− 1)q2rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2, y1 is an eigenvalue of Y ,
and Y and XY are conjugate.
B. Suppose finally that XY is not conjugate to Y but det(XY ) = det(Y ). Note that y1
is not an eigenvalue of XY . There are
(u− 1)
(
u− 1
2
− 1
)
qrs =
(u− 1)(u− 3)
2
qrs
such homomorphisms. Fix such a homomorphism ψ. We determine the number of homo-
morphisms φ ∈ Hom∗(T, P1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Since X has order 2, by Lemma 12.4.9, there are q choices for n1.
Also, since y1 is an eigenvalue of Y , by Lemma 12.4.9, there are q choices for n2. Therefore
there are q2 homomorphisms φ ∈ Hom∗(T, P1) with π ◦φ = ψ. Unfixing ψ we deduce that
there are
(u− 1)(u− 3)
2
q3rs
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2, y1 is an eigenvalue of Y ,
det(Y ) = det(XY ) , and Y and XY are not conjugate.
By Lemma 3.8.4 we have described all the homomorphisms φ ∈ Hom∗(T, P1) such that
ψ(x) has order 2 and y1 is an eigenvalue of Y . Putting altogether, we deduce that there
are
(u− 1)q3rs+ (u− 1)q2rs+ (u−1)(u−3)2 q3rs
= q2rs
(
(u−1)2
2 q + (u− 1)
)
homomorphisms φ ∈ Hom∗(T, P1) such that ψ(x) has order 2, and y1 is an eigenvalue of Y .
It follows from all these calculations that
|Hom∗(T, P1)| = q2rs
(
1
2
(u− 1)(u− 2)qr + (u− 1)(u− 2)q + 2(u− 1)
)
+q2rs
(
(u− 1)(u2 − 3u+ 4)
4
qr +
(u− 2)(u− 1)(u+ 1)
4
q
)
+q2rs
(
(u− 1)2
2
q + (u− 1)
)
= q2rs
(
u(u− 1)2
4
qr +
(u− 1)(u2 + 5u− 12)
4
q + 3(u− 1)
)
.
12.4.3 The number of homomorphisms from T to G1
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. We find the
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number of elements in Hom∗(T,G1). Recall that G1 is the following subgroup of L3(q):
G1 =

 λ1 a b0 λ2 c
0 0 λ3
 : a, b, c, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z.
Note that |G1| = q3rr′.
Proposition 12.4.11. Let q = pn where p is a prime number and n is a positive integer.
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that
lcm(p1, p2, p3) divides |G1|. If p2 = p3 write u = p2. Then
|Hom∗(T,G1)| =

q2r [2(u− 1)(u− 2)qr + (u− 1)(3u− 4)q + 4(u− 1)]
if p = p1 = 2 and p2 = p3 = u.
0
otherwise.
We write G1 as a semidirect product
G1 = N ∙H
where
N =

 1 λ μ0 1 ν
0 0 1
 : λ, μ, ν ∈ Fq
 /Z.
and
H =

 a 0 00 b 0
0 0 c
 : a, b, c ∈ Fq and abc = 1
 /Z.
Note that |N | = q3 and H ∼= Zrr′ , |H| = rr′.
Let G+1 be the subgroup of SL3(q) corresponding to G1, that is G
+
1 is such that G1 =
G+1
Z
. Then G+1 is a semidirect product
G+1 = N
+ ∙H+
where N+, H+ are the subgroups of SL3(q) corresponding to N and H respectively. That
is N+ is such that N = N
+Z
Z
andH+ is such that H = H
+
Z
. Note that N+ ∼= N , |N+| = q3
and H+ ∼= Zr2 , |H+| = r2.
When p = 2, in order to calculate the size of Hom∗(T,G1), given an element h of H+
of prime order u (say), we need to the determine the elements n ∈ N+ such that nh has
order u. We first describe the elements of prime order in N+ and in H+.
Lemma 12.4.12. Suppose that p = 2. Let u > 3 be a prime number. Then
(i) The elements of order 2 in N+ are
 1 λ μ0 1 ν
0 0 1
 : λ, μ, ν ∈ Fq not all zero and λν = 0
 .
There are 2q2 − q − 1 such elements.
(ii) Suppose that r ≡ 0 mod u. Then the elements of order u in H+ are the following:
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(a)  1 0 00 a 0
0 0 a−1
 ,
 a 0 00 1 0
0 0 a−1
 ,
 a 0 00 a−1 0
0 0 1

where a ∈ Fq has order u.
(b)  a 0 00 b 0
0 0 (ab)−1
 where a, b ∈ Fq have order u and b 6= a−1.
There are 3(u−1) elements of order u in H+ of type (a) and (u−1)(u−2) elements
of order u in H+ of type (b).
Remark 12.4.2. Since p = 2 we described the elements of prime order in N+. Also
|H+| = r2, so we described all the elements of prime order in H+.
Proof. This is clear.
Lemma 12.4.13. Let p = 2. Let u > 3 be a prime number such that u divides |H+|. Let
h be any element of H+ of order u and let n be any element of N+. Write
h =
 a 0 00 b 0
0 0 c
 for some nonzero a, b, c ∈ Fq satisfying abc = 1.
Write
n =
 1 λ μ0 1 ν
0 0 1
 for some λ, μ, ν ∈ Fq.
Then
(i) There is no element in H+ of order u such that a = b = c.
(ii) There are (u− 1)(u− 2) elements in H+ of order u such that a, b, c are all distinct.
Suppose that h is such that a, b, c are all distinct then nh has order u for all n ∈ N+.
Therefore there are q3 elements n ∈ N+ such that nh has order u.
(iii) There are u− 1 elements in H+ of order u such that a = b. Suppose that h is such
that a = b then nh has order u if and only if λ = 0. Therefore there are q2 elements
n ∈ N+ such that nh has order u.
(iv) There are u− 1 elements in H+ of order u such that b = c. Suppose that h is such
that b = c then nh has order u if and only if ν = 0. Therefore there are q2 elements
n ∈ N+ such that nh has order u.
(v) There are u− 1 elements in H+ of order u such that a = c. Suppose that h is such
that a = c then nh has order u if and only if μ = λν
a3−1 . Therefore there are q
2
elements n ∈ N+ such that nh has order u.
Remark 12.4.3. Suppose p = 2. If h ∈ H+ is an element of prime order u > 3 such that
a = c then a3 − 1 6= 0. Otherwise, since a has order u 6= 3, we get a = 1, a contradiction.
Proof. By Lemma 12.4.12, there are
3(u− 1) + (u− 1)(u− 2) = (u+ 1)(u− 1)
elements h ∈ H+ of order u. Suppose that h is such that a = b = c. Then by the
determinant condition a3 = 1. By the above remark this is not possible. This proves (i).
Suppose that h is such that a = b. Then c = (ab)−1 is determined. Since a ∈ Fq is an
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element of order u, we have u− 1 choices for a. This proves that there are u− 1 elements
in H+ of order u such that a = b.
Similarly there are u − 1 elements in H+ of order u such that b = c, and there u − 1
elements in H+ of order u such that a = c.
It follows that there are
(u+ 1)(u− 1)− 3(u− 1) = (u− 1)(u− 2)
elements in H+ of order u such that a, b, c are all distinct.
Note that since N+∩H+ = 1, nh has order u if and only if (nh)u = 1. Let us calculate
(nh)u. Now
(nh)u =
 1 λ μ0 1 ν
0 0 1
 a 0 00 b 0
0 0 c
u .
Since a, b, c have order dividing u, we get
(nh)u =
 1 α β0 1 γ
0 0 1

where
α = λ
u−1∑
i=0
(ab−1)i
γ = ν
u−1∑
i=0
(bc−1)i
and
β = c
(
λνS + (μ− λν)c−1
u−1∑
i=0
(ac−1)i
)
where
S =
u−1∑
i=0
ai
u−1−i∑
j=0
bjc−(i+j+1).
It is clear that
(nh)u = 1⇐⇒ α = β = γ = 0.
Therefore we find expressions for α, β and γ. Recall that we are in characteristic 2 and
that a, b, c have order dividing u. It follows that
α =
{
0 if a 6= b
λ if a = b
γ =
{
0 if b 6= c
ν if b = c
and
β =
{
λνcS if a 6= c
λν(aS − 1) + μ if a = c.
We draw the following conclusions. If h ∈ H+ is such that a, b, c are all distinct then nh
has order u for any n ∈ N+. If h ∈ H+ is such that a = b then nh has order u if and
only if λ = 0. If h ∈ H+ is such that b = c then nh has order u if and only if ν = 0. We
therefore proved (ii), (iii) and (iv).
It remains to consider the case where a = c. Suppose that a = c. Then α = γ = 0.
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Now a has order u 6= 3 and
S =
u−1∑
i=0
ai
u−1−i∑
j=0
(a−2)ja−(i+j+1)
= a−1
u−1∑
i=0
u−1−i∑
j=0
(a−3)j
= a−1
u−1∑
i=0
a3i − 1
a−3 − 1
=
a−1
a−3 − 1
=
a2
a3 − 1 .
Therefore
β = 0 ⇐⇒ μ = λν(Sa− 1)
⇐⇒ μ = λν
a3 − 1 .
Hence if h ∈ H+ is such that a = c then nh has order u if and only if μ = λν
a3−1 . This
proves (v).
Proof of Proposition 12.4.11. We write G1 as a semidirect product
G1 = N ∙H
where N and H are given above. Let φ be any element of Hom∗(T,G1). Let π : P1 −→ H
be the canonical homomorphism. Let ψ = π ◦ φ, so that ψ ∈ Hom(T,H). We first give
some assumptions we can make about the homomorphism ψ. Now
ψ(x) has order dividing p1
ψ(y) has order dividing p2
ψ(xy) has order dividing p3 (∗).
Suppose that p1, p2, p3 are all distinct. Then as H is an abelian group, (∗) implies that
ψ is trivial. Therefore φ(x), φ(y) belong to N . But in N the only elements of prime order
have order p. Since p1 6= p2, it follows that φ is trivial, a contradiction. This shows that
if p1, p2, p3 are all distinct then Hom
∗(T,G1) = ∅.
Suppose now that p 6= p1, p1 = 2 and p2 = p3. The group G1 is a subgroup of a
maximal parabolic subgroup P of L3(q). By Theorem 12.4.3, Hom
∗(T, P ) = ∅. Hence
Hom∗(T,G1) = ∅.
The remaining case to consider is the following one: p = p1, p1 = 2 and p2 = p3. Write
u = p2. Note that T2,u,u ∼= Tu,u,2. For matter of simplicity we set T = Tu,u,2.
Note that if r 6≡ 0 mod u then G1 has no elements of order u and so Hom∗(T,G1) = ∅.
Therefore we suppose that r ≡ 0 mod u. Now
ψ(x) has order dividing u
ψ(y) has order dividing u
ψ(xy) has order dividing 2.
It is clear that ψ(x) and ψ(y) have order u. Otherwise, ψ is trivial and so Im φ ⊂ N . But
N has no elements of order u. Therefore φ is trivial, a contradiction.
Also ψ(y) = ψ(x)−1. Indeed, since H is abelian, ψ(xy) has order dividing u. But (2,u) =
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1. Therefore ψ(xy) = 1 and φ(xy) ∈ N . Write
ψ(x) =
 a 0 00 b 0
0 0 c
Z for some nonzero a, b, c ∈ Fq.
As u 6= 3, without loss of generality, we can assume that a, b, c have order dividing u. Now
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Write
n1 =
 1 λx μx0 1 νx
0 0 1
 and n2 =
 1 λy μy0 1 νy
0 0 1

for some λx, μx, νx, λy, μy, νy ∈ Fq.
Suppose first that ψ is such that a, b, c are all distinct. By Lemma 12.4.13 there
are (u − 1)(u − 2) such homomorphisms. Fix such a homomorphism ψ. We determine
the number of homomorphisms φ ∈ Hom∗(T,G1) such that π ◦ φ = ψ. Fix such a
homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.13, n1ψ(x) has order u for any n1 ∈ N+. Therefore
we have q3 choices for n1. Fix an element n1 ∈ N+. By Lemma 12.4.13, n2ψ(y) has order
u for any n2 ∈ N+. Therefore the only restriction we have on n2 is that we have to choose
n2 such that φ(xy) has order 2. Now
φ(xy) =
 1 λx + λyab−1 μx + μyac−1 + λxνybc−10 1 νx + νybc−1
0 0 1
Z.
By Lemma 12.4.12, n2 is such that
λy = a
−1bλx or νy = b−1cνx.
Also if λy = a
−1bλx and νy = b−1cνx then μy must satisfy the condition:
μy 6= a−1c(μx + λxνx).
Suppose that λy = a
−1bλx and νy 6= b−1cνx. There are r such pairs (λy, νy) and for each
such pair we have q choices for μy.
Similarly, if λy 6= a−1bλx and νy = b−1cνx, then there are r such pairs (λy, νy) and for
each such pair we have q choices for μy.
Finally there is a unique pair (λy, νy) such that λy = a
−1bλx and νy = b−1cνx. We have
then r choices for μy.
Therefore there are
2rq + r = r(2q + 1)
choices for n2. We deduce that there are q
3r(2q + 1) homomorphisms φ ∈ Hom∗(T,G1)
with π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)(u− 2)q3r(2q + 1)
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homomorphisms φ ∈ Hom∗(T,G1) with ψ such that a, b, c are all distinct.
Suppose now that ψ is such that a = b. By Lemma 12.4.13 there are u− 1 such homo-
morphisms. Fix such a homomorphism ψ. We determine the number of homomorphisms
φ ∈ Hom∗(T,G1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.13, n1ψ(x) has order u if and only if λx = 0.
Therefore there are only q2 elements n1 ∈ N+ such that n1ψ(x) has order u. Fix such an
element. By Lemma 12.4.13, n2 must satisfy λy = 0. Furthermore, n2 must be such that
φ(xy) has order 2. Now
φ(xy) =
 1 0 μx + μya30 1 νx + νya3
0 0 1
Z.
By Lemma 12.4.12, φ(xy) has order 2 unless (μy, νy) = (μxa
−3, νxa−3). Therefore we have
rs choices for n2. We deduce that there are q
2rs homomorphisms φ ∈ Hom∗(T,G1) with
π ◦ φ = ψ. Unfixing ψ, we deduce that there are
(u− 1)q2rs
homomorphisms φ ∈ Hom∗(T,G1) with ψ such that a = b.
Similarly, there are
(u− 1)q2rs
homomorphisms φ ∈ Hom∗(T,G1) with ψ such that b = c.
Suppose finally that ψ is such that a = c. By Lemma 12.4.13 there are u−1 such homo-
morphisms. Fix such a homomorphism ψ. We determine the number of homomorphisms
φ ∈ Hom∗(T,G1) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.13, n1ψ(x) has order u if and only if μx = λxνxa3−1 .
Therefore there are only q2 elements n1 ∈ N+ such that n1ψ(x) has order u. Fix such an
element. By Lemma 12.4.13, n2 must satisfy μy =
λyνy
a−3−1 . Furthermore, n2 must be such
that φ(xy) has order 2. Now
φ(xy) =
 1 λx + λya3 μx + μy + λxνya−30 1 νx + νya−3
0 0 1
Z.
By Lemma 12.4.12, n2 is such that
λy = λxa
−3 or νy = νxa3.
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Note that if λy = λxa
−3 and νy = νxa3 then
μx + μy + λxνya
−3 =
λxνx
a3 − 1 +
λyνy
a−3 − 1 + λxνya
−3
=
λxνx
a3 − 1 +
λxνx
a−3 − 1 + λxνx
= λxνx
(
1
a3 − 1 +
1
a−3 − 1 + 1
)
= 0
and so φ(xy) is trivial. Hence we do not consider the case where
λy = λxa
−3 and νy = νxa3.
Suppose that λy = λxa
−3 and νy 6= νxa3. There are r such pairs (λy, νy) and for each
such pair we have 1 choice for μy.
Similarly, if λy 6= λxa−3 and νy = νxa3 then there are r such pairs (λy, νy) and for each
such pair we have 1 choices for μy.
Therefore there are
2r
choices for n2. We deduce that there are 2q
2r homomorphisms φ ∈ Hom∗(T,G1) with
π ◦ φ = ψ. Unfixing ψ, we deduce that there are
2(u− 1)q2r
homomorphisms φ ∈ Hom∗(T,G1) with ψ such that a = c.
Putting altogether, we deduce that
|Hom∗(T,G1)| = (u− 1)(u− 2)q3r(2q + 1) + (u− 1)q2rs+ (u− 1)q2rs+ 2(u− 1)q2r
= q2r[2(u− 1)(u− 2)q2 + (u− 1)(u− 2)q + 2(u− 1)s+ 2(u− 1)]
= q2r[2(u− 1)(u− 2)qr + (u− 1)(3u− 4)q + 4(u− 1)].
This completes the proof of Proposition 12.4.11.
12.4.4 The number of homomorphisms from T to G2
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. We find the
number of elements in Hom∗(T,G2). Recall that G2 is the following subgroup of L3(q):
G2 =

 λ1 b 0a λ2 0
0 0 λ3
 : a, b, λ1, λ2, λ3 ∈ Fq and λ3(λ1λ2 − ab) = 1
 /Z.
Note that G2 ∼= GL2(q)Z and |G2| = qrr′s.
Proposition 12.4.14. Let q = pn where p is a prime number and n is a positive integer.
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that
lcm(p1, p2, p3) divides |G2|. Then
|Hom∗(T,G2)| =

|Hom∗(T, SL2(q))| if p1, p2, p3 are all distinct
0 if p 6= 2, p1 = 2 and p2 = p3
|Hom∗(T,GL2(q))| if p = p1 = 2 and p2 = p3.
Remark 12.4.4. The number of elements in Hom∗(T,GL2(q)) is given in Proposition 3.8.1.
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The number of elements in Hom∗(T, SL2(q)) is given in Proposition 3.7.1. In particular,
Hom∗(T,G2) = ∅ if p 6= 2 and p1 = 2.
Proof. Let φ be any element of Hom∗(T,G2). Then
φ(x) has order dividing p1
φ(y) has order dividing p2
φ(xy) has order dividing p3.
Write
φ(x) =
(
X 0
0 x1
)
Z where X ∈ GL2(q) and x1 ∈ Fq with det(X)x1 = 1,
φ(y) =
(
Y 0
0 y1
)
Z where Y ∈ GL2(q) and y1 ∈ Fq with det(Y )y1 = 1.
Suppose that p1, p2, p3 are all distinct. Then at least two of p1, p2, p3 are not equal
to 3. Without loss of generality, say p1, p2 6= 3. Then we can assume that x1 has order
dividing p1, y1 has order dividing p2 and x1y1 has order dividing 3p3. Since p1, p2, p3 are
all distinct, we get x1 = y1 = 1. Therefore
|Hom∗(T,G2)| = |Hom∗(T, SL2(q))|.
Suppose now that p 6= p1, p1 = 2 and p2 = p3. Now G2 is a subgroup of a maximal
parabolic subgroup P of L3(q). By Theorem 12.4.3, Hom
∗(T, P ) = ∅. Hence
Hom∗(T,G2) = ∅.
The remaining case to consider is the following one: p = p1, p1 = 2 and p2 = p3. Then
by Lemma 12.4.8, we can assume that X has order 2, and Y is such that Y and XY have
order u. Therefore
|Hom∗(T,G2)| = |Hom∗(T,GL2(q))|.
12.4.5 The number of homomorphisms from T to K2
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. We find the
number of elements in Hom∗(T,K2). Recall that K2 is the following subgroup of L3(q)
K2 =

 λ1 0 a0 λ2 0
0 0 λ3
 : a, λ1, λ2, λ3 ∈ Fq and λ1λ2λ3 = 1
 /Z.
Note that |K2| = qrr′.
Proposition 12.4.15. Let q = pn where p is a prime number and n is a positive integer.
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that
lcm(p1, p2, p3) divides |K2|. If p2 = p3 write u = p2. Then
|Hom∗(T,K2)| =
{
u(u− 1)qr if p = p1 = 2 and p2 = p3 = u.
0 otherwise.
We write K2 as a semidirect product
K2 = N ∙H
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where
N =

 1 0 λ0 1 0
0 0 1
 : λ ∈ Fq
 /Z.
and
H =

 a 0 00 b 0
0 0 c
 : a, b, c ∈ Fq and abc = 1
 /Z.
Note that N ∼= (Fq,+), |N | = q and H ∼= Zrr′ , |H| = rr′.
Let K+2 be the subgroup of SL3(q) corresponding to K2, that is K
+
2 is such that
K2 =
K+2
Z
. Then K+2 is a semidirect product
K+2 = N
+ ∙H+
where N+, H+ are the subgroups of SL3(q) corresponding to N and H respectively. That
is N+ is such that N = N
+Z
Z
and H+ is such that H = H
+
Z
. Note that N+ ∼= N , |N+| = q
and H+ ∼= Zr2 , |H+| = r2.
When p = 2, in order to calculate the size of Hom∗(T,K2), given an element h of H+
of prime order u (say), we need to the determine the elements n ∈ N+ such that nh has
order u. We first describe the elements of prime order in N+ and in H+.
Lemma 12.4.16. Suppose that p = 2. Let u > 3 be a prime number. Then
(i) The elements of order 2 in N+ are
 1 0 λ0 1 0
0 0 1
 : λ ∈ F∗q
 .
There are r such elements.
(ii) Suppose that r ≡ 0 mod u. Then the elements of order u in H+ are the following:
(a)  1 0 00 a 0
0 0 a−1
 ,
 a 0 00 1 0
0 0 a−1
 ,
 a 0 00 a−1 0
0 0 1

where a ∈ Fq has order u.
(b)  a 0 00 b 0
0 0 (ab)−1
 where a, b ∈ Fq have order u and b 6= a−1.
There are 3(u−1) elements of order u in H+ of type (a) and (u−1)(u−2) elements
of order u in H+ of type (b).
Remark 12.4.5. Since p = 2 we described the elements of prime order in N+. Also
|H+| = r2, so we described all the elements of prime order in H+.
Proof. This is clear.
Lemma 12.4.17. Let p = 2. Let u > 3 be a prime number such that u divides |H+|. Let
h be any element of H+ of order u and let n be any element of N+. Write
h =
 a 0 00 b 0
0 0 c
 for some nonzero a, b, c ∈ Fq satisfying abc = 1.
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Write
n =
 1 0 λ0 1 0
0 0 1
 for some λ ∈ Fq.
Then
(i) There is no element in H+ of order u such that a = b = c.
(ii) There are u(u − 1) elements in H+ of order u such that a 6= c. Suppose that h is
such that a 6= c then nh has order u for all n ∈ N+. Therefore there are q elements
n ∈ N+ such that nh has order u.
(iii) There are u− 1 elements in H+ of order u such that a = c. Suppose that h is such
that a = c then nh has order u if and only if n = 1.
Proof. This follows easily from Lemma 12.4.13.
Proof of Proposition 12.4.15. Suppose that p1, p2, p3 are all distinct or p 6= 2 and p1 = 2.
Then by Proposition 12.4.11, Hom∗(T,G1) = ∅. Since K2 ≤ G1,
Hom∗(T,K2) = ∅.
Suppose now that p = p1, p1 = 2 and p2 = p3. Write u = p2. Note that T2,u,u ∼= Tu,u,2.
For matter of simplicity we set T = Tu,u,2.
Note that if r 6≡ 0 mod u then K2 has no elements of order u, and so
Hom∗(T,K2) = ∅.
Therefore we suppose that r ≡ 0 mod u. Write K2 as a semidirect product
K2 = N ∙H.
Let φ be any element of Hom∗(T,K2). Let π : K2 −→ H be the canonical homomorphism.
Let ψ = π ◦ φ, so that ψ ∈ Hom(T,H). Now
ψ(x) has order dividing u
ψ(y) has order dividing u
ψ(xy) has order dividing 2.
It is clear that ψ(x) and ψ(y) have order u. Otherwise, ψ is trivial and so Im φ ⊂ N . But
N has no elements of order u. Therefore φ is trivial, a contradiction.
Also ψ(y) = ψ(x)−1. Indeed, since H is abelian, ψ(xy) has order dividing u. But (2,u) =
1. Therefore ψ(xy) = 1 and φ(xy) ∈ N . Write
ψ(x) =
 a 0 00 b 0
0 0 c
Z for some nonzero a, b, c ∈ Fq.
As u 6= 3, without loss of generality, we can assume that a, b, c have order dividing u. Now
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. Write
n1 =
 1 0 λx0 1 0
0 0 1
 and n2 =
 1 0 λy0 1 0
0 0 1

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for some λx, λy ∈ Fq.
Suppose first that ψ is such that a 6= c. By Lemma 12.4.17 there are u(u − 1) such
homomorphisms. Fix such a homomorphism ψ. We determine the number of homomor-
phisms φ ∈ Hom∗(T,K2) such that π ◦ φ = ψ. Fix such a homomorphism φ. Then
φ(x) = n1ψ(x)
and
φ(y) = n2ψ(y)
for some n1, n2 ∈ N+. By Lemma 12.4.17, n1ψ(x) has order u for any n1 ∈ N+. Therefore
we have q choices for n1. Fix an element n1 ∈ N+. By Lemma 12.4.13, n2ψ(y) has order
u for any n2 ∈ N+. Therefore the only restriction we have on n2 is that we have to choose
n2 such that φ(xy) has order 2. Now
φ(xy) =
 1 0 λx + λyac−10 1 0
0 0 1
Z,
and so φ(xy) has order 2 unless λy = λxa
−1c. Therefore there are
r
choices for n2. We deduce that there are qr homomorphisms φ ∈ Hom∗(T,K2) with
π ◦ φ = ψ. Unfixing ψ, we deduce that there are
u(u− 1)qr
homomorphisms φ ∈ Hom∗(T,K2) with ψ such that a 6= c.
Finally we claim that there is no homomorphism φ ∈ Hom∗(T,K2) such that a = c.
Indeed, otherwise by Lemma 12.4.17 we have
φ(x) = ψ(x) and φ(y) = ψ(y).
Hence φ(xy) = 1, a contradiction. Hence
|Hom∗(T,K2)| = u(u− 1)qr
as required.
12.5 The proof of Proposition 12.1
Proof. By Theorem 12.1, we have
|
⋃
g,h∈G
Hom∗(T, P1g) ∪Hom∗(T, P2h)| = 2tP1 − stG1 − q2tG2 + q2stK2
where
P1 = |Hom∗(T, P1)|
G1 = |Hom∗(T,G1)|
G2 = |Hom∗(T,G2)|
K2 = |Hom∗(T,K2)|
and G1, G2, K2 are defined in Definition 12.1. Now P1 is given in Theorem 12.4.3. Also,
G1, G2 and K2 are given respectively in Propositions 12.4.11, 12.4.14 and 12.4.15.
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Chapter 13 The number of homomorphisms
from Tp1,p2,p3 to maximal subgroups of L3(q)
13.1 Introduction
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct, or one of
p1, p2, p3 is equal to 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
That is
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
= 〈x, y, z : xp1 = yp2 = zp3 = xyz = 1〉.
We give the exact sizes of Hom∗(T,G) and ∪LHom∗(T,L) where L typically varies through
a given class of (maximal) subgroups of G. These precise results are needed to determine
for a given power q of a prime p whether or not L3(q) is a (p1, p2, p3)-group.
We note that it follows from §13.7 that if p 6= 2, p1 = 2, and lcm(p2, p3) divides the order
of G then
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) is the number of elements of G of order pi and o(1) denotes a quantity that
tends to 0 as q →∞. This completes the picture given in Proposition 5.3.1.
Recall that the subgroup structure of L3(q) is given in Chapter 4.
13.2 Some notation
We fix some notation which we are going to use. We let:
r = q − 1 r′ = r/d
s = q + 1
t = q2 + q + 1 t′ = t/d
d = (r, 3) d′ = (3− d)/2
If d = 3 we let D = (r′, 3) and D′ = (3−D)/2.
For i ∈ {1, 2, 3}, we let
α
(i)
4 = pi − 1
α
(i)
6 =
(pi − 1)(pi − 2)
6
if pi > 3
α
(i)
7 =
pi − 1
2
if pi > 2
α
(i)
8 =
pi − 1
3
if pi ≡ 1 mod 3.
Finally for any group L we set
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1, φ(y) 6= 1, φ(xy) 6= 1}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is an epimorphism} .
Note that if L is noncyclic then Hom1(T,L) ⊆ Hom∗(T,L).
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Remark 13.2.1. Let j ∈ {4, 6, 7, 8} and let Cj be the type of conjugacy class of L3(q)
described in §4.4.2. If there are some conjugacy classes of type Cj whose elements have
order pi then α
(i)
j is precisely the number of conjugacy classes of type Cj whose elements
have order pi. Recall that the elements of L3(q) of prime order are described in Proposition
4.5.1.
13.3 The groups belonging to C1(G)
There are two conjugacy classes in PGL3(q) of maximal parabolic subgroups of L3(q) with
representatives P1 and P2. There are the stabilizers in G of a one-dimensional, respectively
a two-dimensional, subspace of the natural module of G.
Proposition 13.3.1. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are
all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Let P1, P2 be representatives of the two conjugacy classes of maximal parabolic subgroups
of G. Finally, let
Hpar =
∣∣∣∣∣∣
⋃
g,h∈PGL3(q)
Hom∗(T, P1g) ∪Hom∗(T, P2h)
∣∣∣∣∣∣ .
Then
(i) If p1, p2, p3 are odd then
Hpar = q
2t(2q2 − 1)|Hom∗(T, SL2(q))|
=

0 if qrs 6≡ 0 (p1p2p3)
α
(2)
7 α
(3)
7 q
3r2st
(
2q + 2 + 1
r
)
if p = p1
and rs ≡ 0 (p2p3)
α
(1)
7 α
(2)
7 α
(3)
7 q
3r2st
(
2q + 2 + 1
r
)
if rs ≡ 0 (p1p2p3).
(ii) If p1 = 2 and p2 6= p3 then
Hpar = q
2t(2q − 1)|Hom∗(T, SL2(q))|
=

0 if qrs 6≡ 0 (p1p2p3)
or p 6= 2
α
(2)
7 α
(3)
7 q
3r2st
(
2 + 1
r
)
if p = 2
and rs ≡ 0 (p2p3).
(iii) If p 6= 2, p1 = 2 and p2 = p3 then
Hpar = 0.
(iv) If p = p1 = 2 and p2 = p3 then
Hpar =

q2rst
(
(p2−1)(p22−5p2+8)
2
qr +
(p2−1)(p22+p2−8)
4
q + 2(p2 − 1)
)
if r ≡ 0 (p2)
q2rst
(
(p2−1)2
2
qr + α
(2)
7 (α
(2)
7 − 1)q
)
if s ≡ 0 (p2)
0 otherwise.
Proof. This follows from Proposition 12.1 together with Proposition 3.7.1 (which gives the
size of Hom∗(T, SL2(q)) when p1, p2, p3 are all distinct).
13.4 The groups in C2(G) and C3(G)
LetM ∈ {∧(Zq−1)2 ∙S3, ∧Zq2+q+1 ∙3}. Let (p1, p2, p3) be a hyperbolic triple of primes such
that p1, p2, p3 are all distinct or p1 = 2, and let Tp1,p2,p3 be the corresponding hyperbolic
triangle group. We check that we can neglect the subgroups of G conjugate to M .
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Proposition 13.4.1. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are
all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let
M ∈ {∧(Zq−1)2 ∙ S3, ∧Zq2+q+1 ∙ 3}.
Then
Hom∗(T,M) = ∅.
Proof. This can be done as in the proof of Proposition 7.4.1.
13.5 The subgroup SO3(q)
Suppose that q is odd so that SO3(q) is a maximal subgroup of G.
Proposition 13.5.1. Let G = L3(q) where q = p
n for some odd prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3
are all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Suppose that lcm(p1, p2, p3) divides the order of SO3(q). Then
(i)
Hom∗(T, SO3(q)) = Hom∗(T,Ω3(q)).
(ii) If (p1, p2, p3) 6= (2, 5, 5) or p = 5 then
(a) An element φ of Hom∗(T, SO3(q)) is an epimorphism of Hom(T,H0) for some
subgroup H0 of SO3(q) isomorphic to Ω3(q0) for some divisor q0 of q.
(b)
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = [PGL3(q) : SO3(q)]|Hom∗(T,Ω3(q))|.
(iii) Suppose p 6= 5 and (p1, p2, p3) = (2, 5, 5). Let
Hom3(T, SO3(q)) = {φ ∈ Hom∗(T, SO3(q)) : Im φ 6∼= A5}.
Then
(a) An element φ of Hom3(T, SO3(q)) is an epimorphism of Hom(T,H0) for some
subgroup H0 of SO3(q) isomorphic to Ω3(q0) for some divisor q0 of q.
(b)
|
⋃
g∈PGL3(q)
Hom3(T, SO3(q)
g)| = [PGL3(q) : SO3(q)]|Hom3(T,Ω3(q))|.
Proof. This can be done as in the proof of Proposition 7.5.1.
For matter of convenience we give the following corollary.
Corollary 13.5.2. Let G = L3(q) where q = p
n for some odd prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are
all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Suppose that lcm(p1, p2, p3) divides the order of SO3(q). Then
(i) If p1, p2, p3 are all odd then
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| =
{
2α
(2)
7 α
(3)
7 |PGL3(q)| if p = p1
2α
(1)
7 α
(2)
7 α
(3)
7 |PGL3(q)| if p 6= p1, p2, p3.
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(ii) If p1 = 2 then
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| =

|PGL3(q)| if p = p2 = p3
α
(3)
7 |PGL3(q)| if p = p2 6= p3
α
(2)
7 α
(3)
7 |PGL3(q)| if p 6= p2, p3.
Proof. This follows from Proposition 13.5.1 and the results given in Chapter 3 about the
size of Hom∗(T,L2(q)). If T = T2,5,5 we use the fact (proven in Chapter 3) that
Hom1(T,A5) = Hom
∗(T,A5).
13.6 Some small subgroups
Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 < p2 ≤ p3 are all distinct or
p1 = 2. Let Tp1,p2,p3 be the corresponding hyperbolic triangle group. We now let H be a
subgroup of G belonging to
{32 ∙Q8, 32 ∙ SL2(3), A5, A6, M10, L2(7), A7}.
Clearly by order consideration, we have
Hom∗(T, 32 ∙Q8) = Hom∗(T, 32 ∙ SL2(3)) = ∅.
We justify the fact that we do not need to consider individually the subgroups of G
conjugate to A5, A6 or M10. Indeed, if T = T2,5,5 then by examining the subgroup
structure of A5, A6 and A7 given in [11], any homomorphism φ in Hom
∗(T,H) where
H ∈ {A6,M10, A7} surjects onto a subgroup of H isomorphic to A5. If p = 2 then A5 lies
in a reducible subgroup of G, and if p 6= 2 then A5 lies in a conjugate of SO3(q). Therefore
we do not need to consider individually the subgroups of G conjugate to A5. Hence we
do not need to consider individually the subgroups of G conjugate to M10 or A6, and we
need only to consider individually the subgroups of G conjugate to A7 when
(p1, p2, p3) ∈ {(2, 3, 7), (2, 7, 7), (2, 5, 7), (3, 5, 7)}
(recall the condition we impose here on the primes p1, p2, p3: if they are all odd then they
must be all distinct).
We now turn to the group L2(7). If p = 7 then L2(7) lies in SO3(q) and so we do not
need to consider that case. If p = 2 then L2(7) is a conjugate of L3(2) and so we do not
consider that case.
Proposition 13.6.1. Let G = L3(q) where q = p
n for some prime number p 6∈ {2, 7}.
Suppose that L2(7) ≤ G. Let (p1, p2, p3) be a hyperbolic triple of prime numbers such that
p1 < p2 ≤ p3 are all distinct or p1 = 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Then
(i) If (p1, p2, p3) 6∈ {(2, 3, 7), (2, 7, 7)} then
Hom∗(T,L2(7)) = ∅.
(ii) If (p1, p2, p3) ∈ {(2, 3, 7), (2, 7, 7)} then
(a)
Hom1(T,L2(7)) = Hom
∗(T,L2(7)) and |Hom∗(T,L2(7))| = 2|L2(7)|.
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(b)
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = [PGL3(q) : L2(7)]|Hom∗(T,L2(7))|
= 2|PGL3(q)|.
Proof. (i) This follows from the fact that |L2(7)| = 23 ∙ 3 ∙ 7.
(ii) (a) This follows from Chapter 3.
(b) This follows from (a).
We finally turn to the group A7. From the subgroup structure of G given in Chapter
4, A7 is a subgroup of G if and only if p = 5. As remarked at the beginning of this section,
we only need to consider A7 when (p1, p2, p3) belongs to
{(2, 3, 7), (2, 7, 7), (2, 5, 7), (3, 5, 7)}.
The only maximal subgroups of A7 that we need to take into account are those isomorphic
to L2(7). By [11] there are two conjugacy classes of subgroups of A7 isomorphic to L2(7).
Proposition 13.6.2. Let G = L3(q) where q = 5
n for some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes belonging to
{(2, 3, 7), (2, 7, 7), (2, 5, 7), (3, 5, 7)}.
Then
(i) If (p1, p2, p3) = (2, 3, 7) then
(a) An element φ of Hom∗(T,A7) belongs to Hom1(T,H0) where H0 is a subgroup
isomorphic to L2(7).
(b)
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 2|PGL3(q)|.
(ii) If (p1, p2, p3) = (2, 7, 7) then
(a) If φ ∈ Hom∗(T,A7) is not surjective then φ belongs to Hom1(T,H0) where H0
is a subgroup isomorphic to L2(7).
(b)
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 8|PGL3(q)|.
(iii) If (p1, p2, p3) = (2, 5, 7) then
(a)
|Hom∗(T,A7)| = |Hom1(T,A7)| = 4|A7|.
(b)
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 4|PGL3(q)|.
(iv) If (p1, p2, p3) = (3, 5, 7) then
(a)
|Hom∗(T,A7)| = |Hom1(T,A7)| = 18|A7|.
(b)
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 18|PGL3(q)|.
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Proof. This can be done as in the proof of Proposition 7.6.2.
13.7 The size of Hom∗(Tp1,p2,p3 , L3(q))
Let G = L3(q) where q = p
n for some prime number p and some positive integer n. Let
(p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3 are all distinct or one of
p1, p2, p3 is equal to 2. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
We give the size of Hom∗(T,G). Note that if lcm(p1, p2, p3) does not divide the order of
G then the set Hom∗(T,G) is empty. We therefore assume that lcm(p1, p2, p3) divides the
order of G. Also since p1, p2, p3 are all distinct or none of p1, p2, p3 is equal to 3, it follows
that
Hom∗(T,PGL3(q)) = Hom∗(T,G).
We calculate the size of Hom∗(T,G) as follows. For every triple C = (C1, C2, C3) of
conjugacy classes of G whose elements have respective order p1, p2, p3 we compute the
corresponding class algebra constant aC using the character table of G. By Lemma 2.5
we then have
|Hom∗(T,G)| =
∑
C
aC ∙ |C3|
where the sum is taken over all triples C = (C1, C2, C3) of conjugacy classes of G such that
Ci consists of elements of order pi. The character table of G and the conjugacy classes
of G whose elements have prime order are given in Chapter 4. The nontrivial character
theoretic sums that are involved in the calculation of the class algebra constants are given
in Appendix A at the end of the thesis.
13.7.1 The case where p1, p2, p3 are distinct odd primes
We begin with the case where p1, p2, p3 are distinct odd primes.
Proposition 13.7.1. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that (p1, p2, p3) is a hyperbolic triple of distinct odd primes
such that p1p2p3 divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, suppose that if pi = 3 then r 6≡ 0 mod pi. Then
(i) If p1 = p, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)6 (q2 + 4q + 1)|G|+ α(2)7 α(3)7 q5rst
+2d2(α
(2)
7 α
(3)
6 + α
(2)
6 α
(3)
7 )|G|.
(ii) If p1 = p, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)7 s2|G|+ α(2)7 α(3)7 q5rst+ 2d2α(2)7 α(3)7 |G|.
(iii) If p1 = p, r ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)8 qs|G|+ d2(α(2)6 + 2α(2)7 )α(3)8 |G|.
(iv) If p1 = p, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = α(2)7 α(3)7 q4rst(dq2 + (1− d)q + d)− dα(2)7 α(3)7 q3rst.
(v) If p1 = p, s ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)8 (qr + 1)|G|.
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(vi) If p1 = p, t
′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)8 α(3)8 r2|G|.
(vii) If r ≡ 0 mod p1, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)6 α(3)6 (q2 + 6q + 1)|G|+ α(1)7 α(2)7 α(3)7 q5rst
+2d2(α
(1)
7 α
(2)
6 α
(3)
6 + α
(1)
6 α
(2)
7 α
(3)
6 + α
(1)
6 α
(2)
6 α
(3)
7 )|G|.
(viii) If r ≡ 0 mod p1, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)6 α(3)7 (q2 + 4q + 1)|G|+ α(1)7 α(2)7 α(3)7 q5rst
+2d2(α
(1)
7 α
(2)
6 α
(3)
7 + α
(1)
6 α
(2)
7 α
(3)
7 )|G|.
(ix) If r ≡ 0 mod p1, r ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)6 α(3)8 (q2 + 3q + 1)|G|
+2d2(α
(1)
7 α
(2)
6 α
(3)
8 + α
(1)
6 α
(2)
7 α
(3)
8 )|G|.
(x) If r ≡ 0 mod p1, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)7 α(3)7 s2|G|+ α(1)7 α(2)7 α(3)7 q5rst+ 2d2α(1)7 α(2)7 α(3)7 |G|.
(xi) If r ≡ 0 mod p1, s ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)7 α(3)8 t|G|+ 2d2α(1)7 α(2)7 α(3)8 |G|.
(xii) If r ≡ 0 mod p1, t′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)6 α(2)8 α(3)8 (q2 + 1)|G|+ 2d2α(1)7 α(2)8 α(3)8 |G|.
(xiii) If s ≡ 0 mod p1, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = α(1)7 α(2)7 α(3)7 (dq3 + (1− d)q2 + dq − d)q3rst.
(xiv) If s ≡ 0 mod p1, s ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)7 α(2)7 α(3)8 (q2 − q + 1)|G|.
(xv) If s ≡ 0 mod p1, t′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)7 α(2)8 α(3)8 r2|G|.
(xvi) If t′ ≡ 0 mod p1, t′ ≡ 0 mod p2, t′ ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(1)8 α(2)8 α(3)8 (q2 − 3q + 1)|G|.
Proof. We use Lemma 2.5 to calculate |Hom∗(T,G)|. Cases are all similar and here we
treat case (vi). We use the description given in Proposition 4.5.1 of the conjugacy classes
of G of elements of prime order. Suppose that p1 = p, t
′ ≡ 0 mod p2 and t′ ≡ 0 mod p3.
Now G has a single class of type C2 of elements of order p, d classes of type C3 of elements
of order p, α
(2)
8 conjugacy classes of type C8 of elements of order p2, and α
(3)
8 conjugacy
classes of type C8 of elements of order p3. These are precisely the conjugacy classes of G
of elements of order p1, p2 or p3. Fix a conjugacy class C
(k)
3 of G of type C3 of elements
234
The number of homomorphisms from Tp1,p2,p3 to maximal subgroups of L3(q)
of order p. We have 1 ≤ k ≤ d.
Fix a conjugacy class C
(l)
8 (respectively, C
(m)
8 ) of G of type C8 of elements of order p2
(respectively, p3). We have
l =
t′
p2
l2
for some l2 such that 1 ≤ l2 ≤ p2 − 1 and l ∈ T (recall the definition of T given in §4.5).
Similarly, we have
m =
t′
p3
m3
for some m3 such that 1 ≤ m3 ≤ p3 − 1 and m ∈ T .
(a) Let C = (C2, C
(l)
8 , C
(m)
8 ) and let κC be the number of pairs (g1, g2) such that
g1 ∈ C2, g2 ∈ C(l)8 and g3 = (g1g2)−1 ∈ C(m)8 . Then by Lemma 2.4
κC =
|C2||C8||C8|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
and let C1 be a subset of {u ∈ Z : 1 ≤ u ≤ t′ − 1} of largest size such that for any u, v in
C1 we have u 6≡ vq mod t′.
The character table of G given in Chapter 4 yields
S = 1 +
q
qs
− r
r2s
∑
u∈C1
(γul + γqul + γq
2ul)(γum + γqum + γq
2um).
Now by Proposition A.4.11 we have∑
u∈C1
(γul + γqul + γq
2ul)(γum + γqum + γq
2um) = −3.
Therefore
S = 1 +
1
s
+
3
rs
=
t
rs
.
Hence κC = d
2|G|.
(b) Let C = (C
(k)
3 , C
(l)
8 , C
(m)
8 ) and let κC be the number of pairs (g1, g2) such that
g1 ∈ C(k)3 , g2 ∈ C(l)8 and g3 = (g1g2)−1 ∈ C(m)8 . Then by Lemma 2.4
κC =
|C3||C8||C8|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
The character table of G given in Chapter 4 yields
S = 1 +
1
r2s
∑
u∈C1
(γul + γqul + γq
2ul)(γum + γqum + γq
2um).
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Now by Proposition A.4.11 we have∑
u∈C1
(γul + γqul + γq
2ul)(γum + γqum + γq
2um) = −3.
Therefore
S = 1− 3
r2s
=
(q − 2)t
r2s
.
Hence
κC = dq(q − 2)|G|.
To calculate |Hom∗(T,G)| we unfix the triples of conjugacy classes of G of elements of
respective order p1, p2 and p3 we considered above. We get
|Hom∗(T,G)| = α(2)8 α(3)8 d2|G|+ dα(2)8 α(3)8 dq(q − 2)|G| = d2α(2)8 α(3)8 r2|G|.
Proposition 13.7.2. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that (p1, p2, p3) is a hyperbolic triple of distinct odd primes
such that p1p2p3 divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, suppose that p1 = 3 and r ≡ 0 mod 3. Then
(i) If p2 = p, r ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(3)6 (q2 + 4q + 1)|G|+ α(3)7 q5rst+ 6α(3)7 |G|+ 18(1−D′)α(3)6 |G|.
(ii) If p2 = p, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(3)7 s2|G|+ α(3)7 q5rst+ 18(1−D′)α(3)7 |G|.
(iii) If p = p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(3)8 t|G|+ 18(1−D′)α(3)8 |G|.
(iv) If r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)6 α(3)6 (q2 + 6q + 1)|G|+ α(2)7 α(3)7 q5rst
+6(α
(2)
7 α
(3)
6 + α
(2)
6 α
(3)
7 )|G|+ 18(1−D′)α(2)6 α(3)6 |G|.
(v) If r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)6 α(3)7 (q2 + 4q + 1)|G|+ α(2)7 α(3)7 q5rst
+6α
(2)
7 α
(3)
7 |G|+ 18(1−D′)α(2)6 α(3)7 |G|.
(vi) If r ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)6 α(3)8 (q2 + 3q + 1)|G|+ 6α(2)7 α(3)8 |G|
+18(1−D′)α(2)6 α(3)8 |G|.
(vii) If s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)7 α(3)7 s2|G|+ α(2)7 α(3)7 q5rst+ 18(1−D′)α(2)7 α(3)7 |G|.
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(viii) If s ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)7 α(3)8 t|G|+ 18(1−D′)α(2)7 α(3)8 |G|.
(ix) If t ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = 3α(2)8 α(3)8 (q2 + 1)|G|+ 18(1−D′)α(2)8 α(3)8 |G|.
Proof. The proof is similar to that of Proposition 13.7.1.
13.7.2 The case where p1 = 2 and p2 6= p3
We now turn to the case where p1, p2, p3 are all distinct but p1 = 2.
Proposition 13.7.3. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that p3 > 3 is a prime number dividing the order of G. Let
T = T2,3,p3 . Then
(i) If p = 2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d(α(3)6 + α(3)7 )|G|+ α(3)7 q3rst.
(ii) If p = 2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = 2dα(3)7 |G|+ α(3)7 q3rst.
(iii) If p = 2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)8 |G|.
(iv) If p 6= 2, p = p3 then
|Hom∗(T,G)| = d|G|.
(v) If p 6= 2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)6 |G|.
(vi) If p 6= 2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)7 |G|.
(vii) If p 6= 2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = dα(3)8 |G|.
Proof. The proof is similar to that of Proposition 13.7.1.
Proposition 13.7.4. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Let p2 6= p3 be two odd primes greater than 3 such that p2p3 divides the
order of G. Let T = T2,p2,p3 be the corresponding hyperbolic triangle group. Then
(i) If p = 2, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = (d2α(2)6 α(3)6 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
(ii) If p = 2, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = (d2α(2)6 α(3)7 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
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(iii) If p = 2, r ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)8 |G|.
(iv) If p = 2, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = (d2 + d)α(2)7 α(3)7 |G|+ α(2)7 α(3)7 q3rst.
(v) If p = 2, s ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)8 |G|.
(vi) If p = 2, t ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
(vii) If p 6= 2, p = p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(3)6 |G|.
(viii) If p 6= 2, p = p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(3)7 |G|.
(ix) If p 6= 2, p = p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(3)8 |G|.
(x) If p 6= 2, r ≡ 0 mod p2, r ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
(xi) If p 6= 2, r ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)7 |G|.
(xii) If p 6= 2, r ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)6 α(3)8 |G|.
(xiii) If p 6= 2, s ≡ 0 mod p2, s ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)7 |G|.
(xiv) If p 6= 2, s ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)7 α(3)8 |G|.
(xv) If p 6= 2, t ≡ 0 mod p2, t ≡ 0 mod p3 then
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
Proof. The proof is similar to that of Proposition 13.7.1.
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13.7.3 The case where p1 = 2 and p2 = p3
We finally consider the case where p1 = 2 and p2 = p3.
Proposition 13.7.5. Let G = L3(q) where q = p
n for some prime number p and some
positive integer n. Suppose that p2 > 3 is a prime number dividing the order of G. Let
T = T2,p2,p2 . Then
(i) Suppose that p = 2, r ≡ 0 mod p2 then
(a) If d = 1 then
|Hom∗(T,G)| = 2(p2 − 1)q2rst+ (p2 − 1)(p
2
2 + p2 − 8)
4
q3rst
+
(p2 − 1)(p32 + 4p22 − 25p2 + 44)
36
|G|.
(b) If d = 3 then
|Hom∗(T,G)| = 2(p2 − 1)q2rst+ (p2 − 1)(p
2
2 + p2 − 8)
4
q3rst
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G|.
(ii) Suppose that p = 2, s ≡ 0 mod p2 then
(a) If d = 1 then
|Hom∗(T,G)| = 2(α(2)7 )2|G|+ α(2)7 (α(2)7 − 1)q3rst.
(b) If d = 3 then
|Hom∗(T,G)| = 12(α(2)7 )2|G|+ α(2)7 (α(2)7 − 1)q3rst.
(iii) Suppose that p = 2, t ≡ 0 mod p2 then
|Hom∗(T,G)| = (d2(α(2)8 )2 − dα(2)8 )|G|.
(iv) Suppose that p 6= 2, p = p2 then
|Hom∗(T,G)| = d2|G|.
(v) Suppose that p 6= 2, r ≡ 0 mod p2 then
|Hom∗(T,G)| = d2(α(2)6 )2|G|.
(vi) Suppose that p 6= 2, s ≡ 0 mod p2 then
|Hom∗(T,G)| = d2(α(2)7 )2|G|.
(vii) Suppose that p 6= 2, t ≡ 0 mod p2 then
|Hom∗(T,G)| = d2(α(2)8 )2|G|.
Proof. The proof is similar to that of Proposition 13.7.1. We treat case (i) below. We
use the description given in Proposition 4.5.1 of the conjugacy classes of G of elements
of prime order. Suppose that p = 2 and r ≡ 0 mod p2. Now G has a single class of
involutions, namely C2. Also G has α
(2)
4 conjugacy classes of type C4 of elements of order
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p2 and α
(2)
6 conjugacy classes of type C6 of elements of order p2. These are precisely the
conjugacy classes of G of elements of order p2. Fix two conjugacy classes C
(k)
4 and C
(l)
4 of
G of type C4 of elements of order p2. We have
k =
r′
p2
k2, l =
r′
p2
l2
for some k2, l2 satisfying
1 ≤ k2, l2 ≤ p2 − 1.
Fix two conjugacy classes C
(a,b,c)
6 and C
(e,f,g)
6 of G of type C6 of elements of order p2. We
have
a =
r′
p2
a2, b =
r′
p2
b2, c =
r′
p2
c2
where if d = 1 then
1 ≤ a2 < b2 < c2 ≤ p2, a2 + b2 + c2 ≡ 0 mod p2
and if d = 3 then
1 ≤ a2 < b2 ≤ p2, b2 < c2 < 3p2, a2 + b2 + c2 = 3p2, a2 ≡ b2 ≡ c2 mod 3.
Also we have
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
I. LetC = (C2, C
(k)
4 , C
(l)
4 ) and let κC be the number of pairs (h1, h2) such that h1 ∈ C2,
h2 ∈ C(k)4 and h3 = (h1h2)−1 ∈ C(l)4 . Then
κC =
|C2||C4||C4|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(h3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(h3)
χ(1)
.
Also let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3
and let C2 be a subset of {u ∈ Z : 1 ≤ u ≤ r′s} of largest size such that for any u, v in C2
we have u 6≡ 0 mod s and u 6≡ qv mod r′s.
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The character table of G given in Chapter 4 yields
S = 1 +
qs2
qs
+
s
t
r′−1∑
u=1
(s
3uk
+ 
−6uk
)(s
3ul
+ 
−6ul
)
+
q
qt
r′−1∑
u=1
(s3uk + q−6uk)(s3ul + q−6ul) + (d− d′) s
2(2r′ + 1)
st′
+
(q + s)s2
st
∑
(u,v,w)∈C1
(
−3uk
+ 
−3vk
+ 
−3wk
)(
−3ul
+ 
−3vl
+ 
−3wl
)
− r
2
rt
∑
u∈C2

duk

dul
.
Let (∗) and (∗∗) be the following conditions
(∗) : k2 ≡ −l2 mod p2
(∗∗) : k2 ≡ 2l2 mod p2 or l2 ≡ 2k2 mod p2.
Now by Proposition A.5.1 we have
r′−1∑
u=1
(s3uk + −6uk)(s3ul + −6ul) =

r′(s2 + 1)− (s+ 1)2 if (∗) holds
r′s− (s+ 1)2 if (∗∗) holds
−(s+ 1)2 otherwise
and
r′−1∑
u=1
(s3uk + q−6uk)(s3ul + q−6ul) =

r′(s2 + q2)− (s+ q)2 if (∗) holds
r′sq − (s+ q)2 if (∗∗) holds
−(s+ q)2 otherwise.
Also by Proposition A.5.7 we have
∑
(u,v,w)∈C1
(
−3uk
+ 
−3vk
+ 
−3wk
)(
−3ul
+ 
−3vl
+ 
−3wl
) =
 (r
′(r − 5) + 6d′)/2 if (∗) holds
−r′ + 3d′ if (∗∗) holds
3d′ otherwise.
Finally, by Proposition A.5.4 we have
∑
u∈C2
dukdul =
{
r′(s−1)
2 if (∗) holds
0 otherwise.
Suppose that (∗) holds. Then
S = 1 + s+
s
t
(r′(s2 + 1)− (s+ 1)2) + 1
t
(r′(s2 + q2)− (s+ q)2)
+(d− d′)s(2r
′ + 1)
t′
+
s(q + s)
t
[(r′(r − 5) + 6d′)/2]− rr
′(s− 1)
2t
=
2qr2s
dt
.
Hence κC = 2q
2rst.
Suppose that (∗∗) holds. Then
S = 1 + s+
s
t
(r′s− (s+ 1)2) + 1
t
(r′sq − (s+ q)2)
+(d− d′)s(2r
′ + 1)
t′
+
s(q + s)
t
(−r′ + 3d′)
= 0.
Hence κC = 0.
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Suppose that (∗) and (∗∗) do not hold. Then
S = 1 + s− s(s+ 1)
2
t
− (s+ q)
2
t
+(d− d′)s(2r
′ + 1)
t′
+
3d′s(q + s)
t
= 0.
Hence κC = 0.
II. Let C = (C2, C
(k)
4 , C
(a,b,c)
6 ) and let κC be the number of pairs (h1, h2) such that
h1 ∈ C2, h2 ∈ C(k)4 and h3 = (h1h2)−1 ∈ C(a,b,c)6 . Then
κC =
|C2||C4||C6|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(h3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(h3)
χ(1)
.
The character table of G given in Chapter 4 yields
S = 1 +
2qs
qs
+
s
t
r′−1∑
u=1
(s
3uk
+ 
−6uk
)(
3ua
+ 
3ub
+ 
3uc
)
+
q
qt
r′−1∑
u=1
(s
3uk
+ q
−6uk
)(
3ua
+ 
3ub
+ 
3uc
) + (d− d′) (2r
′ + 1)2s
st′
+
s(q + s)
st
∑
(u,v,w)∈C1
(
−3uk
+ 
−3vk
+ 
−3wk
)
 ∑
[u,v,w]

ua+vb+wc
 .
Let (+) and (++) be the following conditions
(+) : k2 ≡ −a2 mod p2 or k2 ≡ −b2 mod p2 or k2 ≡ −c2 mod p2
(++) : a2 ≡ 2k2 mod p2 or b2 ≡ 2k2 mod p2 or c2 ≡ 2k2 mod p2.
Now by Proposition A.5.3 we have
r′−1∑
u=1
(s3uk + −6uk)(3ua + 3ub + 3uc) =

r′s− 3(s+ 1) if (+) holds
r′ − 3(s+ 1) if (++) holds
−3(s+ 1) otherwise
and
r′−1∑
u=1
(s3uk + q−6uk)(3ua + 3ub + 3uc) =

r′s− 3(s+ q) if (+) holds
r′q − 3(s+ q) if (++) holds
−3(s+ q) otherwise.
Also by Proposition A.5.9 we have
∑
(u,v,w)∈C1
(
−3uk
+ 
−3vk
+ 
−3wk
)
 ∑
[u,v,w]

ua+vb+wc
 =
 −2r
′ + 6d′ if (+) holds
−r′ + 6d′ if (++) holds
6d′ otherwise.
Suppose that (+) holds. Then
S = 1 + 2 +
s
t
(r
′
s− 3(s+ 1)) + 1
t
(r
′
s− 3(s+ q)) + (d− d′) 2(2r
′ + 1)
t′
+
q + s
t
(6d
′ − 2r′)
=
qr2
dt
.
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Therefore κC = q
3rst.
Suppose that (++) holds. Then
S = 1 + 2 +
s
t
(r
′ − 3(s+ 1)) + 1
t
(r
′
q − 3(s+ q)) + (d− d′) 2(2r
′ + 1)
t′
+
q + s
t
(6d
′ − r′)
= 0.
Therefore κC = 0.
Suppose that (+) and (++) do not hold. Then
S = 1 + 2− 3s(s+ 1)
t
− 3(s+ q)
t
+ (d− d′)2(2r
′ + 1)
t′
+
6d′(q + s)
t
= 0.
Therefore κC = 0. Similarly if C = (C2, C
(a,b,c)
6 , C
(k)
4 ) then
κC =
{
q3rst if (+) holds
0 otherwise.
III. Let C = (C2, C
(a,b,c)
6 , C
(e,f,g)
6 ) and let κC be the number of pairs (h1, h2) such that
h1 ∈ C2, h2 ∈ C(a,b,c)6 and h3 = (h1h2)−1 ∈ C(e,f,g)6 . Then
κC =
|C2||C6||C6|
|G|
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(h3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(h1)χ(h2)χ(h3)
χ(1)
.
The character table of G given in Chapter 4 yields
S = 1 +
4q
qs
+
s
t
r′−1∑
u=1
(
3ua
+ 
3ub
+ 
3uc
)(
3ue
+ 
3uf
+ 
3ug
)
+
q
qt
r′−1∑
u=1
(
3ua
+ 
3ub
+ 
3uc
)(
3ue
+ 
3uf
+ 
3ug
) + (d− d′) 4(2r
′ + 1)
st′
+
(q + s)
st
∑
(u,v,w)∈C1
 ∑
[u,v,w]

ua+vb+wc
 ∑
[u,v,w]

ue+vf+wg
 .
Let (−) and (−−) be the following conditions
(−) : after reordering, (e, f, g) is the opposite of (a, b, c) modulo p2
(−−) : exactly one of the coordinates of (e, f, g)
is the opposite of a coordinate of (a, b, c) modulo p2.
Now by Proposition A.5.2 we have
r′−1∑
u=1
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug) =

3r′ − 9 if (−) holds
r′ − 9 if (−−) holds
−9 otherwise.
Also by Proposition A.5.8 we have
∑
(u,v,w)∈C1
 ∑
[u,v,w]

ua+vb+wc
 ∑
[u,v,w]

ue+vf+wg
 =
 r
′(r − 6) + 12d′ if (−) holds
−2r′ + 12d′ if (−−) holds
12d′ otherwise.
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Suppose that (−) holds. Then
S = 1 +
4
s
+
s
t
(3r′ − 9) + 1
t
(3r′ − 9) + (d− d′) 4(2r
′ + 1)
st′
+
(q + s)
st
(r′(r − 6) + 12d′)
=

6qr2
st if d = 1
2r2(4q−1)
3st if d = 3.
Hence
κC =
{
6|G|+ 6q3rst if d = 1
24|G|+ 6q3rst if d = 3.
Suppose that (−−) holds. Then
S = 1 +
4
s
+
s
t
(r′ − 9) + 1
t
(r′ − 9) + (d− d′) 4(2r
′ + 1)
st′
+
(q + s)
st
(12d′ − 2r′)
=

r2(2r+1)
st if d = 1
r2(4r+1)
3st if d = 3.
Hence
κC =
{
2|G|+ q3rst if d = 1
12|G|+ q3rst if d = 3.
Suppose that (−) and (−−) do not hold. Then
S = 1 +
4
s
− 9s
t
− 9
t
+ (d− d′) 4(2r
′ + 1)
st′
+
12d′(q + s)
st
=
r3
st
.
Hence
κC = d
2|G|.
To calculate |Hom∗(T,G)| we unfix the pairs of conjugacy classes of G of elements of
order p2 we considered above. By Proposition A.5.1 there are (p2 − 1) pairs (C(k)4 , C(l)4 )
of conjugacy classes of G satisfying (∗). Also by Proposition A.5.2 there are α(2)6 =
(p2− 1)(p2− 2)/6 (respectively, (p2− 1)(p2− 3)(p2− 4)/4) pairs (C(a,b,c)6 , C(e,f,g)6 ) of con-
jugacy classes of G satisfying (−) (respectively, (−−)). Finally by Proposition A.5.3 there
are (p2 − 1)(p2 − 3)/2 pairs (C(k)4 , C(a,b,c)6 ) of conjugacy classes of G satisfying (+).
If d = 1 then
|Hom∗(T,G)| = (p2 − 1) ∙ 2q2rst+ 2 ∙ (p2 − 1)(p2 − 3)
2
∙ q3rst+ α(2)6 ∙ (6|G|+ 6q3rst)
+
(p2 − 1)(p2 − 3)(p2 − 4)
4
∙ (2|G|+ q3rst)
+
(
α
(2)
6 α
(2)
6 − α(2)6 −
(p2 − 1)(p2 − 3)(p2 − 4)
4
)
|G|
= 2(p2 − 1)q2rst+ (p2 − 1)(p
2
2 + p2 − 8)
4
q
3
rst+
(p2 − 1)(p32 + 4p22 − 25p2 + 44)
36
|G|.
If d = 3 then
|Hom∗(T,G)| = (p2 − 1) ∙ 2q2rst+ 2 ∙ (p2 − 1)(p2 − 3)
2
∙ q3rst+ α(2)6 ∙ (24|G|+ 6q3rst)
+
(p2 − 1)(p2 − 3)(p2 − 4)
4
∙ (12|G|+ q3rst)
+
(
α
(2)
6 α
(2)
6 − α(2)6 −
(p2 − 1)(p2 − 3)(p2 − 4)
4
)
9|G|
= 2(p2 − 1)q2rst+ (p2 − 1)(p
2
2 + p2 − 8)
4
q
3
rst+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G|.
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Chapter 14 A deterministic solution in the
nonrigid case for G = L3(q)
The aim of this short chapter is to prove the following result.
Theorem 14.1. Let G = L3(q) where q = p
n for some prime p and some positive integer
n. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes. Then G is a (p1, p2, p3)-
group if and only if p1p2p3 divides the order of G.
Remark 14.1. The divisibility criterion given in the above theorem is the minimal condition
for a finite group to be a (p1, p2, p3)-group. Indeed, if p1p2p3 does not divide the order of
G then Hom∗(Tp1,p2,p3 , G) = ∅.
Let T = Tp1,p2,p3 . The proof of the theorem uses the results of Chapters 7 and 13 where
we calculate the size of Hom∗(T,L) for various subgroups L of G. In particular it follows
from those chapters that the only maximal subgroups L of G for which Hom∗(T,L) can
be nonempty are the maximal parabolic subgroups, the subgroups conjugate to SO3(q)
if q is odd, the subgroups conjugate to L3(q0) where q is a prime power of q0, and the
subgroups conjugate to U3(q
1
2 ) if n is even. We let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ is nontrivial}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
Remark 14.2. Let G = L3(q) and let (p1, p2, p3) be a hyperbolic triple of (distinct odd)
primes such that lcm(p1, p2, p3) divides |G|. It follows from Proposition 5.3.1 that there
exist some constants A, B such that
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
where o(1) denotes a quantity that tends to 0 as q → ∞. The values of A and B can be
given explicitly using Propositions 13.7.1 and 13.7.2.
We need a couple of lemmas that follow from Chapters 7 and 13.
Lemma 14.1. Let G = L3(q) where q = p
n for some prime p and some positive integer
n. Let P1, P2 be the representatives of the two classes of maximal parabolic subgroups of
G. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3 divides the
order of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Write
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
where A,B are constants and o(1) denotes a quantity that tends to 0 as q →∞. Then
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| ≤ A|G|
(
2q + 2 +
1
q − 1
)
.
Proof. This follows from Proposition 13.3.1.
Lemma 14.2. Let G = L3(q) where q = p
n for some odd prime p and some positive integer
n. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3 divides the
order of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Write
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
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where A,B are constants and o(1) denotes a quantity that tends to 0 as q →∞. Then
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| ≤ 2A|G|.
Proof. This follows from Corollary 13.5.2.
Lemma 14.3. Let G = L3(q) where q = p
n for some prime p and some even positive
integer n. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3
divides the order of G and the order of G0 = U3(q0) where q0 = q
1
2 . Let T = Tp1,p2,p3 be
the corresponding hyperbolic triangle group. Write
|Hom∗(T,G)| = q2|G|(A+ o(1))
where A is a constant and o(1) denotes a quantity that tends to 0 as q →∞. Then
|
⋃
g∈PGL3(q)
Hom∗(T,Gg0)| ≤ 3A|G|(q + 3q
1
2 + 11).
Proof. Write
|Hom∗(T,G0)| = q20 |G0|(A0 + o(1))
where A0 is a constant and o(1) is a quantity that tends to 0 as q → ∞. It is shown in
Lemma 8.3 that
|Hom∗(T,G0)| ≤ A0|G0|(q20 + 3q0 + 11).
Also by comparing Propositions 7.7.1 and 7.7.2 to Propositions 13.7.1 and 13.7.2 one can
check that A0 ≤ A. Therefore
|Hom∗(T,G0)| ≤ A|G0|(q20 + 3q + 11).
Finally,
|
⋃
g∈PGL3(q)
Hom∗(T,Gg0)| ≤ [PGL3(q) : PGU3(q0)]|Hom∗(T,G0)|.
The result follows.
Lemma 14.4. Let G = L3(q) where q = p
n for some prime p and some positive integer
n. Let (p1, p2, p3) be a hyperbolic triple of distinct odd primes such that p1p2p3 divides
the order of G, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Let
G0 = L3(q0) be a subgroup of G such that p1p2p3 divides the order of G0. Write
|Hom∗(T,G)| = q|G|(Aq +B + o(1))
where A,B are constants and o(1) is a quantity that tends to 0 as q →∞. Similarly write
|Hom∗(T,G0)| = q0|G0|(A0q0 +B0 + o(1))
where A0 and B0 are constants and o(1) is a quantity that tends to 0 as q →∞. Then
(i)
|Hom∗(T,G)| ≥ A|G|(q2 − 3q + 1).
(ii)
|Hom∗(T,G0)| ≤ A|G0|
(
q20 + 7q0 + 11 +
q0
(q0 − 1)
)
.
(iii)
|
⋃
g∈PGL3(q)
Hom∗(T,Gg0)| ≤ 3A|G|
(
q20 + 7q0 + 11 +
q0
(q0 − 1)
)
.
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Proof. (i) From the size of Hom∗(T,G) given in Propositions 13.7.1 and 13.7.2 we can
check that that B ≥ −3A and o(1) > A/q.
(ii) From the size of Hom∗(T,G0) given in Propositions 13.7.1 and 13.7.2, we can check
that
|Hom∗(T,G0)| ≤ |G0|
(
A0q
2
0 +B0q0 + 11A0 +
A0q0
q0 − 1
)
.
Finally, one can check that B0 ≤ 7A0 and A0 ≤ A. The result follows.
(iii) We have
|
⋃
g∈PGL3(q)
Hom∗(T,Gg0)| ≤ [PGL3(q) : PGL3(q0)]|Hom∗(T,G0)|.
The result follows from (ii).
Proof of Theorem 14.1. Clearly, if p1p2p3 does not divide the order of G then G is not a
(p1, p2, p3)-group. Suppose that p1p2p3 divides the order of G. Write
|Hom∗(T,G)| = Aq2|G|(1 + o(1))
where o(1) denotes a quantity that tends to 0 as q →∞. By Lemma 2.2 the subgroups of
G that we have to consider are the maximal parabolic subgroups, the subgroups conjugate
to SO3(q) if q is odd, the subgroups conjugate to L3(q0) where q is a prime power of q0,
and the subgroups of G conjugate to U3(q
1
2 ). Therefore from the lemmas given above we
get
|Hom1(T,G)| ≥ A|G|
[
(q2 − 3q + 1)−
(
2q + 2 +
1
q − 1
)
− 2− 3(q + 3q 12 + 11)
−3
∑
q a prime power of q0
(
q20 + 7q0 + 11 +
q0
q0 − 1
) .
Now from [43] the number of prime divisors of n is bounded above by (ln(n)/ln(2)).
Also n ≤ ln(q)/ln(2) and finally q0 ≤ q 12 . It follows that
|Hom1(T,G)| ≥ A|G|
[
q2 − 5q − 3− 1
q − 1 − 3(q + 3q
1
2 + 11)
−3 ln(ln(q)/ln(2))
ln(2)
(
q + 7q
1
2 + 11 +
q
1
2
q
1
2 − 1
)]
.
The function on the right hand side is greater than zero provided q ≥ 31. It follows that
if q ≥ 31 then Theorem 14.1 holds.
Suppose that
G ∈ {L3(7), L3(11), L3(13), L3(17), L3(19), L3(23), L3(29)}
then G has no unitary subgroups and no subgroups isomorphic to L3(q0) where q is a
prime power of q0. It follows that
|Hom1(T,G)| ≥ A|G|
(
q2 − 5q − 3− 1
q − 1
)
> 0.
Therefore if q ∈ {7, 11, 13, 17, 19, 23, 29} then Theorem 14.1 holds.
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Note that we do not need to consider the case where G ∈ {L3(2), L3(3)} as
|L3(2)| = 23 ∙ 3 ∙ 7 and |L3(3)| = 24 ∙ 33 ∙ 13.
Suppose that G = L3(4). Then |G| = 26 ∙ 32 ∙ 5 ∙ 7. Note that 5 does not divide |L3(2)|
nor |U3(2)|. Also 7 does not divide the order of the maximal parabolic subgroups of G. It
follows that
|Hom1(T,G)| = |Hom∗(T,G)| = 252|G|.
Therefore G is a (3, 5, 7)-group.
Suppose that G = L3(8). Then |G| = 29 ∙ 32 ∙ 72 ∙ 73. Since 73 does not divide |L3(2)|,
nor the order of the maximal parabolic subgroups, it follows that
|Hom1(T,G)| = |Hom∗(T,G)| > 0.
Therefore G is a (3, 7, 73)-group.
Suppose that G = L3(16). Then
|G| = 212 ∙ 32 ∙ 52 ∙ 7 ∙ 13 ∙ 17.
We therefore suppose that (p1, p2, p3) belongs to
{(3, 5, 7); (3, 5, 13); (3, 5, 17); (3, 7, 13); (3, 7, 17); (3, 13, 17);
(5, 7, 13); (5, 7, 17); (5, 13, 17); (7, 13, 17)}.
If (p1, p2, p3) 6∈ {(3, 5, 7); (3, 5, 13), then by order considerations we do not need to consider
subgroups of G conjugate to U3(4), L3(2) or L3(4). It follows that
|Hom1(T,G)| ≥ A|G|
[
(q2 − 3q + 1)−
(
2q + 2 +
1
q − 1
)]
> 0.
Therefore G is a (p1, p2, p3)-group. If (p1, p2, p3) = (3, 5, 7) then by order consideration
the only subgroup of G that we need to consider is L3(4). It follows that
|Hom1(T,G)| = |Hom∗(T,G)| − |
⋃
g∈PGL3(q)
Hom∗(T,L3(4)g)|
= 3684|G| − [G : L3(4)] ∙ 252|L3(4)|
= 3432|G| > 0.
Therefore G is a (3, 5, 7)-group. If (p1, p2, p3) = (3, 5, 13) then by order consideration the
only subgroup of G that we need to consider is U3(4). It follows that
|Hom1(T,G)| = |Hom∗(T,G)| − |
⋃
g∈PGL3(q)
Hom∗(T,U3(4)g)|
= 7368|G| − 3[G : U3(4)] ∙ 120|U3(4)|
= 7008|G| > 0.
Therefore G is a (3, 5, 13)-group.
Suppose that G = L3(9). Then
|G| = 27 ∙ 36 ∙ 5 ∙ 7 ∙ 13.
By order considerations, we must have
|Hom1(T,G)| = |Hom∗(T,G)| > 0.
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Therefore G is a (p1, p2, p3)-group.
Suppose that G = L3(27). Then
|G| = 24 ∙ 39 ∙ 7 ∙ 132 ∙ 757.
By order considerations, the only subgroups of G that we need to consider are the parabolic
subgroups and the subgroups conjugate to SO3(q). Hence
|Hom1(T,G)| ≥ A|G|
(
q2 − 5q − 3− 1
q − 1
)
> 0.
Therefore G is a (p1, p2, p3)-group.
Suppose that G = L3(5). Then
|G| = 25 ∙ 3 ∙ 53 ∙ 31.
By order considerations, we must have
|Hom1(T,G)| = |Hom∗(T,G)| > 0.
Therefore G is a (3, 5, 31)-group.
Suppose that G = L3(25). Then
|G| = 27 ∙ 32 ∙ 56 ∙ 7 ∙ 13 ∙ 31.
Suppose that (p1, p2, p3) 6= (3, 5, 31). Then we do not need to consider subgroups of G
conjugate to L3(5). It follows that
|Hom1(T,G)| ≥ A|G|
[
(q2 − 3q + 1)−
(
2q + 2 +
1
q − 1
)
− 2− 3(q + 3q 12 + 11)
]
> 0.
Therefore G is a (p1, p2, p3)-group. If (p1, p2, p3) = (3, 5, 31) then we only need to consider
the subgroups of G conjugate to L3(5). Therefore
|Hom1(T,G)| ≥ A|G|
[
(q2 − 3q + 1)− 3
(
q + 7q
1
2 + 11 +
q
1
2
q
1
2 − 1
)]
> 0.
Therefore G is a (3, 5, 31)-group. This completes the proof of Theorem 14.1.
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Chapter 15 L3(q) and (2, 3, p3)-groups
15.1 Introduction
One of the aims of this chapter is to prove the following result.
Theorem 15.1. Let p3 ≥ 7 be a prime number. Given a prime number p there are at
most two positive integers n such that L3(p
n) is a (2, 3, p3)-group.
In particular we recover the result of Cohen [8] stating that L3(q) is a Hurwitz group
if and only if q = 2. If L3(p
n) is a (2, 3, p3)-group we also give the limit that a randomly
chosen homomorphism in Hom(T2,3,p3 , L3(p
n)) is an epimorphism as |L3(pn)| → ∞.
A detailed account of the results is given below.
Proposition 15.1. The group L3(q) is a (2, 3, 7)-group if and only if q = 2.
Proposition 15.2. Let p and p3 be prime numbers such that p3 > 7. Let
l =
{
1 if p = p3
order of p modulo p3 otherwise.
Finally let e be the number of positive integers n such that L3(p
n) is a (2, 3, p3)-group.
Then e ≤ 2. More precisely:
(i) If (l, 2) = 2 or p = p3 then e = 0.
(ii) If (l, 6) = 1 and p 6= p3 then e = 1 and n = l.
(iii) If (l, 6) = 3 then e = 2 and n ∈ {l/3, l}.
Proposition 15.3. Fix a prime number p3 > 7 and let T = T2,3,p3 . Let
Q = {q = pn : L3(q) is a (2, 3, p3)-group}.
For a prime p let l be its order modulo p3, and for an integer q let o denote its order
modulo p3. Finally let φ be a randomly chosen homomorphism in Hom(T,L3(q)). Then
(i)
lim
q →∞
q ∈ Q
(l, 6) = 1
Prob(φ is surjective) =
p3 − 5
p3 − 2 .
(ii)
lim
q →∞
q ∈ Q
(l, 6) = 3
o = 3
Prob(φ is surjective) = 1.
(iii)
lim
q →∞
q ∈ Q
(l, 6) = 3
o = 1
Prob(φ is surjective) =
p3 − 7
p3 − 2 .
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The proofs of Propositions 15.1 and 15.2 use the subgroup structure of L3(q) given in
Chapter 4 and the results of Chapter 13 where we calculate the size of Hom∗(T2,3,p3 , L)
for various subgroups L of L3(q). We also use the results of Chapter 9 where we determine
the prime powers q for which U3(q) is a (2, 3, p3)-group. Finally the proof of Proposition
15.3 follows immediately from the proof of Proposition 15.2.
15.2 Some notation
We let T = T2,3,p3 and for a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ is nontrivial}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
We let
α
(3)
6 = (p3 − 1)(p3 − 2)/6
α
(3)
7 = (p3 − 1)/2
α
(3)
8 = (p3 − 1)/3 (provided p3 ≡ 1 mod 3).
We let
r = q − 1, s = q + 1, t = 1 + q + q2, d = (r, 3).
Also we denote by P1 and P2 the representatives of the two classes of maximal parabolic
subgroups of L3(q). If L3(qi) is a subgroup of L3(q) we let
ri = qi − 1, si = qi + 1, ti = 1 + qi + q2i , di = (ri, 3), dui = (si, 3).
Finally, we denote by Pi,1 and Pi,2 the representatives of the two classes of maximal
parabolic subgroups of L3(qi).
15.3 The case where p3 > 7
We suppose that p3 > 7 and divide our analysis into two cases, namely the case where
p = 2 and the case where p 6= 2.
15.3.1 The case where p = 2
We check that if p = 2 then Proposition 15.2 holds.
Proposition 15.3.1. Proposition 15.2 holds when p = 2.
Proof. Let G = L3(2
n) where n is a positive integer. If p3 does not divide the order of G
then clearly G is not a (2, 3, p3)-group. We therefore assume that p3 divides the order of
G. Also we let G0 = L3(2
n0) be the smallest subfield subgroup of G such that p3 divides
the order of G0. Note that n0 is a divisor of n. Let q0 = 2
n0 and q = 2n.
(i) Suppose first that (l, 6) = 1. Then l = n0 and q0, q have order 1 modulo p3. Hence
by Proposition 13.7.3
|Hom∗(T,G0)| = d0(α(3)6 + α(3)7 )|G0|+ α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = d(α(3)6 + α(3)7 )|G|+ α(3)7 q3rst.
By Lemma 2.2 the only subgroups of G0 that we need to consider are the parabolic
subgroups. Since
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(3)7 |G0|+ α(3)7 q30r0s0t0
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(see Proposition 13.3.1) it follows that
|Hom1(T,G0)| = d0(α(3)6 − α(3)7 )|G0|.
It follows that G0 is a (2, 3, p3)-group. We claim that if G 6= G0 then G is not a (2, 3, p3)-
group. Indeed
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| =
d
d0
[G : G0]|Hom1(T,G0)| = d(α(3)6 − α(3)7 )|G|
and
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 2dα(3)7 |G|+ α(3)7 q3rst.
Adding we get |Hom∗(T,G)|. The claim follows.
(ii) Suppose now that (l, 6) = 2. Then n0 = l/2 and q0 has order 2 modulo p3. There
are two cases to consider, namely the case where n/n0 is odd and the case where n/n0 is
even.
(a) Suppose first that n/n0 is odd. Then q has order 2 modulo p3. Therefore
|Hom∗(T,G)| = 2dα(3)7 |G|+ α(3)7 q3rst.
But
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 2dα(3)7 |G|+ α(3)7 q3rst.
It follows that
Hom1(T,G) = ∅.
Therefore G is not a (2, 3, p3)-group.
(b) Suppose that n/n0 is even. Then q has order 1 modulo p3 and
|Hom∗(T,G)| = d(α(3)6 + α(3)7 )|G|+ α(3)7 q3rst.
Now Gu0 = U3(q0) is a subgroup of G and by the proof of Proposition 9.3.1
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| =
d
du0
[G : Gu0 ]|Hom1(T,Gu0)|
= d(α
(3)
6 − α(3)7 )|G|.
Also
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 2dα(3)7 |G|+ α(3)7 q3rst.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, 3, p3)-group.
(iii) Suppose that (l, 6) = 3. Then n0 = l/3 and q0 has order 3 modulo p3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d0α(3)8 |G0|.
Hence G0 is a (2, 3, p3)-group. There are two cases to consider, namely the case where
((n/n0), 3) = 1 and the case where ((n/n0), 3) = 3.
(a) Suppose that ((n/n0), 3) = 1. Then q has order 3 modulo p3 and
|Hom∗(T,G)| = dα(3)8 |G|.
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If G 6= G0 then G is not a (2, 3, p3)-group. Indeed
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| =
d
d0
[G : G0]|Hom1(T,G0)| = |Hom∗(T,G)|.
(b) Suppose that ((n/n0), 3) = 3. Put q1 = q
3
0 and G1 = L3(q1). Then G1 is a
subgroup of G and the order of q1 (respectively, q) modulo p3 is 1. It follows that
|Hom∗(T,G1)| = d1(α(3)6 + α(3)7 )|G1|+ α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = d(α(3)6 + α(3)7 )|G|+ α(3)7 q3rst.
The only subgroups of G1 to consider are the parabolic subgroups and the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g2,1)| = 2d1α(3)7 |G1|+ α(3)7 q31r1s1t1
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| =
d1
d0
[G1 : G0]|Hom1(T,G0)| = d1α(3)8 |G1|.
Therefore
|Hom1(T,G1)| = d1(α(3)6 − α(3)7 − α(3)8 )|G1|.
Hence G1 is a (2, 3, p3)-group. If G 6= G1 then G is not a (2, 3, p3)-group. Indeed one can
check that
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom∗(T,Gg0) ∪Hom∗(T,Gg1)| = |Hom∗(T,G)|.
(iv) Suppose that (l, 6) = 6. Then l/6 divides n. Write
n =
l
6
∙ a
where a is a positive integer. We claim that (a, 6) 6= 1. Indeed if (a, 6) = 1 then q has
order 6 modulo p3, and so p3 does not divide |G|, a contradiction. There are therefore
three cases to consider, namely the case where (a, 6) = 2, the case where (a, 6) = 3 and
the case where (a, 6) = 6.
(a) Suppose that (a, 6) = 2. Then n0 = l/3 and q has order 3 modulo p3. Therefore
|Hom∗(T,G)| = dα(3)8 |G|.
Put q1 = q
1
2 . Now Gu1 = U3(q1) is a subgroup of G and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| =
d
du1
[G : Gu1 ]|Hom1(T,Gu1)|
=
d|G|
du1 |Gu1 |
∙ du1α(3)8 |Gu1 |
= dα
(3)
8 |G| = |Hom∗(T,G)|.
It follows that G is not a (2, 3, p3)-group.
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(b) Suppose that (a, 6) = 3. Then n0 = l/2 and q has order 2 modulo p3. Hence
|Hom∗(T,G)| = 2dα(3)7 |G|+ α(3)7 q3rst.
But
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 2dα(3)7 |G|+ α(3)7 q3rst.
It follows that Hom∗(T,G) = ∅. Therefore G is not a (2, 3, p3)-group.
(c) Suppose that (a, 6) = 6. Then n0 = l/3 and q has order 1 modulo p3. Hence
|Hom∗(T,G)| = d(α(3)6 + α(3)7 )|G|+ α(3)7 q3rst.
Put q1 = q
1
2
0 and Gu1 = U3(q1). Also put q2 = q
3
0 and Gu2 = U3(q2). Then Gu1 and Gu2
are subgroups of G. Note that q1 has order 6 modulo p3 and q2 has order 2 modulo p3.
Now
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 2dα(3)7 |G|+ α(3)7 q3rst.
Also
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| =
d
du1
[G : Gu1 ]|Hom1(T,Gu1)|
=
d|G|
du1 |Gu1 |
∙ du1α(3)8 |Gu1 |
= dα
(3)
8 |G|.
Finally
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| =
d
du2
[G : Gu2 ]|Hom1(T,Gu2)|
=
d|G|
du2 |Gu2 |
∙ du2(α(3)6 − α(3)7 − α(3)8 )|Gu2 |
= d(α
(3)
6 − α(3)7 − α(3)8 )|G|.
Adding we get |Hom∗(T,G)|. It follows that Hom1(T,G) = ∅. Therefore G is not a
(2, 3, p3)-group.
15.3.2 The case where p 6= 2
We check that if p 6= 2 then Proposition 15.2 holds.
Proposition 15.3.2. Proposition 15.2 holds when p 6= 2.
Proof. Let G = L3(p
n) where n is a positive integer. If p3 does not divide the order of G
then clearly G is not a (2, 3, p3)-group. We therefore assume that p3 divides the order of
G. Also we let G0 = L3(p
n0) be the smallest subfield subgroup of G such that p3 divides
the order of G0. Note that n0 is a divisor of n. Let q0 = p
n0 and q = pn.
(i) Suppose first that p = p3. Then by Proposition 13.7.3
|Hom∗(T,G)| = d|G|.
But by Corollary 13.5.2
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = d|G|.
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Hence G is not a (2, 3, p3)-group.
(ii) We now suppose that p 6= p3. Suppose first that (l, 6) = 1. Then l = n0 and q0, q
have order 1 modulo p3. Hence
|Hom∗(T,G0)| = d0α(3)6 |G0| and |Hom∗(T,G)| = dα(3)6 |G|.
By Lemma 2.2 the only subgroups of G0 that we need to consider are the subgroups
conjugate to SO3(q0). Since
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g| = d0α(3)7 |G0|
it follows that
|Hom1(T,G0)| = d0(α(3)6 − α(3)7 )|G0|.
It follows that G0 is a (2, 3, p3)-group. We claim that if G 6= G0 then G is not a (2, 3, p3)-
group. Indeed
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| =
d
d0
[G : G0]|Hom1(T,G0)| = d(α(3)6 − α(3)7 )|G|
and
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
Adding we get |Hom∗(T,G)|. The claim follows.
(iii) Suppose now that (l, 6) = 2. Then n0 = l/2 and q0 has order 2 modulo p3. There
are two cases to consider, namely the case where n/n0 is odd and the case where n/n0 is
even.
(a) Suppose first that n/n0 is odd. Then q has order 2 modulo p3. Therefore
|Hom∗(T,G)| = dα(3)7 |G|.
But
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
It follows that
Hom1(T,G) = ∅.
Therefore G is not a (2, 3, p3)-group.
(b) Suppose that n/n0 is even. Then q has order 1 modulo p3 and
|Hom∗(T,G)| = dα(3)6 |G|.
Now Gu0 = U3(q0) is a subgroup of G and by the proof of Proposition 9.3.2
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| =
d
du0
[G : Gu0 ]|Hom1(T,Gu0)|
= d(α
(3)
6 − α(3)7 )|G|.
Also
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
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Adding we get |Hom∗(T,G)|. It follows that G is not a (2, 3, p3)-group.
(iv) Suppose that (l, 6) = 3. Then n0 = l/3 and q0 has order 3 modulo p3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d0α(3)8 |G0|.
Hence G0 is a (2, 3, p3)-group. There are two cases to consider, namely the case where
((n/n0), 3) = 1 and the case where ((n/n0), 3) = 3.
(a) Suppose that ((n/n0), 3) = 1. Then q has order 3 modulo p3 and
|Hom∗(T,G)| = dα(3)8 |G|.
If G 6= G0 then G is not a (2, 3, p3)-group. Indeed
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| =
d
d0
[G : G0]|Hom1(T,G0)| = |Hom∗(T,G)|.
(b) Suppose that ((n/n0), 3) = 3. Put q1 = q
3
0 and G1 = L3(q1). Then G1 is a
subgroup of G and the order of q1 (respectively, q) modulo p3 is 1. It follows that
|Hom∗(T,G1)| = d1α(3)6 |G1| and |Hom∗(T,G)| = dα(3)6 |G|.
The only subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the
subgroups conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(3)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| =
d1
d0
[G1 : G0]|Hom1(T,G0)| = d1α(3)8 |G1|.
Therefore
|Hom1(T,G1)| = d1(α(3)6 − α(3)7 − α(3)8 )|G1|.
Hence G1 is a (2, 3, p3)-group. If G 6= G1 then G is not a (2, 3, p3)-group. Indeed one can
check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom∗(T,Gg0) ∪Hom∗(T,Gg1)| = |Hom∗(T,G)|.
(v) Suppose that (l, 6) = 6. Then l/6 divides n. Write
n =
l
6
∙ a
where a is a positive integer. We claim that (a, 6) 6= 1. Indeed if (a, 6) = 1 then q has
order 6 modulo p3, and so p3 does not divide |G|, a contradiction. There are therefore
three cases to consider, namely the case where (a, 6) = 2, the case where (a, 6) = 3 and
the case where (a, 6) = 6.
(a) Suppose that (a, 6) = 2. Then n0 = l/3 and q has order 3 modulo p3. Therefore
|Hom∗(T,G)| = dα(3)8 |G|.
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Put q1 = q
1
2 . Now Gu1 = U3(q1) is a subgroup of G and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| =
d
du1
[G : Gu1 ]|Hom1(T,Gu1)|
=
d|G|
du1 |Gu1 |
∙ du1α(3)8 |Gu1 |
= dα
(3)
8 |G| = |Hom∗(T,G)|.
It follows that G is not a (2, 3, p3)-group.
(b) Suppose that (a, 6) = 3. Then n0 = l/2 and q has order 2 modulo p3. Hence
|Hom∗(T,G)| = dα(3)7 |G|.
But
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
It follows that Hom∗(T,G) = ∅. Therefore G is not a (2, 3, p3)-group.
(c) Suppose that (a, 6) = 6. Then n0 = l/3 and q has order 1 modulo p3. Hence
|Hom∗(T,G)| = dα(3)6 |G|.
Put q1 = q
1
2
0 and Gu1 = U3(q1). Also put q2 = q
3
0 and Gu2 = U3(q2). Then Gu1 and Gu2
are subgroups of G. Note that q1 has order 6 modulo p3 and q2 has order 2 modulo p3.
Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(3)7 |G|.
Also
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| =
d
du1
[G : Gu1 ]|Hom1(T,Gu1)|
=
d|G|
du1 |Gu1 |
∙ du1α(3)8 |Gu1 |
= dα
(3)
8 |G|.
Finally
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| =
d
du2
[G : Gu2 ]|Hom1(T,Gu2)|
=
d|G|
du2 |Gu2 |
∙ du2(α(3)6 − α(3)7 − α(3)8 )|Gu2 |
= d(α
(3)
6 − α(3)7 − α(3)8 )|G|.
Adding we get |Hom∗(T,G)|. It follows that Hom1(T,G) = ∅. Therefore G is not a
(2, 3, p3)-group.
15.3.3 The proof of Proposition 15.3
The proof of Proposition 15.3 follows immediately from the proof of Proposition 15.3.2.
Indeed, let φ be a randomly chosen homomorphism in Hom(T,L3(q)). Then
lim
q→∞Prob(φ is surjective) = limq→∞
|Hom1(T,L3(q))|
|Hom∗(T,L3(q))| .
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Finally the sizes of Hom1(T,G) and Hom∗(T,G) are given in the proof of Proposition
15.3.2.
15.4 The case where p3 = 7
We prove Proposition 15.1.
Proof. Let G = L3(p
n) where n is a positive integer. If 7 does not divide the order of G
then clearly G is not a (2, 3, 7)-group. We therefore assume that 7 divides the order of G.
We let q = pn and if p 6= 7 we let l be the order of p modulo 7.
(i) Suppose first that p = 7. Then by Proposition 13.7.3
|Hom∗(T,G)| = d|G|.
Now by Corollary 13.5.2
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = d|G|.
Hence G is not a (2, 3, 7)-group.
(ii) Suppose that p = 2. Let G0 = L3(2). Then G0 is a subgroup of G. Since
G0 ∼= L2(7) it follows from Propositions 3.6.1 and 13.6.1 that
|Hom1(T,G0)| = |Hom∗(T,G0)| = 2|G0|.
Hence G0 is a (2, 3, 7)-group. There are two cases to consider, namely the case where
(n, 3) = 1 and the case where (n, 3) = 3.
(a) Suppose first that (n, 3) = 1. Then q has order 3 modulo 7. Hence
|Hom∗(T,G)| = 2d|G|.
If G 6= G0 then G is not a (2, 3, 7)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that (n, 3) = 3. Then q has order 1 modulo 7. Hence
|Hom∗(T,G)| = 8d|G|+ 3q3rst.
Now
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 6d|G|+ 3q3rst
and
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = 2d|G|.
Adding we get |Hom∗(T,G)|. It follows that Hom1(T,G) = ∅ and so G is not a (2, 3, 7)-
group.
(iii) We now suppose that p 6= 7 is odd. Suppose first that q has order 3 modulo 7.
Then by Proposition 13.7.3
|Hom∗(T,G)| = 2d|G|.
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But by Proposition 13.6.1
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 2d|G|.
It follows that Hom1(T,G) = ∅ and so G is not a (2, 3, 7)-group.
(iv) Suppose that q has order 2 modulo 7. Then
|Hom∗(T,G)| = 3d|G|.
But
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3d|G|.
It follows that Hom1(T,G) = ∅ and so G is not a (2, 3, 7)-group.
(v) Suppose that q has order 1 modulo 7. Then
|Hom∗(T,G)| = 5d|G|.
Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3d|G|
and
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 2d|G|.
Adding we get |Hom∗(T,G)|. It follows that Hom1(T,G) = ∅ and so G is not a (2, 3, 7)-
group.
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Chapter 16 L3(q) and (2, p2, p3)-groups
16.1 Introduction
One of the aims of this chapter is to prove the following result.
Theorem 16.1. Let p2 6= p3 be distinct odd primes greater than 3. Given a prime number
p there are at most four positive integers n such that L3(p
n) is a (2, p2, p3)-group.
If L3(p
n) is a (2, p2, p3)-group we also give the limit that a randomly chosen homomor-
phism in Hom(T2,p2,p3 , L3(p
n)) is an epimorphism as |L3(pn)| → ∞.
A detailed account of the results is given below. For matter of clarity, we explain the
notation used in the following propositions. Consider a triple of prime numbers (p, p2, p3).
We let  ∈ {0,±1} be such that p ≡  mod 3. For i ∈ {2, 3} we set
li =
{
1 if p = pi
order of p modulo pi otherwise
and put
l = lcm(l2, l3).
We denote by l
(2)
i (respectively, l
(3)
i ) the power of 2 (respectively, 3) which properly divides
li. Without loss of generality we assume, unless otherwise stated, that l
(2)
2 ≥ l(2)3 and that
if l
(2)
2 = l
(2)
3 then l
(3)
2 ≥ l(3)3 .
Also we let
α
(i)
6 = (pi − 1)(pi − 2)/6
α
(i)
7 = (pi − 1)/2
α
(i)
8 = (pi − 1)/3 (provided pi ≡ 1 mod 3).
We first describe some exceptional cases. The general result is given in Proposition
16.11.
Proposition 16.1. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 5, p = p3, (l, 6) = 1, 
l 6= 1.
Then there is no integer n such that L3(p
n) is a (2, p2, p3)-group.
Proposition 16.2. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p3 = 5, (l, 6) = 2, 
l
2 6= 1, l(2)2 > l(2)3 .
Then there is no integer n such that L3(p
n) is a (2, p2, p3)-group .
Proposition 16.3. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 5, (l, 6) = 2, 
l
2 6= −1, l(2)2 > l(2)3 .
Then L3(p
n) is a (2, p2, p3)-group if and only if n = l/2.
Proposition 16.4. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 7, p3 = 5, (l, 6) = 3, 
l = −1.
Then L3(p
n) is a (2, p2, p3)-group if and only if n ∈ {l/3, 2l/3}.
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Proposition 16.5. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 7, p = p3, (l, 6) = 3, 
l = −1.
Then L3(p
n) is a (2, p2, p3)-group if and only if n ∈ {l/3, 2l/3}.
Proposition 16.6. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 5, (l, 6) = 6, 
l
2 6= −1, l(2)2 > l(2)3 , l(3)2 < l(3)3 .
Then L3(p
n) is a (2, p2, p3)-group if and only if n ∈ {l/6, l/2}.
Proposition 16.7. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p3 = 7, (l, 6) = 6, 
l
2 6= 1, l(2)2 > l(2)3 , l(3)2 < l(3)3 .
Then L3(p
n) is a (2, p2, p3)-group if and only if n ∈ {l/6, l/3}.
Proposition 16.8. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p3 = 5, (l, 6) = 6, 
l
2 6= 1, l(2)2 > l(2)3 , l(3)2 > l(3)3 .
Then there is no integer n such that L3(p
n) is a (2, p2, p3)-group.
Proposition 16.9. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 7, (l, 6) = 6, 
l
2 6= −1, l(2)2 > l(2)3 , l(3)2 > l(3)3 .
Then L3(p
n) is a (2, p2, p3)-group if and only if n ∈ {l/3, l/2}.
Proposition 16.10. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that
p2 = 7, p3 = 5, (l, 6) = 6, 
l
2 = 1, l
(2)
2 = l
(2)
3 , l
(3)
2 > l
(3)
3 .
Then L3(p
n) is a (2, p2, p3)-group if and only if n ∈ {l/3, l/2}.
Proposition 16.11. Let p, p2, p3 be prime numbers such that p2 6= p3 are greater than 3.
Suppose that p, p2, p3 do not satisfy the assumptions of Propositions 16.1-16.10. Finally
let e be the number of positive integers n such that L3(p
n) is a (2, p2, p3)-group. Then
e ≤ 4. More precisely:
(i) We have e = 0 if
(a) (l, 6) ∈ {2, 6}, l(2)2 = l(2)3 and 
l
2 6= 1.
(b) (l, 6) ∈ {2, 6}, p = p3 and  l2 6= 1.
(ii) We have e = 1 if (l, 6) = 1 and l 6= −1. Then n = l.
(iii) We have e = 2 if
(a) (l, 6) = 1 and l = −1. Then n ∈ {l, 2l}.
(b) (l, 6) = 2, l
(2)
2 > l
(2)
3 and p 6= p3. Then n ∈ {l/2, l}.
(c) (l, 6) = 2, p = p3 and 
l
2 = 1. Then n ∈ {l/2, l}.
(d) (l, 6) = 2, l
(2)
2 = l
(2)
3 and 
l
2 = 1. Then n ∈ {l/2, l}.
(e) (l, 6) = 3 and l 6= −1. Then n ∈ {l/3, l}.
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(iv) We have e = 3 if
(a) (l, 6) = 6, l
(2)
2 > l
(2)
3 , l
(3)
2 ≥ l(3)3 and p 6= p3. Then n ∈ {l/3, l/2, l}.
(b) (l, 6) = 6, l
(2)
2 = l
(2)
3 and 
l
2 = 1. Then n ∈ {l/3, l/2, l}.
(c) (l, 6) = 6, p = p3 and 
l
2 = 1. Then n ∈ {l/3, l/2, l}.
(v) We have e = 4 if
(a) (l, 6) = 3 and l = −1. Then n ∈ {l/3, 2l/3, l, 2l}.
(b) (l, 6) = 6, l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3 . Then n ∈ {l/6, l/3, l/2, l}.
We finally give the asymptotic probabilistic results.
Proposition 16.12. Fix two prime numbers p2 6= p3 greater than 3 and let T = T2,p2,p3 .
Let
Q = {q = pn : L3(q) is a (2, p2, p3)-group}.
For an integer q let d = (q − 1, 3). Finally let φ be a randomly chosen homomorphism in
Hom(T,L3(q)). Then
(i)
lim
q →∞
q ∈ Q
(l, 6) = 1
q = pl
Prob(φ is surjective) =
dα
(2)
6 α
(3)
6 − α(2)7 α(3)7
dα
(2)
6 α
(3)
6
.
(ii)
lim
q →∞
q ∈ Q
(l, 6) = 1
q = p2l
Prob(φ is surjective) =
2(α
(2)
6 α
(3)
6 − α(2)7 α(3)7 )
3α
(2)
6 α
(3)
6
.
(iii)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 > l
(2)
3
q = p
l
2
Prob(φ is surjective) =
dα
(2)
7 α
(3)
6 − α(2)7 α(3)7
dα
(2)
7 α
(3)
6
.
(iv)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 > l
(2)
3
q = pl, 
l
2 = −1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α(2)6 α(3)7 + α(2)7 α(3)7 − α(2)7 α(3)6
3α
(2)
6 α
(3)
6
.
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(v)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 > l
(2)
3
q = pl, 
l
2 = 1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α(2)7 α(3)6 + α(2)7 α(3)7 − α(2)6 α(3)7
3α
(2)
6 α
(3)
6
.
(vi)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 = l
(2)
3
q = p
l
2
Prob(φ is surjective) =
2
3
.
(vii)
lim
q →∞
q ∈ Q
(l, 6) = 2
l
(2)
2 = l
(2)
3
q = pl
Prob(φ is surjective) =
2(α
(2)
6 α
(3)
6 − α(2)7 α(3)7 )
3α
(2)
6 α
(3)
6
.
(viii)
lim
q →∞
q ∈ Q
(l, 6) = 3
q = p
l
3
Prob(φ is surjective) = 1.
(ix)
lim
q →∞
q ∈ Q
(l, 6) = 3
q = p
2l
3
Prob(φ is surjective) =
2
3
.
(x)
lim
q →∞
q ∈ Q
(l, 6) = 3
l
(3)
2 > l
(3)
3
q = pl
Prob(φ is surjective) =
dα
(2)
6 α
(3)
6 − dα(2)8 α(3)6 − α(2)7 α(3)7
dα
(2)
6 α
(3)
6
.
(xi)
lim
q →∞
q ∈ Q
(l, 6) = 3
l
(3)
2 > l
(3)
3
q = p2l
Prob(φ is surjective) =
2(α
(2)
6 α
(3)
6 − α(2)8 α(3)6 − α(2)7 α(3)7 )
3α
(2)
6 α
(3)
6
.
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(xii)
lim
q →∞
q ∈ Q
(l, 6) = 3
l
(3)
2 = l
(3)
3
q = pl
Prob(φ is surjective) =
dα
(2)
6 α
(3)
6 − dα(2)8 α(3)8 − α(2)7 α(3)7
dα
(2)
6 α
(3)
6
.
(xiii)
lim
q →∞
q ∈ Q
(l, 6) = 3
l
(3)
2 = l
(3)
3
q = p2l
Prob(φ is surjective) =
2(α
(2)
6 α
(3)
6 − α(2)8 α(3)8 − α(2)7 α(3)7 )
3α
(2)
6 α
(3)
6
.
(xiv)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3
q = p
l
6
Prob(φ is surjective) = 1.
(xv)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3
q = p
l
3 , 
l
2 = −1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
8 − α(2)7 α(3)8
3α
(2)
6 α
(3)
8
.
(xvi)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3
q = p
l
3 , 
l
2 = 1
Prob(φ is surjective) =
α
(2)
6 α
(3)
8 − α(2)7 α(3)8
α
(2)
6 α
(3)
8
.
(xvii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3
q = p
l
2
Prob(φ is surjective) =
dα
(2)
7 α
(3)
6 − dα(2)7 α(3)8 − α(2)7 α(3)7
dα
(2)
7 α
(3)
6
.
(xviii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3
q = pl, 
l
2 = −1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α
(2)
6 α
(3)
8 − α
(2)
7 α
(3)
6 + α
(2)
7 α
(3)
8 − 3α
(2)
6 α
(3)
7 + α
(2)
7 α
(3)
7
3α
(2)
6 α
(3)
6
.
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(xix)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 < l
(3)
3
q = pl, 
l
2 = 1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α
(2)
6 α
(3)
8 − 3α
(2)
7 α
(3)
6 + 3α
(2)
7 α
(3)
8 − α
(2)
6 α
(3)
7 + α
(2)
7 α
(3)
7
3α
(2)
6 α
(3)
6
.
(xx)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
q = p
l
3 , 
l
2 = −1
Prob(φ is surjective) =
α
(2)
8 α
(3)
6 − α(2)8 α(3)7
α
(2)
8 α
(3)
6
.
(xxi)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
q = p
l
3 , 
l
2 = 1
Prob(φ is surjective) =
3α
(2)
8 α
(3)
6 − α(2)8 α(3)7
3α
(2)
8 α
(3)
6
.
(xxii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
q = p
l
2
Prob(φ is surjective) =
dα
(2)
7 α
(3)
6 − α(2)7 α(3)7
dα
(2)
7 α
(3)
6
.
(xxiii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
q = pl, 
l
2 = −1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α
(2)
8 α
(3)
6 − α
(2)
7 α
(3)
6 + 3α
(2)
8 α
(3)
7 − 3α
(2)
6 α
(3)
7 + α
(2)
7 α
(3)
7
3α
(2)
6 α
(3)
6
.
(xxiv)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 > l
(3)
3
q = pl, 
l
2 = 1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α
(2)
8 α
(3)
6 − 3α
(2)
7 α
(3)
6 + α
(2)
8 α
(3)
7 − α
(2)
6 α
(3)
7 + α
(2)
7 α
(3)
7
3α
(2)
6 α
(3)
6
.
(xxv)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 = l
(3)
3
q = p
l
3
Prob(φ is surjective) = 1.
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(xxvi)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 = l
(3)
3
q = p
l
2
Prob(φ is surjective) =
dα
(2)
7 α
(3)
6 − α(2)7 α(3)7
dα
(2)
7 α
(3)
6
.
(xxvii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 = l
(3)
3
q = pl, 
l
2 = −1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α
(2)
8 α
(3)
8 − α
(2)
7 α
(3)
6 − 3α
(2)
6 α
(3)
7 + α
(2)
7 α
(3)
7
3α
(2)
6 α
(3)
6
.
(xxviii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 > l
(2)
3 , l
(3)
2 = l
(3)
3
q = pl, 
l
2 = 1
Prob(φ is surjective) =
3α
(2)
6 α
(3)
6 − 3α
(2)
8 α
(3)
8 − 3α
(2)
7 α
(3)
6 − α
(2)
6 α
(3)
7 + α
(2)
7 α
(3)
7
3α
(2)
6 α
(3)
6
.
(xxix)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 > l
(3)
3
q = p
l
3
Prob(φ is surjective) =
2
3
.
(xxx)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 > l
(3)
3
q = p
l
2
Prob(φ is surjective) =
2
3
.
(xxxi)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 > l
(3)
3
q = pl
Prob(φ is surjective) =
2(α
(2)
6 α
(3)
6 − α(2)8 α(3)6 − α(2)7 α(3)7 )
3α
(2)
6 α
(3)
6
.
(xxxii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 = l
(3)
3
q = p
l
3
Prob(φ is surjective) =
2
3
.
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(xxxiii)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 = l
(3)
3
q = p
l
2
Prob(φ is surjective) =
2
3
.
(xxxiv)
lim
q →∞
q ∈ Q
(l, 6) = 6
l
(2)
2 = l
(2)
3 , l
(3)
2 = l
(3)
3
q = pl
Prob(φ is surjective) =
2(α
(2)
6 α
(3)
6 − α(2)8 α(3)8 − α(2)7 α(3)7 )
3α
(2)
6 α
(3)
6
.
The proofs of Propositions 16.1-16.11 use the subgroup structure of L3(q) given in
Chapter 4 and the results of Chapter 13 where we calculate the size of Hom∗(T2,p2,p3 , L)
for various subgroups L of L3(q). We also use the results of Chapter 10 where we determine
the prime powers q for which U3(q) is a (2, p2, p3)-group. Finally the proof of Proposition
16.12 follows immediately from the proof of Propositions 16.1-16.11.
16.2 Some notation
Together with the notation given in the introduction we use the following notation. We
let T = T2,p2,p3 and for a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ is nontrivial}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
We let
r = q − 1, s = q + 1, t = 1 + q + q2, d = (r, 3).
Also we denote by P1 and P2 the representatives of the two classes of maximal parabolic
subgroups of L3(q). If L3(qi) is a subgroup of L3(q) we let
ri = qi − 1, si = qi + 1, ti = 1 + qi + q2i , di = (ri, 3).
Finally, we denote by Pi,1 and Pi,2 the representatives of the two classes of maximal
parabolic subgroups of L3(qi).
16.3 The proof of Propositions 16.1-16.11
We divide our analysis into two cases, the case where p = 2 and the case where p 6= 2.
16.3.1 The case where p = 2
We check that if p = 2 then Propositions 16.1-16.11 hold.
Proposition 16.3.1. Propositions 16.1-16.11 hold when p = 2.
Proof. Let G = L3(2
n) where n is a positive integer. If p2p3 does not divide the order
of G then clearly G is not a (2, p2, p3)-group. We therefore assume that p2p3 divides the
order of G. Also we let G0 = L3(2
n0) be the smallest subfield subgroup of G such that
p2p3 divides the order of G0. Note that n0 is a divisor of n. Let q0 = 2
n0 and q = 2n.
267
L3(q) and (2, p2, p3)-groups
(i) Suppose first that (l, 6) = 1. Then n0 = l. Therefore the order of q0 (and q) modulo
p2 or p3 is 1. We have (see Proposition 13.7.4)
|Hom∗(T,G0)| = (α(2)6 α(3)6 + α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)6 α(3)6 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
By Lemma 2.2 the only subgroups of G0 to consider are the parabolic subgroups. Now by
Proposition 13.3.1
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
Hence
|Hom1(T,G0)| = (α(2)6 α(3)6 − α(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case
where n/n0 is odd and the case where n/n0 is even.
(a) Suppose that n/n0 is odd. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). By Proposition 13.7.4
we have
|Hom∗(T,G1)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G1 to consider are the parabolic subgroups, the subgroups conjugate to
G0 and the subgroups conjugate to Gu0 = U3(q0). Now
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)| = 6α(2)7 α(3)7 |G1|+ α(2)7 α(3)7 q31r1s1t1
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|
and by the proof of Proposition 10.3.1
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 6α(2)7 α(3)7 |G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
(ii) Suppose now that (l, 6) = 2. Then n0 = l/2. There are two cases to consider,
namely the case where l
(2)
2 > l
(2)
3 and the case where l
(2)
2 = l
(2)
3 .
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(a) Suppose that l
(2)
2 > l
(2)
3 . Then the order of q0 modulo p2 (respectively, p3) is 2
(respectively, 1). We have
|Hom∗(T,G0)| = (d20α(2)7 α(3)6 + d0α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)6 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case where
n/n0 is odd and the case where n/n0 is even.
I. Suppose that n/n0 is odd. Then the order of q modulo p2 (respectively, p3) is 2
(respectively, 1). Hence
|Hom∗(T,G)| = (d2α(2)7 α(3)6 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
II. Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G1 to consider are the parabolic subgroups, the subgroups conjugate to
G0 and the subgroups conjugate to Gu0 = U3(q0). We have
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)| = 6α(2)7 α(3)7 |G1|+ α(2)7 α(3)7 q31r1s1t1.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 )|G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = (9α(2)6 α(3)7 − 3α(2)7 α(3)7 )|G1|.
It follows that
|Hom1(T,G1)| = (9α(2)6 α(3)6 − 9α(2)6 α(3)7 + 3α(2)7 α(3)7 − 3α(2)7 α(3)6 )|G1|.
Hence G1 is a (2, p2, p3)-group.
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B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = (9α(2)7 α(3)6 − 3α(2)7 α(3)7 )|G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 3(α(2)6 α(3)7 − α(2)7 α(3)7 )|G1|.
It follows that
|Hom1(T,G1)| = (9α(2)6 α(3)6 − 9α(2)7 α(3)6 + 3α(2)7 α(3)7 − 3α(2)6 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group unless p2 = 5.
Finally if G 6= G1 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
(b) Suppose that l
(2)
2 = l
(2)
3 . Then the order of q0 modulo p2 (and p3) is 2. We have
|Hom∗(T,G0)| = (d20α(2)7 α(3)7 + d0α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)7 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group if and only if 
l
2 = 1. There are two cases to consider,
namely the case where n/n0 is odd and the case where n/n0 is even.
I. Suppose that n/n0 is odd. Then the order of q modulo p2 (and p3) is 2. Hence
|Hom∗(T,G)| = (d2α(2)7 α(3)7 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
II. Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G1 to consider are the parabolic subgroups, the subgroups conjugate to
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G0 and the subgroups conjugate to Gu0 = U3(q0). We have
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)| = 6α(2)7 α(3)7 |G1|+ α(2)7 α(3)7 q31r1s1t1.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 6α(2)7 α(3)7 |G|+ α(2)7 α(3)7 q3rst
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| = (9α(2)6 α(3)6 − 3α(2)7 α(3)7 )|G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 6α(2)7 α(3)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 3. Then n0 = l/3. Note that 
l
3 = −1. There are two cases
to consider, namely the case where l
(3)
2 > l
(3)
3 and the case where l
(3)
2 = l
(3)
3 .
(a) Suppose that l
(3)
2 > l
(3)
3 . Then the order of q0 modulo p2 (respectively, p3) is 3
(respectively, 1). We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = α(2)8 α(3)6 |G0|.
Hence G0 is a (2, p2, p3)-group.
I. Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 (respectively, p3) is 3
(respectively, 1). We have
|Hom∗(T,G)| = α(2)8 α(3)6 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 (respectively, 1) modulo p2 (respectively,
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p3). We have
|Hom∗(T,G1)| = 9α(2)8 α(3)6 |G1| and |Hom∗(T,G)| = 9α(2)8 α(3)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 α(3)6 |G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 α(3)6 |G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
III. Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = (α(2)6 α(3)6 + α(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (α(2)6 α(3)6 + α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G1 to consider are the parabolic subgroups and the subgroups conjugate
to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)| = 2α(2)7 α(3)7 |G1|+ α(2)7 α(3)7 q31r1s1t1
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = α(2)8 α(3)6 |G1|.
It follows that
|Hom1(T,G1)| = (α(2)6 α(3)6 − α(2)7 α(3)7 − α(2)8 α(3)6 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
IV. Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 3 (respectively, 1), the order of
q2 modulo p2 (and p3) is 1. Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G3|+ α(2)7 α(3)7 q33r3s3t3
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and
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G3 to consider are the parabolic subgroups, the subgroups conjugate to
Gu2 , the subgroups conjugate to G0, the subgroups conjugate to G1 and the subgroups
conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 6α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)8 α(3)6 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 6α(2)8 α(3)6 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 − α(2)8 α(3)6 )|G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)6 − α(2)7 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group. If G 6= G3 then G is not a (2, p2, p3)-group. Indeed
one can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(b) Suppose that l
(3)
2 = l
(3)
3 . Then the order of q0 modulo p2 (and p3) is 3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = α(2)8 α(3)8 |G0|.
Hence G0 is a (2, p2, p3)-group.
I. Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 (respectively, p3) is 3.
We have
|Hom∗(T,G)| = α(2)8 α(3)8 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 modulo p2 (and p3). We have
|Hom∗(T,G1)| = 9α(2)8 α(3)8 |G1| and |Hom∗(T,G)| = 9α(2)8 α(3)8 |G|.
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The subgroups of G1 to consider are the subgroups conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 α(3)8 |G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
III. Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = (α(2)6 α(3)6 + α(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (α(2)6 α(3)6 + α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G1 to consider are the parabolic subgroups and the subgroups conjugate
to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)| = 2α(2)7 α(3)7 |G1|+ α(2)7 α(3)7 q31r1s1t1
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = α(2)8 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = (α(2)6 α(3)6 − α(2)7 α(3)7 − α(2)8 α(3)8 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
IV. Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 (and p3) is 3, the order of q2 modulo p2 (and p3) is
1. Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G3|+ α(2)7 α(3)7 q33r3s3t3
and
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G3 to consider are the parabolic subgroups, the subgroups conjugate to
Gu2 , the subgroups conjugate to G0, the subgroups conjugate to G1 and the subgroups
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conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 6α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)8 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 6α(2)8 α(3)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 − α(2)8 α(3)8 )|G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)8 − α(2)7 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group. If G 6= G3 then G is not a (2, p2, p3)-group. Indeed
one can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(iv) Suppose that (l, 6) = 6. There are five cases to consider, namely the case where
l
(2)
2 > l
(2)
3 and l
(3)
2 < l
(3)
3 , the case where l
(2)
2 > l
(2)
3 and l
(3)
2 > l
(3)
3 , the case l
(2)
2 > l
(2)
3 and
l
(3)
2 = l
(3)
3 , the case where l
(2)
2 = l
(2)
3 and l
(3)
2 > l
(3)
3 , and the case where l
(2)
2 = l
(2)
3 and
l
(3)
2 = l
(3)
3 .
(a) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 < l
(3)
3 . Then n0 = l/6. The order of q0 modulo p2
is 2 and the order of q0 modulo p3 is 3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)7 α(3)8 |G0|.
It follows that G0 is a (2, p2, p3)-group.
I. Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 (respectively, p3) is 2
(respectively, 3). We have
|Hom∗(T,G)| = d2α(2)7 α(3)8 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that ((n/n0), 6) = 2. Then the order of q modulo p2 (respectively, p3) is 1
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(respectively, 3). Put q1 = q
2
0 and G1 = L3(q1). Then G1 is a subgroup of G. We have
|Hom∗(T,G1)| = 9α(2)6 α(3)8 |G1| and |Hom∗(T,G)| = 9α(2)6 α(3)8 |G|.
The subgroups of G1 to consider are the subgroups conjugate to G0.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)7 α(3)8 |G1|.
Hence
|Hom1(T,G1)| = (9α(2)6 α(3)8 − 3α(2)7 α(3)8 )|G1|.
It follows that G1 is a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 9α(2)7 α(3)8 |G1|.
Hence
|Hom1(T,G1)| = (9α(2)6 α(3)8 − 9α(2)7 α(3)8 )|G1|.
It follows that G1 is a (2, p2, p3)-group unless p2 = 5.
Finally if G 6= G1 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
III. Suppose that ((n/n0), 6) = 3. Then the order of q modulo p2 (respectively, p3) is
2 (respectively, 1). Put q1 = q
3
0 and G1 = L3(q1). Then G1 is a subgroup of G. We have
|Hom∗(T,G1)| = (d21α(2)7 α(3)6 + d1α(2)7 α(3)7 )|G1|+ α(2)7 α(3)7 q31r1s1t1
and
|Hom∗(T,G)| = (d2α(2)7 α(3)6 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G1 to consider are the parabolic subgroups and the subgroups conjugate
to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)| = 2d1α(2)7 α(3)7 |G1|+ α(2)7 α(3)7 q31r1s1t1
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = d21α(2)7 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = (d21α(2)7 α(3)6 − d21α(2)7 α(3)8 − d1α(2)7 α(3)7 )|G1|.
It follows that G1 is a (2, p2, p3)-group unless 
l
2 = −1 and p3 = 7. If G 6= G1 then G is
not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
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IV. Suppose that ((n/n0), 6) = 6. Then the order of q modulo p2 (and p3) is 1. Also
L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 1 (respectively, 3), the order of
q2 modulo p2 (respectively, p3) is 2 (respectively, 1). Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G3|+ α(2)7 α(3)7 q33r3s3t3
and
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The subgroups of G3 to consider are the parabolic subgroups, the subgroups conjugate to
Gu2 , the subgroups conjugate to G0, the subgroups conjugate to G1 and the subgroups
conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = (9α(2)6 α(3)7 − 3α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)7 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = (9α(2)6 α(3)8 − 3α(2)7 α(3)8 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 − α(2)7 α(3)8 )|G3|.
It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)6 α(3)8 −9α(2)6 α(3)7 +3α(2)7 α(3)8 +3α(2)7 α(3)7 −3α(2)7 α(3)6 )|G3|.
It follows that G3 is a (2, p2, p3)-group unless p3 = 7.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)7 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 9α(2)7 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 9(α(2)6 α(3)8 − α(2)7 α(3)8 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = (9α(2)7 α(3)6 − 9α(2)7 α(3)8 − 3α(2)7 α(3)7 )|G3|.
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It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)6 α(3)8 −9α(2)7 α(3)6 +9α(2)7 α(3)8 +3α(2)7 α(3)7 −3α(2)6 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group unless p2 = 5.
Finally, if G 6= G3 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(b) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 > l
(3)
3 . Then p
l
6 has order 6 (respectively, 1)
modulo p2 (respectively, p3). Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (respectively,
p3) is 3 (respectively, 1), and the order of q modulo p2 (respectively, p3) is 3 (respectively,
1). We have
|Hom∗(T,G0)| = 9α(2)8 α(3)6 |G0| and |Hom∗(T,G)| = 9α(2)8 α(3)6 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 9α(2)8 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = 9(α(2)8 α(3)6 − α(2)8 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (9α(2)8 α(3)6 − 3α(2)8 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group.
Finally, if G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (respectively, p3) is 2 (respectively, 1), and the order of q modulo p2 (respectively, p3)
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is 2 (respectively, 1). We have
|Hom∗(T,G0)| = (d20α(2)7 α(3)6 + d0α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)7 α(3)6 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)6 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of
G. The order of q0 modulo p2 (respectively, p3) is 3 (respectively, 1). Also the order of q
modulo p2 (and p3) is 1. We have
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 6 (respectively, 1), the order of
q2 modulo p2 (respectively, p3) is 2 (respectively, 1), and the order of q3 modulo p2 (and
p3) is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G3|+ α(2)7 α(3)7 q33r3s3t3.
A. Suppose that 
l
2 = −1. The subgroups of G3 to consider are the parabolic sub-
groups, the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the subgroups
conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 9α(2)8 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = (9α(2)6 α(3)7 − 9α(2)8 α(3)7 − 3α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 9(α(2)8 α(3)6 − α(2)8 α(3)7 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 )|G3|.
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It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)6 α(3)7 +9α(2)8 α(3)7 −9α(2)8 α(3)6 +3α(2)7 α(3)7 −3α(2)7 α(3)6 )|G3|.
Hence G3 is a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the parabolic subgroups,
the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the subgroups conjugate
to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)7 − α(2)8 α(3)7 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = (9α(2)8 α(3)6 − 3α(2)8 α(3)7 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = (9α(2)7 α(3)6 − 3α(2)7 α(3)7 )|G3|.
It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)7 α(3)6 −9α(2)8 α(3)6 −3α(2)6 α(3)7 +3α(2)8 α(3)7 +3α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group.
Finally, if G 6= G3 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(c) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 = l
(3)
3 . Then p
l
6 has order 6 (respectively, 3)
modulo p2 (respectively, p3). Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (and p3) is 3,
and the order of q modulo p2 (and p3) is 3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = 9α(2)8 α(3)8 |G0| and |Hom∗(T,G)| = 9α(2)8 α(3)8 |G|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
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p2 (respectively, p3) is 2 (respectively, 1), and the order of q modulo p2 (respectively, p3)
is 2 (respectively, 1). We have
|Hom∗(T,G0)| = (d20α(2)7 α(3)6 + d0α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)7 α(3)6 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)6 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo p2 (and p3) is 3. Also the order of q modulo p2 (and p3) is 1. We
have
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
Put
q1 = q
3
2
0 and q2 = q
3
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 2 (respectively, 1), the order of
q2 modulo p2 (and p3) is 1. Also let
Gu1 = U3(q1), G1 = L3(q1) and G2 = L3(q2).
We have
|Hom∗(T,G2)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G2|+ α(2)7 α(3)7 q32r2s2t2.
A. Suppose that 
l
2 = −1. The subgroups of G2 to consider are the parabolic sub-
groups, the subgroups conjugate to Gu1 , the subgroups conjugate to G0 and the subgroups
conjugate to G1. Now
|
⋃
g∈PGL3(q2)
Hom∗(T, P g2,1) ∪Hom∗(T, P g2,2)| = 6α(2)7 α(3)7 |G2|+ α(2)7 α(3)7 q32r2s2t2
|
⋃
g∈PGL3(q2)
Hom1(T,Gg0)| = 9α(2)8 α(3)8 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Ggu1)| = (9α(2)6 α(3)7 − 3α(2)7 α(3)7 )|G2|
and
|
⋃
g∈PGL3(q2)
Hom1(T,Gg1)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 )|G2|.
It follows that
|Hom1(T,G2)| = (9α(2)6 α(3)6 − 9α(2)6 α(3)7 − 9α(2)8 α(3)8 + 3α(2)7 α(3)7 − 3α(2)7 α(3)6 )|G2|.
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Hence G2 is a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G2 to consider are the parabolic subgroups,
the subgroups conjugate to Gu1 , the subgroups conjugate to G0 and the subgroups con-
jugate to G1. Now
|
⋃
g∈PGL3(q2)
Hom∗(T, P g2,1) ∪Hom∗(T, P g2,2)| = 6α(2)7 α(2)7 |G3|+ α(2)7 α(3)7 q32r2s2t2
|
⋃
g∈PGL3(q2)
Hom1(T,Gg0)| = 9α(2)8 α(3)8 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Ggu1)| = 3(α(2)6 α(3)7 − α(2)7 α(3)7 )|G2|
and
|
⋃
g∈PGL3(q2)
Hom1(T,Gg1)| = (9α(2)7 α(3)6 − 3α(2)7 α(3)7 )|G2|.
It follows that
|Hom1(T,G2)| = (9α(2)6 α(3)6 − 9α(2)7 α(3)6 − 9α(2)8 α(3)8 − 3α(2)6 α(3)7 + 3α(2)7 α(3)7 )|G2|.
Hence G2 is a (2, p2, p3)-group.
Finally, if G 6= G2 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu1)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2)|
= |Hom∗(T,G)|.
(d) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 > l
(3)
3 . Then p
l
6 has order 6 (respectively, 2)
modulo p2 (respectively, p3). Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (respectively,
p3) is 3 (respectively, 1), and the order of q modulo p2 (respectively, p3) is 3 (respectively,
1). We have
|Hom∗(T,G0)| = 9α(2)8 α(3)6 |G0| and |Hom∗(T,G)| = 9α(2)8 α(3)6 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 9α(2)8 α(3)6 |G|.
It follows that
Hom1(T,G) = ∅.
Hence G is not a (2, p2, p3)-group.
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B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(3)6 |G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 α(3)6 |G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (and p3) is 2, and the order of q modulo p2 (and p3) is 2. We have
|Hom∗(T,G0)| = (d20α(2)7 α(3)7 + d0α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)7 α(3)7 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)7 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of
G. The order of q0 modulo p2 (respectively, p3) is 3 (respectively, 1). Also the order of q
modulo p2 (and p3) is 1. We have
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 6 (respectively, 2), the order of
q2 modulo p2 (and p3) is 2, and the order of q3 modulo p2 (and p3) is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G3|+ α(2)7 α(3)7 q33r3s3t3.
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 6α(2)7 α(3)7 |G|+ α(2)7 α(3)7 q3rst
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|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 9α(2)8 α(3)6 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (9α(2)6 α(3)6 − 9α(2)8 α(3)6 − 3α(2)7 α(3)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the parabolic subgroups,
the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the subgroups conjugate
to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(3)6 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)6 − α(2)8 α(3)6 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 α(3)6 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 α(3)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)6 − α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group. If G 6= G3 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(e) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 = l
(3)
3 . Then p
l
6 has order 6 modulo p2 (and p3).
Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (and p3) is 3,
and the order of q modulo p2 (and p3) is 3. We have
|Hom∗(T,G0)| = 9α(2)8 α(3)8 |G0| and |Hom∗(T,G)| = 9α(2)8 α(3)8 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
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A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 9α(2)8 α(3)8 |G|.
It follows that
Hom1(T,G) = ∅.
Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(3)8 |G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 α(3)8 |G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (and p3) is 2, and the order of q modulo p2 (and p3) is 2. We have
|Hom∗(T,G0)| = (d20α(2)7 α(3)7 + d0α(2)7 α(3)7 )|G0|+ α(2)7 α(3)7 q30r0s0t0
and
|Hom∗(T,G)| = (d2α(2)7 α(3)7 + dα(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0α(2)7 α(3)7 |G0|+ α(2)7 α(3)7 q30r0s0t0.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)7 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo p2 (and p3) is 3. Also the order of q modulo p2 (and p3) is 1. We
have
|Hom∗(T,G)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G|+ α(2)7 α(3)7 q3rst.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 (and p3) is 6, the order of q2 modulo p2 (and p3) is
2, and the order of q3 modulo p2 (and p3) is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
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We have
|Hom∗(T,G3)| = (9α(2)6 α(3)6 + 3α(2)7 α(3)7 )|G3|+ α(2)7 α(3)7 q33r3s3t3.
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = 6α(2)7 α(3)7 |G|+ α(2)7 α(3)7 q3rst
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 9α(2)8 α(3)8 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (9α(2)6 α(3)6 − 9α(2)8 α(3)8 − 3α(2)7 α(3)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the parabolic subgroups,
the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the subgroups conjugate
to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)| = 6α(2)7 α(3)7 |G3|+ α(2)7 α(3)7 q33r3s3t3
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)6 − α(2)8 α(3)8 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 α(3)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 α(3)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)8 − α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group. If G 6= G3 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 ) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
16.3.2 The case where p 6= 2
We know check that if p 6= 2 then Propositions 16.1 -16.11 hold. We first treat the case
where p = p3 = 5 and p2 = 7.
Proposition 16.3.2. There is no positive integer n such that L3(5
n) is a (2, 5, 7)-group.
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Proof. Write T = T2,5,7. Let G = L3(5
n) where n is a positive integer. Put q = 5n. If 7
does not divide the order of G then G is not a (2, 5, 7)-group. We therefore assume that
7 divides the order of G.
Suppose first that n is odd. Then 3 must divide n. By Proposition 13.7.4 we have
|Hom∗(T,G)| = 3|G|.
But by Corollary 13.5.2
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q))| = 3|G|.
It follows that G is not a (2, 5, 7)-group.
Suppose that n is even. There are two cases to consider, namely the case where
(n, 3) = 1 and the case where (n, 3) = 3. If (n, 3) = 1 then q has order 3 modulo 7. It
follows from Proposition 13.7.4 that
|Hom∗(T,G)| = 18|G|.
Now by Proposition 13.6.2
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 12|G|
and by the proof of Proposition 10.3.2
|
⋃
g∈PGL3(q)
Hom1(T,U3(5)
g)| = 6|G|.
Hence
Hom1(T,G) = ∅.
It follows that G is not a (2, 5, 7)-group.
Suppose finally that (n, 3) = 3. Then q has order 1 modulo 7. It follows that
|Hom∗(T,G)| = 45|G|.
Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 9|G|
|
⋃
g∈PGL3(q)
Hom1(T,U3(5)
g)| = 6|G|
|
⋃
g∈PGL3(q)
Hom1(T,U3(5
3)g)| = 18|G|
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 12|G|.
It follows that
Hom1(T,G) = ∅.
Therefore G is not a (2, 5, 7)-group.
We now treat more generally the case where p = p3.
Proposition 16.3.3. If p = p3 then Proposition 16.1-16.11 hold.
Remark 16.3.1. If p = 5 and p2 = 7 then the result is proved in Proposition 16.3.2. We
therefore assume in the proof that p 6= 5 or p2 6= 7.
287
L3(q) and (2, p2, p3)-groups
Proof. Let G = L3(p
n) where n is a positive integer. If p2 does not divide the order of G
then clearly G is not a (2, p2, p)-group. We therefore assume that p2 divides the order of
G. Also we let G0 = L3(p
n0) be the smallest subfield subgroup of G such that p2 divides
the order of G0. Note that n0 is a divisor of n. Let q0 = p
n0 and q = pn.
(i) Suppose first that (l, 6) = 1. Then n0 = l and the order of q0 (and q) modulo p2 is
1. We have (see Proposition 13.7.4)
|Hom∗(T,G0)| = d20α(2)6 |G0| and |Hom∗(T,G)| = d2α(2)6 |G|.
By Lemma 2.2 the only subgroups of G0 to consider are the subgroups conjugate to
SO3(q0). Now by Corollary 13.5.2
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 |G0|.
Hence
|Hom1(T,G0)| = (d20α(2)6 − d0α(2)7 )|G0|.
It follows that G0 is a (2, p2, p)-group unless p2 = 5 and 
l 6= 1.
(a) Suppose that (n/n0) is odd. If G 6= G0 then G is not a (2, p2, p)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that (n/n0) is even. Then L3(q
2
0) is a subgroup of G. Let q1 = q
2
0 and
G1 = L3(q1).
I. Suppose that l = −1. Then
|Hom∗(T,G1)| = 9α(2)6 |G1|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the subgroups
conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0). Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 3α(2)7 |G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3(α(2)6 − α(2)7 )|G1|
and by the proof of Proposition 10.3.3
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 6α(2)7 |G1|
It follows that
|Hom1(T,G1)| = 6(α(2)6 − α(2)7 )|G1|.
Hence G1 is a (2, p2, p)-group unless p2 = 5. If G 6= G1 then G is not a (2, p2, p)-group.
Indeed one can check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
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II. Suppose that l 6= −1. Then G is not a (2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0)| = |Hom∗(T,G)|.
(ii) Suppose that (l, 6) = 2. Then n0 = l/2 and the order of q0 modulo p2 is 2. We
have
|Hom∗(T,G0)| = d20α(2)7 |G0|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20 − d0)α(2)7 |G0|.
Hence G0 is a (2, p2, p)-group if and only if 
l
2 = 1.
(a) Suppose that (n/n0) is odd. Then the order of q modulo p2 is 2 and
|Hom∗(T,G)| = d2α(2)7 |G|.
If G 6= G0 then G is not a (2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that (n/n0) is even. Then L3(q
2
0) is a subgroup of G. Let q1 = q
2
0 and
G1 = L3(q1). The order of q1 (and q) modulo p2 is 1. We have
|Hom∗(T,G1)| = d21α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 |G|.
I. Suppose that 
l
2 = −1. Then
|Hom∗(T,G)| = 9α(2)6 |G|.
Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3α(2)7 |G|
and
|
⋃
g∈PGL3(q)
Hom∗(T,U3(q0)g)| = (9α(2)6 − 3α(2)7 )|G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p)-group.
II. Suppose that 
l
2 = 1. The subgroups of G1 to consider are the subgroups conjugate
to SO3(q1), the subgroups conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0).
Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 3α(2)7 |G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 6α(2)7 |G1|
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and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 3(α(2)6 − α(2)7 )|G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 − α(2)7 )|G1|.
Hence G1 is a (2, p2, p)-group unless p2 = 5. If G 6= G1 then G is not a (2, p2, p)-group.
Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Ggu0) ∪Hom1(T,Gg1)|
= |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 3. Then n0 = l/3 and the order of q0 modulo p2 is 3. We
have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)8 |G0|.
Hence G0 is a (2, p2, p)-group.
(a) Suppose that ((n/n0), 6) = 1. Then
|Hom∗(T,G)| = d2α(2)8 |G|.
If G 6= G0 then G is not a (2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Let q1 = q
2
0 and
G1 = L3(q1). The order of q1 (and q) modulo p2 is 3. We have
|Hom∗(T,G1)| = d21α(2)8 |G1| and |Hom∗(T,G)| = d2α(2)8 |G|.
I. Suppose that 
l
3 = −1. The only subgroups of G1 to consider are the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 |G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 |G1|.
Hence G1 is a (2, p2, p)-group. If G 6= G1 then G is not a (2, p2, p)-group. Indeed one can
check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
II. Suppose that 
l
3 = 1. Then
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = 9α(2)8 |G| = |Hom∗(T,G)|.
It follows that G is not a (2, p2, p)-group.
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(c) Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Let q1 = q
3
0 and
G1 = L3(q1). The order of q1 (and q) modulo p2 is 1. We have
|Hom∗(T,G1)| = d21α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = d21α(2)8 |G1|.
It follows that
|Hom1(T,G1)| = (d21α(2)6 − d21α(2)8 − d1α(2)7 )|G1|.
Hence G1 is a (2, p2, p)-group unless p2 = 7 and 
l
3 6= 1. If G 6= G1 then G is not a
(2, p2, p)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
(d) Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 (respectively, q2) modulo p2 is 3 (respectively, 1). Let
G1 = L3(q1), G2 = L3(q2), Gu2 = U3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = d23α(2)6 |G3| and |Hom∗(T,G)| = d2α(2)6 |G|.
I. Suppose that 
l
3 = −1. The subgroups of G3 to consider are the subgroups conjugate
to SO3(q3), the subgroups conjugate to G0, the subgroups conjugate to G1, the subgroups
conjugate to G2 and the subgroups conjugate to Gu2 . Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 6α(2)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)6 − α(2)7 − α(2)8 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 6α(2)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 − α(2)8 − α(2)7 )|G3|.
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Hence G3 is a (2, p2, p)-group unless p2 = 7. If G 6= G3 then G is not a (2, p2, p)-group.
Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
II. Suppose that 
l
3 = 1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3α(2)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = 9α(2)8 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Gg2)| = (9α(2)6 − 9α(2)8 − 3α(2)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p)-group.
(iv) Suppose that (l, 6) = 6. Then p
l
6 has order 6 modulo p2. Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 is 3, and the
order of q modulo p2 is 3. We have
|Hom∗(T,G0)| = d20α(2)8 |G0| and |Hom∗(T,G)| = d2α(2)8 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 9α(2)8 |G|.
It follows that
Hom1(T,G) = ∅.
Hence G is not a (2, p2, p)-group.
B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 |G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 |G0|.
Hence G0 is a (2, p2, p)-group. If G 6= G0 then G is not a (2, p2, p)-group. Indeed one can
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check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 is 2, and the order of q modulo p2 is 2. We have
|Hom∗(T,G0)| = d20α(2)7 |G0|
and
|Hom∗(T,G)| = d2α(2)7 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 − d0α(2)7 )|G0|.
Hence G0 is a (2, p2, p)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo p2 is 3. Also the order of q modulo p2 is 1. We have
|Hom∗(T,G)| = d2α(2)6 |G|.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 is 6, the order of q2 modulo p2 is 2, and the order of
q3 modulo p2 is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = d23α(2)6 |G3|.
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3α(2)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 9α(2)8 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (9α(2)6 − 9α(2)8 − 3α(2)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p)-group.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the subgroups conju-
gate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
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subgroups conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q)g)| = 3α(2)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 − α(2)8 − α(2)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 − α(2)7 − α(2)8 )|G3|.
Hence G3 is a (2, p2, p)-group unless p2 = 7. If G 6= G3 then G is not a (2, p2, p)-group.
Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
Proposition 16.3.4. Propositions 16.1-16.11 hold when p 6= 2 and p 6∈ {p2, p3}.
Proof. Let G = L3(p
n) where n is a positive integer. If p2p3 does not divide the order
of G then clearly G is not a (2, p2, p3)-group. We therefore assume that p2p3 divides the
order of G. Also we let G0 = L3(p
n0) be the smallest subfield subgroup of G such that
p2p3 divides the order of G0. Note that n0 is a divisor of n. Let q0 = p
n0 and q = pn.
(i) Suppose first that (l, 6) = 1. Then n0 = l. Therefore the order of q0 (and q) modulo
p2 or p3 is 1. We have (see Proposition 13.7.4)
|Hom∗(T,G0)| = d20α(2)6 α(3)6 |G0| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
By Lemma 2.2 the only subgroups of G0 to consider are the subgroups conjugate to
SO3(q0). Now by Corollary 13.5.2
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
Hence
|Hom1(T,G0)| = (d20α(2)6 α(3)6 − d0α(2)7 α(3)7 )|G0|.
It follows that G0 is a (2, p2, p3)-group. There are two cases to consider, namely the case
where n/n0 is odd and the case where n/n0 is even.
(a) Suppose that n/n0 is odd. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
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(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = d21α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
I. Suppose that l = −1. The subgroups of G1 to consider are the subgroups conjugate
to SO3(q1), the subgroups conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0).
Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 3α(2)7 α(3)7 |G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|
and by the proof of Proposition 10.3.4
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 6α(2)7 α(3)7 |G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, SO3(q)g)|
= |Hom∗(T,G)|.
II. Suppose that l 6= −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(3)7 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p3)-group.
(ii) Suppose now that (l, 6) = 2. Then n0 = l/2. There are two cases to consider,
namely the case where l
(2)
2 > l
(2)
3 and the case where l
(2)
2 = l
(2)
3 .
(a) Suppose that l
(2)
2 > l
(2)
3 . Then the order of q0 modulo p2 (respectively, p3) is 2
(respectively, 1). We have
|Hom∗(T,G0)| = d20α(2)7 α(3)6 |G0|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)6 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group unless p3 = 5 and 
l
2 6= 1. There are two cases to consider,
namely the case where n/n0 is odd and the case where n/n0 is even.
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I. Suppose that n/n0 is odd. Then the order of q modulo p2 (respectively, p3) is 2
(respectively, 1). Hence
|Hom∗(T,G)| = d2α(2)7 α(3)6 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
II. Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = d21α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the subgroups
conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0). We have
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(3)7 |G1|.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 )|G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = (9α(2)6 α(3)7 − 3α(2)7 α(3)7 )|G1|.
It follows that
|Hom1(T,G1)| = (9α(2)6 α(3)6 − 9α(2)6 α(3)7 + 3α(2)7 α(3)7 − 3α(2)7 α(3)6 )|G1|.
Hence G1 is a (2, p2, p3)-group unless p3 = 5.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = (9α(2)7 α(3)6 − 3α(2)7 α(3)7 )|G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 3(α(2)6 α(3)7 − α(2)7 α(3)7 )|G1|.
It follows that
|Hom1(T,G1)| = (9α(2)6 α(3)6 − 9α(2)7 α(3)6 + 3α(2)7 α(3)7 − 3α(2)6 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group unless p2 = 5.
C. Suppose that p = 3. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = (α(2)7 α(3)6 − α(2)7 α(3)7 )|G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = (α(2)6 α(3)7 − α(2)7 α(3)7 )|G1|.
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It follows that
|Hom1(T,G1)| = (α(2)6 α(3)6 − α(2)7 α(3)6 + α(2)7 α(3)7 − α(2)6 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group unless p2 = 5 or p3 = 5.
Finally if G 6= G1 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, SO3(q)g)|
= |Hom∗(T,G)|.
(b) Suppose that l
(2)
2 = l
(2)
3 . Then the order of q0 modulo p2 (and p3) is 2. We have
|Hom∗(T,G0)| = d20α(2)7 α(3)7 |G0|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)7 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group if and only if 
l
2 = 1. There are two cases to consider,
namely the case where n/n0 is odd and the case where n/n0 is even.
I. Suppose that n/n0 is odd. Then the order of q modulo p2 (and p3) is 2. Hence
|Hom∗(T,G)| = d2α(2)7 α(3)7 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
II. Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = d21α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the subgroups
conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0). We have
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(3)7 |G1|.
A. Suppose that 
l
2 = −1 or p = 3. Then
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(3)7 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 )|G|.
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Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 6α(2)7 α(3)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 α(3)6 − α(2)7 α(3)7 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, SO3(q)g)|
= |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 3. Then n0 = l/3. There are two cases to consider, namely
the case where l
(3)
2 > l
(3)
3 and the case where l
(3)
2 = l
(3)
3 .
(a) Suppose that l
(3)
2 > l
(3)
3 . Then the order of q0 modulo p2 (respectively, p3) is 3
(respectively, 1). We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)8 α(3)6 |G0|.
Hence G0 is a (2, p2, p3)-group.
I. Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 (respectively, p3) is 3
(respectively, 1). We have
|Hom∗(T,G)| = d2α(2)8 α(3)6 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 (respectively, 1) modulo p2 (respectively,
p3). We have
|Hom∗(T,G1)| = d21α(2)8 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)8 α(3)6 |G|.
A. Suppose that 
l
3 = −1. The subgroups of G1 to consider are the subgroups conjugate
to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 α(3)6 |G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 α(3)6 |G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
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can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
B. Suppose that 
l
3 6= −1. Then G is not a (2, p2, p3)-group. Indeed one can check
that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
III. Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = d21α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(3)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = d21α(2)8 α(3)6 |G1|.
It follows that
|Hom1(T,G1)| = (d21α(2)6 α(3)6 − d1α(2)7 α(3)7 − d21α(2)8 α(3)6 )|G1|.
Hence G1 is a (2, p2, p3)-group unless
p2 = 7, p3 = 5 and 
l
3 = −1.
If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
IV. Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 3 (respectively, 1), the order of
q2 modulo p2 (and p3) is 1. Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = d23α(2)6 α(3)6 |G3| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
A. Suppose that 
l
3 = −1. The subgroups of G3 to consider are the subgroups conjugate
to SO3(q3), the subgroups conjugate to Gu2 , the subgroups conjugate to G0, the subgroups
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conjugate to G1 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 6α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)8 α(3)6 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 6α(2)8 α(3)6 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 − α(2)8 α(3)6 )|G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)6 − α(2)7 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group unless p2 = 7 and p3 = 5. If G 6= G3 then G is not
a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
B. Suppose that 
l
3 6= −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(3)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Gg2)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 − d2α(2)8 α(3)6 )|G|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = d2α(2)8 α(3)6 |G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p3)-group.
(b) Suppose that l
(3)
2 = l
(3)
3 . Then the order of q0 modulo p2 (and p3) is 3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)8 α(3)8 |G0|.
Hence G0 is a (2, p2, p3)-group.
I. Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 (and p3) is 3. We have
|Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
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II. Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 modulo p2 (and p3). We have
|Hom∗(T,G1)| = d21α(2)8 α(3)8 |G1| and |Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
A. Suppose that 
l
3 = −1. The subgroups of G1 to consider are the subgroups conjugate
to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 α(3)8 |G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
B. Suppose that 
l
3 6= −1. Then G is not a (2, p2, p3)-group. Indeed one can check
that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
III. Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2 (and p3). We have
|Hom∗(T,G1)| = d21α(2)6 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(3)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = d21α(2)8 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = (d21α(2)6 α(3)6 − d1α(2)7 α(3)7 − d21α(2)8 α(3)8 )|G1|.
Hence G1 is a (2, p2, p3)-group. If G 6= G1 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
IV. Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 (and p3) is 3, and the order of q2 modulo p2 (and p3)
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is 1. Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = d23α(2)6 α(3)6 |G3| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
A. Suppose that 
l
3 = −1. The subgroups of G3 to consider are the subgroups conjugate
to SO3(q3), the subgroups conjugate to Gu2 , the subgroups conjugate to G0, the subgroups
conjugate to G1 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 6α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)8 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 6α(2)8 α(3)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)6 α(3)6 − α(2)7 α(3)7 − α(2)8 α(3)8 )|G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)8 − α(2)7 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group. If G 6= G3 then G is not a (2, p2, p3)-group. Indeed
one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
B. Suppose that 
l
3 6= −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(3)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Gg2)| = (d2α(2)6 α(3)6 − dα(2)7 α(3)7 − d2α(2)8 α(3)8 )|G|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = d2α(2)8 α(3)8 |G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p3)-group.
(iv) Suppose that (l, 6) = 6. There are five cases to consider, namely the case where
l
(2)
2 > l
(2)
3 and l
(3)
2 < l
(3)
3 , the case where l
(2)
2 > l
(2)
3 and l
(3)
2 > l
(3)
3 , the case l
(2)
2 > l
(2)
3 and
l
(3)
2 = l
(3)
3 , the case where l
(2)
2 = l
(2)
3 and l
(3)
2 > l
(3)
3 , and the case where l
(2)
2 = l
(2)
3 and
l
(3)
2 = l
(3)
3 .
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(a) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 < l
(3)
3 . Then n0 = l/6. The order of q0 modulo p2
is 2 and the order of q0 modulo p3 is 3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)7 α(3)8 |G0|.
It follows that G0 is a (2, p2, p3)-group.
I. Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 (respectively, p3) is 2
(respectively, 3). We have
|Hom∗(T,G)| = d2α(2)7 α(3)8 |G|.
If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that ((n/n0), 6) = 2. Then the order of q modulo p2 (respectively, p3) is 1
(respectively, 3). Put q1 = q
2
0 and G1 = L3(q1). Then G1 is a subgroup of G. We have
|Hom∗(T,G1)| = d21α(2)6 α(3)8 |G1| and |Hom∗(T,G)| = d2α(2)6 α(3)8 |G|.
The subgroups of G1 to consider are the subgroups conjugate to G0.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)7 α(3)8 |G1|.
Hence
|Hom1(T,G1)| = (9α(2)6 α(3)8 − 3α(2)7 α(3)8 )|G1|.
It follows that G1 is a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 9α(2)7 α(3)8 |G1|.
Hence
|Hom1(T,G1)| = 9(α(2)6 α(3)8 − α(2)7 α(3)8 )|G1|.
It follows that G1 is a (2, p2, p3)-group unless p2 = 5.
C. Suppose that p = 3. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = α(2)7 α(3)8 |G1|.
Hence
|Hom1(T,G1)| = (α(2)6 α(3)8 − α(2)7 α(3)8 )|G1|.
It follows that G1 is a (2, p2, p3)-group unless p2 = 5.
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Finally if G 6= G1 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
III. Suppose that ((n/n0), 6) = 3. Then the order of q modulo p2 (respectively, p3) is
2 (respectively, 1). Put q1 = q
3
0 and G1 = L3(q1). Then G1 is a subgroup of G. We have
|Hom∗(T,G1)| = d21α(2)7 α(3)6 |G1| and |Hom∗(T,G)| = d2α(2)7 α(3)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(3)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = d21α(2)7 α(3)8 |G1|.
It follows that
|Hom1(T,G1)| = (d21α(2)7 α(3)6 − d21α(2)7 α(3)8 − d1α(2)7 α(3)7 )|G1|.
It follows that G1 is a (2, p2, p3)-group unless 
l
2 6= 1 and p3 = 7. If G 6= G1 then G is not
a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g) ∪Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
IV. Suppose that ((n/n0), 6) = 6. Then the order of q modulo p2 (and p3) is 1. Also
L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 1 (respectively, 3), the order of
q2 modulo p2 (respectively, p3) is 2 (respectively, 1). Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = d23α(2)6 α(3)6 |G3| and |Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
The subgroups of G3 to consider are the subgroups conjugate to SO3(q3), the subgroups
conjugate to Gu2 , the subgroups conjugate to G0, the subgroups conjugate to G1 and the
subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = d3α(2)7 α(3)7 |G3|.
A. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = (9α(2)6 α(3)7 − 3α(2)7 α(3)7 )|G3|
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|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)7 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = (9α(2)6 α(3)8 − 3α(2)7 α(3)8 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 − α(2)7 α(3)8 )|G3|.
It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)6 α(3)8 −9α(2)6 α(3)7 +3α(2)7 α(3)8 +3α(2)7 α(3)7 −3α(2)7 α(3)6 )|G3|.
It follows that G3 is a (2, p2, p3)-group unless p3 = 7.
B. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)7 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 9α(2)7 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 9(α(2)6 α(3)8 − α(2)7 α(3)8 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = (9α(2)7 α(3)6 − 9α(2)7 α(3)8 − 3α(2)7 α(3)7 )|G3|.
It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)6 α(3)8 −9α(2)7 α(3)6 +9α(2)7 α(3)8 +3α(2)7 α(3)7 −3α(2)6 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group unless p2 = 5.
C. Suppose that p = 3. Then
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = (α(2)6 α(3)7 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = α(2)7 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = (α(2)6 α(3)8 − α(2)7 α(3)8 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = (α(2)7 α(3)6 − α(2)7 α(3)8 − α(2)7 α(3)7 )|G3|.
It follows that
|Hom1(T,G3)| = (α(2)6 α(3)6 − α(2)6 α(3)8 − α(2)7 α(3)6 + α(2)7 α(3)8 + α(2)7 α(3)7 − α(2)6 α(3)7 )|G3|.
It follows that G3 is a (2, p2, p3)-group unless p2 = 5 or p3 = 7.
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Finally, if G 6= G3 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(b) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 > l
(3)
3 . Then p
l
6 has order 6 (respectively, 1)
modulo p2 (respectively, p3). Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (respectively,
p3) is 3 (respectively, 1), and the order of q modulo p2 (respectively, p3) is 3 (respectively,
1). We have
|Hom∗(T,G0)| = d20α(2)8 α(3)6 |G0| and |Hom∗(T,G)| = d2α(2)8 α(3)6 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
A. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 9α(2)8 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = 9(α(2)8 α(3)6 − α(2)8 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group unless p3 = 5.
B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (9α(2)8 α(3)6 − 3α(2)8 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group.
C. Suppose that p = 3. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = α(2)8 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (α(2)8 α(3)6 − α(2)8 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group unless p3 = 5.
Finally, if G 6= G0 then G is not a (2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
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II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (respectively, p3) is 2 (respectively, 1), and the order of q modulo p2 (respectively, p3)
is 2 (respectively, 1). We have
|Hom∗(T,G0)| = d20α(2)7 α(3)6 |G0| and |Hom∗(T,G)| = d2α(2)7 α(3)6 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)6 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group unless 
l
2 6= 1 and p3 = 5. If G 6= G0 then G is not a
(2, p2, p3)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of
G. The order of q0 modulo p2 (respectively, p3) is 3 (respectively, 1). Also the order of q
modulo p2 (and p3) is 1. We have
|Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 6 (respectively, 1), the order of
q2 modulo p2 (respectively, p3) is 2 (respectively, 1), and the order of q3 modulo p2 (and
p3) is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = d23α(2)6 α(3)6 |G3|.
A. Suppose that 
l
2 = −1. The subgroups of G3 to consider are the subgroups con-
jugate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
subgroups conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 9α(2)8 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = (9α(2)6 α(3)7 − 9α(2)8 α(3)7 − 3α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 9(α(2)8 α(3)6 − α(2)8 α(3)7 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 )|G3|.
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It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)6 α(3)7 +9α(2)8 α(3)7 −9α(2)8 α(3)6 +3α(2)7 α(3)7 −3α(2)7 α(3)6 )|G3|.
Hence G3 is a (2, p2, p3)-group unless p3 = 5.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the subgroups conju-
gate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
subgroups conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)7 − α(2)8 α(3)7 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = (9α(2)8 α(3)6 − 3α(2)8 α(3)7 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = (9α(2)7 α(3)6 − 3α(2)7 α(3)7 )|G3|.
It follows that
|Hom1(T,G3)| = (9α(2)6 α(3)6 −9α(2)7 α(3)6 −9α(2)8 α(3)6 −3α(2)6 α(3)7 +3α(2)8 α(3)7 +3α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group unless p2 = 7.
C. Suppose that p = 3. The subgroups of G3 to consider are the subgroups conjugate to
SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the subgroups
conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = α(2)8 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = (α(2)6 α(3)7 − α(2)8 α(3)7 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = (α(2)8 α(3)6 − α(2)8 α(3)7 )|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = (α(2)7 α(3)6 − α(2)7 α(3)7 )|G3|.
It follows that
|Hom1(T,G3)| = (α(2)6 α(3)6 − α(2)7 α(3)6 − α(2)8 α(3)6 − α(2)6 α(3)7 + α(2)8 α(3)7 + α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group unless p2 = 7 or p3 = 5.
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Finally, if G 6= G3 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(c) Suppose that l
(2)
2 > l
(2)
3 and l
(3)
2 = l
(3)
3 . Then p
l
6 has order 6 (respectively, 3)
modulo p2 (respectively, p3). Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (and p3) is 3,
and the order of q modulo p2 (and p3) is 3. We have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)8 α(3)8 |G0| and |Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (respectively, p3) is 2 (respectively, 1), and the order of q modulo p2 (respectively, p3)
is 2 (respectively, 1). We have
|Hom∗(T,G0)| = d20α(2)7 α(3)6 |G0| and |Hom∗(T,G)| = d2α(2)7 α(3)6 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)6 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo p2 (and p3) is 3. Also the order of q modulo p2 (and p3) is 1. We
have
|Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
Put
q1 = q
3
2
0 and q2 = q
3
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 2 (respectively, 1), the order of
q2 modulo p2 (and p3) is 1. Also let
Gu1 = U3(q1), G1 = L3(q1) and G2 = L3(q2).
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We have
|Hom∗(T,G2)| = d22α(2)6 α(3)6 |G2|.
A. Suppose that 
l
2 = −1. The subgroups of G2 to consider are the subgroups conjugate
to SO3(q2), the subgroups conjugate to Gu1 , the subgroups conjugate to G0 and the
subgroups conjugate to G1. Now
|
⋃
g∈PGL3(q2)
Hom∗(T, SO3(q2)g)| = 3α(2)7 α(3)7 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Gg0)| = 9α(2)8 α(3)8 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Ggu1)| = (9α(2)6 α(3)7 − 3α(2)7 α(3)7 )|G2|
and
|
⋃
g∈PGL3(q2)
Hom1(T,Gg1)| = 3(α(2)7 α(3)6 − α(2)7 α(3)7 )|G2|.
It follows that
|Hom1(T,G2)| = (9α(2)6 α(3)6 − 9α(2)6 α(3)7 − 9α(2)8 α(3)8 + 3α(2)7 α(3)7 − 3α(2)7 α(3)6 )|G2|.
Hence G2 is a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G2 to consider are the subgroups conjugate
to SO3(q2), the subgroups conjugate to Gu1 , the subgroups conjugate to G0 and the
subgroups conjugate to G1. Now
|
⋃
g∈PGL3(q2)
Hom∗(T, SO3(q2)g)| = 3α(2)7 α(3)7 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Gg0)| = 9α(2)8 α(3)8 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Ggu1)| = 3(α(2)6 α(3)7 − α(2)7 α(3)7 )|G2|
and
|
⋃
g∈PGL3(q2)
Hom1(T,Gg1)| = (9α(2)7 α(3)6 − 3α(2)7 α(3)7 )|G2|.
It follows that
|Hom1(T,G2)| = (9α(2)6 α(3)6 − 9α(2)7 α(3)6 − 9α(2)8 α(3)8 − 3α(2)6 α(3)7 + 3α(2)7 α(3)7 )|G2|.
Hence G2 is a (2, p2, p3)-group.
C. Suppose that p = 3. The subgroups of G2 to consider are the subgroups conjugate
to SO3(q2), the subgroups conjugate to Gu1 , the subgroups conjugate to G0 and the
subgroups conjugate to G1. Now
|
⋃
g∈PGL3(q2)
Hom∗(T, SO3(q2)g)| = α(2)7 α(3)7 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Gg0)| = α(2)8 α(3)8 |G2|
|
⋃
g∈PGL3(q2)
Hom1(T,Ggu1)| = (α(2)6 α(3)7 − α(2)7 α(3)7 )|G2|
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and
|
⋃
g∈PGL3(q2)
Hom1(T,Gg1)| = (α(2)7 α(3)6 − α(2)7 α(3)7 )|G2|.
It follows that
|Hom1(T,G2)| = (α(2)6 α(3)6 − α(2)7 α(3)6 − α(2)8 α(3)8 − α(2)6 α(3)7 + α(2)7 α(3)7 )|G2|.
Hence G2 is a (2, p2, p3)-group.
Finally, if G 6= G2 then G is not a (2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2)|
= |Hom∗(T,G)|.
(d) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 > l
(3)
3 . Then p
l
6 has order 6 (respectively, 2)
modulo p2 (respectively, p3). Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (respectively,
p3) is 3 (respectively, 1), and the order of q modulo p2 (respectively, p3) is 3 (respectively,
1). We have
|Hom∗(T,G0)| = d20α(2)8 α(3)6 |G0| and |Hom∗(T,G)| = d2α(2)8 α(3)6 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
A. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = d2α(2)8 α(3)6 |G|.
It follows that
Hom1(T,G) = ∅.
Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(3)6 |G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 α(3)6 |G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
311
L3(q) and (2, p2, p3)-groups
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (and p3) is 2, and the order of q modulo p2 (and p3) is 2. We have
|Hom∗(T,G0)| = d20α(2)7 α(3)7 |G0| and |Hom∗(T,G)| = d2α(2)7 α(3)7 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)7 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of
G. The order of q0 modulo p2 (respectively, p3) is 3 (respectively, 1). Also the order of q
modulo p2 (and p3) is 1. We have
|Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 (respectively, p3) is 6 (respectively, 2), the order of
q2 modulo p2 (and p3) is 2, and the order of q3 modulo p2 (and p3) is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = d23α(2)6 α(3)6 |G3|.
A. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(3)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = d2α(2)8 α(3)6 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (d2α(2)6 α(3)6 − d2α(2)8 α(3)6 − dα(2)7 α(3)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the subgroups conju-
gate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
subgroups conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(3)7 |G3|
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|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(3)6 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)6 − α(2)8 α(3)6 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 α(3)6 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 α(3)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)6 − α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group unless p2 = 7 and p3 = 5. If G 6= G3 then G is not a
(2, p2, p3)-group. Indeed one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
(e) Suppose that l
(2)
2 = l
(2)
3 and l
(3)
2 = l
(3)
3 . Then p
l
6 has order 6 modulo p2 (and p3).
Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
I. Suppose that (a, 6) = 2. Then n0 = l/3. The order of q0 modulo p2 (and p3) is 3,
and the order of q modulo p2 (and p3) is 3. We have
|Hom∗(T,G0)| = d20α(2)8 α(3)8 |G0| and |Hom∗(T,G)| = d2α(2)8 α(3)8 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
A. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = d2α(2)8 α(3)8 |G|.
It follows that
Hom1(T,G) = ∅.
Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(3)8 |G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 α(3)8 |G0|.
Hence G0 is a (2, p2, p3)-group. If G 6= G0 then G is not a (2, p2, p3)-group. Indeed one
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can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
II. Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 modulo
p2 (and p3) is 2, and the order of q modulo p2 (and p3) is 2. We have
|Hom∗(T,G0)| = d20α(2)7 α(3)7 |G0| and |Hom∗(T,G)| = d2α(2)7 α(3)7 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(3)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(3)7 − d0α(2)7 α(3)7 )|G0|.
Hence G0 is a (2, p2, p3)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p3)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
III. Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo p2 (and p3) is 3. Also the order of q modulo p2 (and p3) is 1. We
have
|Hom∗(T,G)| = d2α(2)6 α(3)6 |G|.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 (and p3) is 6, the order of q2 modulo p2 (and p3) is
2, and the order of q3 modulo p2 (and p3) is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = d23α(2)6 α(3)6 |G3|.
A. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(3)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = d2α(2)8 α(3)8 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (d2α(2)6 α(3)6 − d2α(2)8 α(3)8 − dα(2)7 α(3)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p3)-group.
B. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the subgroups conju-
gate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
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subgroups conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(3)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(3)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(3)6 − α(2)8 α(3)8 − α(2)7 α(3)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 α(3)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 α(3)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(3)6 − α(2)8 α(3)8 − α(2)7 α(3)7 )|G3|.
Hence G3 is a (2, p2, p3)-group. If G 6= G3 then G is not a (2, p2, p3)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
16.4 The proof of Proposition 16.12
The proof of Proposition 16.12 follows immediately from the proof of Proposition 16.3.4.
Indeed, let φ be a randomly chosen homomorphism in Hom(T,L3(q)). Then
lim
q→∞Prob(φ is surjective) = limq→∞
|Hom1(T,L3(q))|
|Hom∗(T,L3(q))| .
Finally the sizes of Hom1(T,G) and Hom∗(T,G) are given in the proof of Proposition
16.3.4.
315
316
Chapter 17 L3(q) and (2, p2, p2)-groups
17.1 Introduction
One of the aims of this chapter is to prove the following result.
Theorem 17.1. Let p2 be a prime number greater than 3. Given a prime number p there
are at most four positive integers n such that L3(p
n) is a (2, p2, p2)-group.
If L3(p
n) is a (2, p2, p2)-group we also give the limit that a randomly chosen homomor-
phism in Hom(T2,p2,p2 , L3(p
n)) is an epimorphism as |L3(pn)| → ∞.
A detailed account of the results is given below. We first describe some exceptional
cases. The general result is given in Proposition 17.3.
Proposition 17.1. Let p = 2 and p2 = 7. Then L3(2
n) is a (2, 7, 7)-group if and only if
n ∈ {1, 2, 6}.
Proposition 17.2. Let p 6= 5 be a prime number and let p2 = 5. Let l be the order of p
modulo 5.
(i) If l = 1 then L3(p
n) is a (2, 5, 5)-group if and only if p ≡ 1 mod 3 and n = 1.
(ii) If l ∈ {2, 4} then L3(pn) is a (2, 5, 5)-group if and only if n = l/2 and pn ≡ 1 mod 3.
Proposition 17.3. Let p, p2 be prime numbers such that p2 ≥ 5. Suppose that p, p2 do
not satisfy the assumptions of Propositions 17.1 and 17.2. Let
l =
{
1 if p = p2
order of p modulo p2 otherwise
and let  ∈ {±1, 0} be such that p ≡  mod 3. Finally let e be the number of positive
integers n such that L3(p
n) is a (2, p2, p2)-group. Then e ≤ 4. More precisely:
(i) We have e = 0 if
(a) p = p2 and  = −1.
(b) (l, 6) ∈ {2, 6} and  l2 6= 1.
(ii) We have e = 1 if (l, 6) = 1 and l 6= −1. Then n = l.
(iii) We have e = 2 if
(a) (l, 6) = 1, p 6= p2 and l = −1. Then n ∈ {l, 2l}.
(b) (l, 6) = 2 and 
l
2 = 1. Then n ∈ {l/2, l}.
(c) (l, 6) = 3 and l 6= −1. Then n ∈ {l/3, l}.
(iv) We have e = 3 if (l, 6) = 6 and 
l
2 = 1. Then n ∈ {l/3, l/2, l}.
(v) We have e = 4 if (l, 6) = 3 and l = −1. Then n ∈ {l/3, 2l/3, l, 2l}.
We finally give the asymptotic probabilistic results.
Proposition 17.4. Fix a prime number p2 ≥ 5 not equal to 7, and let T = T2,p2,p2 . Let
Q = {q = pn : L3(q) is a (2, p2, p2)-group} .
For a prime p let l be its order modulo p2, and for an integer q let d = (q − 1, 3). Finally
let φ be a randomly chosen homomorphism in Hom(T,L3(q)). Then
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(i)
lim
q →∞
q ∈ Q
(l, 6) = 1
q = pl
Prob(φ is surjective) = 1− 9
d(p2 − 2)2 .
(ii)
lim
q →∞
q ∈ Q
(l, 6) = 1
q = p2l
Prob(φ is surjective) =
2(p2 − 5)(p2 + 1)
3(p2 − 2)2 .
(iii)
lim
q →∞
q ∈ Q
(l, 6) = 2
q = p
l
2
Prob(φ is surjective) =
2
3
.
(iv)
lim
q →∞
q ∈ Q
(l, 6) = 2
q = pl
Prob(φ is surjective) =
2(p2 − 5)(p2 + 1)
3(p2 − 2)2 .
(v)
lim
q →∞
q ∈ Q
(l, 6) = 3
q = p
l
3
Prob(φ is surjective) = 1.
(vi)
lim
q →∞
q ∈ Q
(l, 6) = 3
q = p
2l
3
Prob(φ is surjective) =
2
3
.
(vii)
lim
q →∞
q ∈ Q
(l, 6) = 3
q = pl
Prob(φ is surjective) = 1− 4d+ 9
d(p2 − 2)2 .
(viii)
lim
q →∞
q ∈ Q
(l, 6) = 3
q = p2l
Prob(φ is surjective) =
2(p22 − 4p2 − 9)
3(p2 − 2)2 .
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(ix)
lim
q →∞
q ∈ Q
(l, 6) = 6
q = p
l
3
Prob(φ is surjective) =
2
3
.
(x)
lim
q →∞
q ∈ Q
(l, 6) = 6
q = p
l
2
Prob(φ is surjective) =
2
3
.
(xi)
lim
q →∞
q ∈ Q
(l, 6) = 6
q = pl
Prob(φ is surjective) =
2(p22 − 4p2 − 9)
3(p2 − 2)2 .
Proposition 17.5. Let T = T2,7,7 and let
Q = {q = pn : L3(q) is a (2, 7, 7)-group} .
For a prime p let l be its order modulo 7, and for an integer q let d = (q − 1, 3). Finally
let φ be a randomly chosen homomorphism in Hom(T,L3(q)). Then
(i)
lim
q →∞
q ∈ Q
l = 1
q = pl
Prob(φ is surjective) = 1− 11
25d
.
(ii)
lim
q →∞
q ∈ Q
l = 1
q = p2l
Prob(φ is surjective) =
32
75
.
(iii)
lim
q →∞
q ∈ Q
l = 2
q = p
l
2
Prob(φ is surjective) =
2
3
.
(iv)
lim
q →∞
q ∈ Q
l = 2
q = pl
Prob(φ is surjective) =
32
75
.
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(v)
lim
q →∞
q ∈ Q
l = 3
q = p
l
3
Prob(φ is surjective) = 1− 1
2d
.
(vi)
lim
q →∞
q ∈ Q
l = 3
q = p
2l
3
Prob(φ is surjective) =
2
3
.
(vii)
lim
q →∞
q ∈ Q
l = 3
q = pl
Prob(φ is surjective) =
21d− 9
25d
.
(viii)
lim
q →∞
q ∈ Q
l = 3
q = p2l
Prob(φ is surjective) =
8
25
.
(ix)
lim
q →∞
q ∈ Q
l = 6
q = p
l
3
Prob(φ is surjective) =
2
3
.
(x)
lim
q →∞
q ∈ Q
l = 6
q = p
l
2
Prob(φ is surjective) =
2
3
.
(xi)
lim
q →∞
q ∈ Q
l = 6
q = pl
Prob(φ is surjective) =
8
25
.
The proofs of Propositions 17.1-17.3 use the subgroup structure of L3(q) given in
Chapter 4 and the results of Chapter 13 where we calculate the size of Hom∗(T2,p2,p2 , L)
for various subgroups L of L3(q). We also use the results of Chapter 11 where we determine
the prime powers q for which U3(q) is a (2, p2, p2)-group. Finally the proof of Propositions
17.4 and 17.5 follows immediately from the proof of Propositions 17.2 and 17.3.
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17.2 Some notation
Together with the notation given in the introduction we use the following notation. We
let
T = T2,p2,p2 = 〈x, y : x2 = yp2 = (xy)p2 = 1〉
and for a group L we let
Hom∗(T,L) = {φ ∈ Hom(T,L) : φ(x) 6= 1}
and
Hom1(T,L) = {φ ∈ Hom(T,L) : φ is surjective} .
We let
r = q − 1, s = q + 1, t = 1 + q + q2, d = (r, 3).
Also we denote by P1 and P2 the representatives of the two classes of maximal parabolic
subgroups of L3(q). If L3(qi) is a subgroup of L3(q) we let
ri = qi − 1, si = qi + 1, ti = 1 + qi + q2i , di = (ri, 3).
Moreover we denote by Pi,1 and Pi,2 the representatives of the two classes of maximal
parabolic subgroups of L3(qi).
Finally we let
α
(2)
6 = (p2 − 1)(p2 − 2)/6
α
(2)
7 = (p2 − 1)/2
α
(2)
8 = (p2 − 1)/3 (provided p2 ≡ 1 mod 3).
17.3 The proof of Propositions 17.1-17.3
We divide our analysis into two cases, the case where p = 2 and the case where p 6= 2.
17.3.1 The case where p = 2
We check that if p = 2 then Propositions 17.1-17.3 hold.
Proposition 17.3.1. Propositions 17.1-17.3 hold when p = 2.
Proof. Let G = L3(2
n) where n is a positive integer. If p2 does not divide the order of G
then clearly G is not a (2, p2, p2)-group. We therefore assume that p2 divides the order of
G. Also we let G0 = L3(2
n0) be the smallest subfield subgroup of G such that p2 divides
the order of G0. Note that n0 is a divisor of n. Let q0 = 2
n0 and q = 2n.
(i) Suppose first that (l, 6) = 1. Then n0 = l. Therefore q0 and q have order 1 modulo
p2. We have (see Proposition 13.7.5)
|Hom∗(T,G0)| = q20r0s0t0
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q0
)
+
(p2 − 1)(p32 + 4p22 − 25p2 + 44)
36
|G0|.
If d = 1 then
|Hom∗(T,G)| = q2rst
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q
)
+
(p2 − 1)(p32 + 4p22 − 25p2 + 44)
36
|G|.
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If d = 3 then
|Hom∗(T,G)| = q2rst
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G|.
By Lemma 2.2 the only subgroups of G0 to consider are the parabolic subgroups. Now
by Proposition 13.3.1
|⋃g∈PGL3(q0)Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)|
=
(p2−1)(p22−5p2+8)
2 |G0|
+q20r0s0t0
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q0
)
.
Hence
|Hom1(T,G0)| = (p2 − 1)(p2 − 4)(p2 − 5)
2
36
|G0|.
Hence G0 is a (2, p2, p2)-group. There are two cases to consider, namely the case where
n/n0 is odd and the case where n/n0 is even.
(a) Suppose that n/n0 is odd. If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2. We have
|Hom∗(T,G1)| = q21r1s1t1
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q1
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G1|.
The subgroups of G1 to consider are the parabolic subgroups, the subgroups conjugate to
G0 and the subgroups conjugate to Gu0 = U3(q0). Now
|⋃g∈PGL3(q1)Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)|
=
3(p2−1)(p22−5p2+8)
2 |G1|
+q21r1s1t1
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q1
)
,
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| =
(p2 − 1)(p2 − 4)(p2 − 5)2
12
|G1|
and by the proof of Proposition 11.3.1
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 6α(2)7 α(2)7 |G1|.
It follows that
|Hom1(T,G1)| = (p2 − 1)
2(p2 − 5)(p2 + 1)
6
|G1|.
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Hence G1 is a (2, p2, p2)-group. If G 6= G1 then G is not a (2, p2, p2)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Ggu0) ∪Hom1(T,Gg1)
∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
(ii) Suppose now that (l, 6) = 2. Then n0 = l/2 and q0 has order 2 modulo p2. We
have
|Hom∗(T,G0)| =
{
2(α
(2)
7 )
2|G0|+ α(2)7 (α(2)7 − 1)q30r0s0t0 if d0 = 1
12(α
(2)
7 )
2|G0|+ α(2)7 (α(2)7 − 1)q30r0s0t0 if d0 = 3.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|
⋃
g∈PGL3(q0)
Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)| = 2d0(α(2)7 )2|G0|+ α(2)7 (α(2)7 − 1)q30r0s0t0.
Hence
|Hom1(T,G0)| =
{
6α
(2)
7 α
(2)
7 |G0| if 
l
2 = 1
0 otherwise.
Hence G0 is a (2, p2, p2)-group if and only if 
l
2 = 1.
(a) Suppose that n/n0 is odd. Then q has order 2 modulo p2. If G 6= G0 then G is not
a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2. We have
|Hom∗(T,G1)| = q21r1s1t1
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q1
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G1|
and
|Hom∗(T,G)| = q2rst
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G|.
The subgroups of G1 to consider are the parabolic subgroups, the subgroups conjugate to
G0 and the subgroups conjugate to Gu0 = U3(q0).
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I. Suppose that 
l
2 = −1. Then
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
=
3(p2−1)(p22−5p2+8)
2 |G|
+q2rst
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q
)
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| =
(p2 − 1)(p2 − 3)(p22 − 5p2 + 12)
4
|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p2)-group.
II. Suppose that 
l
2 = 1. Now
|⋃g∈PGL3(q1)Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)|
=
3(p2−1)(p22−5p2+8)
2 |G1|
+q21r1s1t1
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q1
)
,
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 6α(2)7 α(2)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| =
(p2 − 1)(p2 − 4)(p2 − 5)2
12
|G1|.
It follows that
|Hom1(T,G1)| = (p2 − 5)(p2 − 1)
2(p2 + 1)
6
|G1|.
Hence G1 is a (2, p2, p2)-group unless p2 = 5. If G 6= G1 then G is not a (2, p2, p2)-group.
Indeed one can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Ggu0) ∪Hom1(T,Gg1)
∪Hom∗(T, P g1 ) ∪Hom1(T, P g2 )|
= |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 3. Then n0 = l/3 and note that 
l
3 = −1. The order of q0
modulo p2 is 3 and we have
|Hom1(T,G0)| = |Hom∗(T,G0)| = α(2)8 (α(2)8 − 1)|G0|.
Hence G0 is a (2, p2, p2)-group.
(a) Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 is 3. We have
|Hom∗(T,G)| = α(2)8 (α(2)8 − 1)|G|.
If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
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(b) Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 modulo p2. We have
|Hom∗(T,G1)| = 3α(2)8 (3α(2)8 − 1)|G1| and |Hom∗(T,G)| = 3α(2)8 (3α(2)8 − 1)|G|.
The only subgroups of G1 to consider are the subgroups conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 (α(2)8 − 1)|G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 α(2)8 |G1|.
Hence G1 is a (2, p2, p2)-group. If G 6= G1 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
(c) Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2. We have
|Hom∗(T,G1)| = q21r1s1t1
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q1
)
+
(p2 − 1)(p32 + 4p22 − 25p2 + 44)
36
|G1|
and
|Hom∗(T,G)| = q2rst
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q
)
+
(p2 − 1)(p32 + 4p22 − 25p2 + 44)
36
|G|.
The subgroups of G1 to consider are the parabolic subgroups and the subgroups conjugate
to G0. Now
|⋃g∈PGL3(q1)Hom∗(T, P g1,1) ∪Hom∗(T, P g1,2)|
=
(p2−1)(p22−5p2+8)
2 |G1|
+q21r1s1t1
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q1
)
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = α(2)8 (α(2)8 − 1)|G1|.
It follows that
|Hom1(T,G1)| = (p2 − 7)(p2 − 4)(p2 − 3)(p2 − 1)
36
|G1|.
Hence G1 is a (2, p2, p2)-group unless p2 = 7. If G 6= G1 then G is not a (2, p2, p2)-group.
Indeed one can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
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(d) Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that q1 has order 3 modulo p2 and q2 has order 1 modulo p2. Also let
G1 = L3(q1), G2 = L3(q2), Gu2 = U3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = q23r3s3t3
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q3
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G3|
and
|Hom∗(T,G)| = q2rst
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G|.
The subgroups of G3 to consider are the parabolic subgroups, the subgroups conjugate
to G0, the subgroups conjugate to G1, the subgroups conjugate to G2 and the subgroups
conjugate to Gu2 . Now
|⋃g∈PGL3(q3)Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)|
=
3(p2−1)(p22−5p2+8)
2 |G3|
+q23r3s3t3
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q3
)
,
|
⋃
g∈PGL3(q3)
Hom∗(T,Ggu2)| = 6α(2)7 α(2)7 |G3|
|
⋃
g∈PGL3(q3)
Hom∗(T,Gg0)| = 3α(2)8 (α(2)8 − 1)|G3|
|
⋃
g∈PGL3(q3)
Hom∗(T,Gg1)| = 6α(2)8 α(2)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom∗(T,Gg2)| =
(p2 − 7)(p2 − 4)(p2 − 3)(p2 − 1)
12
|G3|.
It follows that
|Hom1(T,G3)| = (p2 − 1)
2(p22 − 4p2 − 9)
6
|G3|.
Hence G3 is a (2, p2, p2)-group. If G 6= G3 then G3 is not a (2, p2, p2)-group. Indeed one
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can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T,Ggu2)
∪Hom∗(T,Gg2) ∪Hom∗(T,Gg3)
∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
(iv) Suppose that (l, 6) = 6. Then
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
(a) Suppose that (a, 6) = 2. Then n0 = l/3. Note that q0 and q have order 3 modulo
p2. We have
|Hom∗(T,G0)| = 3α(2)8 (3α(2)8 − 1)|G0| and |Hom∗(T,G)| = 3α(2)8 (3α(2)8 − 1)|G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
I. Suppose that 
l
2 = −1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 3α(2)8 (3α(2)8 − 1)|G| = |Hom∗(T,G)|.
Hence G is not a (2, p2, p2)-group.
II. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 (α(2)8 − 1)|G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 α(2)8 |G0|.
Hence G0 is a (2, p2, p2)-group. If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1) ∪Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0 (and q)
modulo p2 is 2. If d0 = 1 we have
|Hom∗(T,G0)| = 2(α(2)7 )2|G0|+ α(2)7 (α(2)7 − 1)q30r0s0t0
and
|Hom∗(T,G)| = 2(α(2)7 )2|G|+ α(2)7 (α(2)7 − 1)q3rst.
If d = 3 we have
|Hom∗(T,G0)| = 12(α(2)7 )2|G0|+ α(2)7 (α(2)7 − 1)q30r0s0t0
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and
|Hom∗(T,G)| = 12(α(2)7 )2|G|+ α(2)7 (α(2)7 − 1)q3rst.
The only subgroups of G0 to consider are the parabolic subgroups. Now
|⋃g∈PGL3(q0)Hom∗(T, P g0,1) ∪Hom∗(T, P g0,2)|
= 2d0(α
(2)
7 )
2|G0|+ α(2)7 (α(2)7 − 1)q30r0s0t0.
It follows that
|Hom1(T,G0)| =
{
0 if 
l
2 = −1
6(α
(2)
7 )
2|G0| if  l2 = 1.
Hence G0 is a (2, p2, p2)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p2)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )| = |Hom∗(T,G)|.
(c) Suppose that (a, 6) = 6. Then n0 = l/3 and L3(q
3
0) is a subgroup of G. Note that
q0 has order 3 modulo p2 and q has order 1 modulo p2. Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 is 6, the order of q2 modulo p2 is 2. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = q23r3s3t3
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q3
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G3|
and
|Hom∗(T,G)| = q2rst
(
2(p2 − 1) + (p2 − 1)(p
2
2 + p2 − 8)
4
q
)
+
(p2 − 1)(p32 − 2p22 − 3p2 + 12)
4
|G|.
I. Suppose that 
l
2 = −1. Now
|⋃g∈PGL3(q)Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
=
3(p2−1)(p22−5p2+8)
2 |G|
+q2rst
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q
)
,
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = 3α(2)8 (3α(2)8 − 1)|G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| =
(p2 − 1)(p2 − 4)(p22 − 4p2 + 7)
4
|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p2)-group.
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II. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the parabolic subgroups,
the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , and the subgroups
conjugate to G2. Now
|⋃g∈PGL3(q3)Hom∗(T, P g3,1) ∪Hom∗(T, P g3,2)|
=
3(p2−1)(p22−5p2+8)
2 |G3|
+q23r3s3t3
(
2(p2 − 1) + (p2−1)(p
2
2+p2−8)
4 q3
)
,
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 (α(2)8 − 1)|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| =
(p2 − 1)(p2 − 3)(p2 − 4)(p2 − 7)
12
|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 α(2)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 α(2)7 |G3|.
It follows that
|Hom1(T,G3)| = (p2 − 1)
2(p22 − 4p2 − 9)
6
|G3|.
Hence G3 is a (2, p2, p2)-group. If G 6= G3 then G is not a (2, p2, p2)-group. Indeed one
can check that
|⋃g∈PGL3(q)Hom1(T,Ggu1) ∪Hom1(T,Ggu2) ∪Hom1(T,Gg0)
∪Hom1(T,Gg2) ∪Hom1(T,Gg3) ∪Hom∗(T, P g1 ) ∪Hom∗(T, P g2 )|
= |Hom∗(T,G)|.
17.3.2 The case where p 6= 2
We know check that if p 6= 2 then Propositions 17.2 and 17.3 hold. We first treat the case
where p = p2.
Proposition 17.3.2. If p = p2 then Proposition 17.3 holds.
Proof. Let G = L3(p
n) where n is a positive integer. Also we let G0 = L3(p), q0 = p and
q = pn. We have (see Proposition 13.7.5)
|Hom∗(T,G0)| = d20|G0| and |Hom∗(T,G)| = d2|G|.
By Lemma 2.2 the only subgroups of G0 to consider are the subgroups conjugate to
SO3(q0). Now by Corollary 13.5.2
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0|G0|.
Hence
|Hom1(T,G0)| = (d20 − d0)|G0|.
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Therefore G0 is a (2, p, p)-group if and only if  = 1.
(i) Suppose that n is odd. If G 6= G0 then G is not a (2, p, p)-group. Indeed one can
check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(ii) Suppose that n is even. Then Gu0 = U3(q0) is a subgroup of G.
(a) Suppose that  = −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3|G|
and by the proof of Proposition 11.3.5
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| = 6|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p, p)-group.
(b) Suppose that  = 1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = 6|G|
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 3|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p, p)-group.
We now treat the case where p2 6∈ {p, 7}.
Proposition 17.3.3. If p 6= 2 and p2 6∈ {p, 7} then Propositions 17.2 and 17.3 hold.
Proof. Let G = L3(p
n) where n is a positive integer. If p2 does not divide the order of G
then clearly G is not a (2, p2, p2)-group. We therefore assume that p2 divides the order of
G. Also we let G0 = L3(p
n0) be the smallest subfield subgroup of G such that p2 divides
the order of G0. Note that n0 is a divisor of n. Let q0 = p
n0 and q = pn.
(i) Suppose first that (l, 6) = 1. Then n0 = l. Therefore the order of q0 (and q) modulo
p2 is 1. We have (see Proposition 13.7.5)
|Hom∗(T,G0)| = d20α(2)6 α(2)6 |G0| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
By Lemma 2.2 the only subgroups of G0 to consider are the subgroups conjugate to
SO3(q0). Now by Corollary 13.5.2
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(2)7 |G0|.
Hence
Hom1(T,G0) = (d
2
0α
(2)
6 α
(2)
6 − d0α(2)7 α(2)7 )|G0|.
It follows that G0 is a (2, p2, p2)-group unless  = −1 and p2 = 5. There are two cases to
consider, namely the case where n/n0 is odd and the case where n/n0 is even.
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(a) Suppose that n/n0 is odd. If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2. We have
|Hom∗(T,G1)| = d21α(2)6 α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
I. Suppose that l = −1. The subgroups of G1 to consider are the subgroups conjugate
to SO3(q1), the subgroups conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0).
Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 3α(2)7 α(2)7 |G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3(α(2)6 α(2)6 − α(2)7 α(2)7 )|G1|
and by the proof of Proposition 11.3.6
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 6α(2)7 α(2)7 |G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 α(2)6 − α(2)7 α(2)7 )|G1|.
Hence G1 is a (2, p2, p2)-group unless p2 = 5. If G 6= G1 then G is not a (2, p2, p2)-group.
Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)∪Hom1(T,Ggu0)∪Hom∗(T, SO3(q)g)∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
II. Suppose that l 6= −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(2)7 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = (d2α(2)6 α(2)6 − dα(2)7 α(2)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p2)-group.
(ii) Suppose now that (l, 6) = 2. Then n0 = l/2 and the the order of q0 modulo p2 is
2. We have
|Hom∗(T,G0)| = d20α(2)7 α(2)7 |G0|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(2)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(2)7 − d0α(2)7 α(2)7 )|G0|.
Hence G0 is a (2, p2, p2)-group if and only if 
l
2 = 1. There are two cases to consider,
namely the case where n/n0 is odd and the case where n/n0 is even.
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(a) Suppose that n/n0 is odd. Then the order of q modulo p2 is 2. Hence
|Hom∗(T,G)| = d2α(2)7 α(2)7 |G|.
If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2. We have
|Hom∗(T,G1)| = d21α(2)6 α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the subgroups
conjugate to G0 and the subgroups conjugate to Gu0 = U3(q0). We have
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(2)7 |G1|.
I. Suppose that 
l
2 = −1 or p = 3. Then
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(2)7 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| = (d2α(2)6 α(2)6 − dα(2)7 α(2)7 )|G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p2)-group.
II. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 6α(2)7 α(2)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 3(α(2)6 α(2)6 − α(2)7 α(2)7 )|G1|.
It follows that
|Hom1(T,G1)| = 6(α(2)6 α(2)6 − α(2)7 α(2)7 )|G1|.
Hence G1 is a (2, p2, p2)-group unless p2 = 5. If G 6= G1 then G is not a (2, p2, p2)-group.
Indeed one can check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0) ∪Hom∗(T, SO3(q)g)|
= |Hom∗(T,G)|.
(iii) Suppose that (l, 6) = 3. Then n0 = l/3 and the order of q0 modulo p2 is 3. We
have
|Hom1(T,G0)| = |Hom∗(T,G0)| = d20α(2)8 α(2)8 |G0|.
Hence G0 is a (2, p2, p2)-group.
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(a) Suppose that ((n/n0), 6) = 1. Then the order of q modulo p2 is 3. We have
|Hom∗(T,G)| = d2α(2)8 α(2)8 |G|.
If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
(b) Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 modulo p2. We have
|Hom∗(T,G1)| = d21α(2)8 α(2)8 |G1| and |Hom∗(T,G)| = d2α(2)8 α(2)8 |G|.
I. Suppose that 
l
3 = −1. The subgroups of G1 to consider are the subgroups conjugate
to G0. Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 3α(2)8 α(2)8 |G1|.
It follows that
|Hom1(T,G1)| = 6α(2)8 α(2)8 |G1|.
Hence G1 is a (2, p2, p2)-group. If G 6= G1 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1)| = |Hom∗(T,G)|.
II. Suppose that 
l
3 6= −1. Then G is not a (2, p2, p2)-group. Indeed one can check
that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = |Hom∗(T,G)|.
(c) Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo p2. We have
|Hom∗(T,G1)| = d21α(2)6 α(2)6 |G1| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1) and the subgroups
conjugate to G0. Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = d1α(2)7 α(2)7 |G1|
and
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = d21α(2)8 α(2)8 |G1|.
It follows that
|Hom1(T,G1)| = (d21α(2)6 α(2)6 − d1α(2)7 α(2)7 − d21α(2)8 α(2)8 )|G1|.
Hence G1 is a (2, p2, p2)-group. If G 6= G1 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
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(d) Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo p2 is 3, the order of q2 modulo p2 is 1. Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = d23α(2)6 α(2)6 |G3| and |Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
I. Suppose that 
l
3 = −1. The subgroups of G3 to consider are the subgroups conjugate
to SO3(q3), the subgroups conjugate to Gu2 , the subgroups conjugate to G0, the subgroups
conjugate to G1 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(2)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 6α(2)7 α(2)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 3α(2)8 α(2)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 6α(2)8 α(2)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 3(α(2)6 α(2)6 − α(2)7 α(2)7 − α(2)8 α(2)8 )|G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(2)6 − α(2)8 α(2)8 − α(2)7 α(2)7 )|G3|.
It follows that G3 is a (2, p2, p2)-group. If G 6= G3 then G is not a (2, p2, p2)-group. Indeed
one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu2)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
II. Suppose that 
l
3 6= −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(2)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Gg2)| = (d2α(2)6 α(2)6 − dα(2)7 α(2)7 − d2α(2)8 α(2)8 )|G|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = d2α(2)8 α(2)8 |G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, p2, p2)-group.
333
L3(q) and (2, p2, p2)-groups
(iv) Suppose that (l, 6) = 6. Then p
l
6 has order 6 modulo p2. Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
(a) Suppose that (a, 6) = 2. Then n0 = l/3 and q0, q have order 3 modulo p2. We have
|Hom∗(T,G0)| = d20α(2)8 α(2)8 |G0| and |Hom∗(T,G)| = d2α(2)8 α(2)8 |G|.
Put q1 = q
1
2
0 . The only subgroups of G0 to consider are the subgroups conjugate to
Gu1 = U3(q1).
I. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = d2α(2)8 α(2)8 |G|.
It follows that
Hom1(T,G) = ∅.
Hence G is not a (2, p2, p2)-group.
II. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 3α(2)8 α(2)8 |G0|.
It follows that
|Hom1(T,G0)| = 6α(2)8 α(2)8 |G0|.
Hence G0 is a (2, p2, p2)-group. If G 6= G0 then G is not a (2, p2, p2)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1)| = |Hom∗(T,G)|.
(b) Suppose that (a, 6) = 3. Then n0 = l/2 and n/n0 is odd. The order of q0
(respectively, q) modulo p2 is 2. We have
|Hom∗(T,G0)| = d20α(2)7 α(2)7 |G0| and |Hom∗(T,G)| = d2α(2)7 α(2)7 |G|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = d0α(2)7 α(2)7 |G0|.
It follows that
|Hom1(T,G0)| = (d20α(2)7 α(2)7 − d0α(2)7 α(2)7 )|G0|.
Hence G0 is a (2, p2, p2)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, p2, p2)-
group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
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(c) Suppose that (a, 6) = 6. Then n0 = l/3 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo p2 is 3. Also the order of q modulo p2 is 1. We have
|Hom∗(T,G)| = d2α(2)6 α(2)6 |G|.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo p2 is 6, the order of q2 modulo p2 is 2, and the order of
q3 modulo p2 is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = d23α(2)6 α(2)6 |G3|.
I. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = dα(2)7 α(2)7 |G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = d2α(2)8 α(2)8 |G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (d2α(2)6 α(2)6 − d2α(2)8 α(2)8 − dα(2)7 α(2)7 )|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, p2, p2)-group.
II. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the subgroups conju-
gate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
subgroups conjugate to G0 and the subgroups conjugate to G2. Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 3α(2)7 α(2)7 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 3α(2)8 α(2)8 |G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 3(α(2)6 α(2)6 − α(2)8 α(2)8 − α(2)7 α(2)7 )|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6α(2)8 α(2)8 |G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 6α(2)7 α(2)7 |G3|.
It follows that
|Hom1(T,G3)| = 6(α(2)6 α(2)6 − α(2)8 α(2)8 − α(2)7 α(2)7 )|G3|.
Hence G3 is a (2, p2, p2)-group. If G 6= G3 then G is not a (2, p2, p2)-group. Indeed one
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can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
We finally treat the cases where p 6= 7 and p2 = 7.
Proposition 17.3.4. L3(5
n) is never a (2, 7, 7)-group.
Proof. Let G = L3(5
n) and let T = T2,7,7. If (n, 6) = 1 then 7 does not divide the order
of G and so G is not a (2, 7, 7)-group. We therefore assume that (n, 6) ∈ {2, 3, 6}. We let
q = 5n.
(i) Suppose that (n, 6) = 2. Then q has order 3 modulo 7 and by Proposition 13.7.5
|Hom∗(T,G)| = 36|G|.
Now by the proof of Proposition 11.3.2
|
⋃
g∈PGL3(q)
Hom1(T,U3(5)
g)| = 12|G|
and by Proposition 13.6.2
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 24|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, 7, 7)-group.
(ii) Suppose that (n, 6) = 3. Then q has order 2 modulo 7 and
|Hom∗(T,G)| = 9|G|.
But by Corollary 13.5.2
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 9|G|.
Hence G is not a (2, 7, 7)-group.
(iii) Suppose that (n, 6) = 6. Then q has order 1 modulo 7 and
|Hom∗(T,G)| = 225|G|.
Now
|
⋃
g∈PGL3(q)
Hom∗(T,Ag7)| = 24|G|
|
⋃
g∈PGL3(q)
Hom1(T,U3(5)
g)| = 12|G|
|
⋃
g∈PGL3(q)
Hom1(T,U3(5
3)g)| = 162|G|
and
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 27|G|.
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Adding we get |Hom∗(T,G)|. Hence G is not a (2, 7, 7)-group.
Proposition 17.3.5. If p 6∈ {2, 7} and p2 = 7, then Proposition 17.3 holds.
Proof. Let G = L3(p
n) where n is a positive integer. If 7 does not divide the order of G
then clearly G is not a (2, 7, 7)-group. We therefore assume that 7 divides the order of G.
Also we let G0 = L3(p
n0) be the smallest subfield subgroup of G such that 7 divides the
order of G0. Note that n0 is a divisor of n. Let q0 = p
n0 and q = pn.
(i) Suppose first that l = 1. Then n0 = 1. Therefore the order of q0 (and q) modulo 7
is 1. We have (see Proposition 13.7.5)
|Hom∗(T,G0)| = 25d20|G0| and |Hom∗(T,G)| = 25d2|G|.
By Lemma 2.2 the subgroups of G0 to consider are the subgroups conjugate to SO3(q0)
and the subgroups conjugate to L2(7). Now by Corollary 13.5.2
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = 9d0|G0|
and by Proposition 13.6.1
|
⋃
g∈PGL3(q0)
Hom∗(T,L2(7)g)| = 2d0|G0|.
Hence
|Hom1(T,G0)| = d0(25d0 − 11)|G0|.
It follows that G0 is a (2, 7, 7)-group. There are two cases to consider, namely the case
where n/n0 is odd and the case where n/n0 is even.
(a) Suppose that n/n0 is odd. If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one
can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T,L2(7)g) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo 7. We have
|Hom∗(T,G1)| = 25d21|G1| and |Hom∗(T,G)| = 25d2|G|.
I. Suppose that l = −1. The subgroups of G1 to consider are the subgroups conjugate
to SO3(q1), the subgroups conjugate to G0, the subgroups conjugate to Gu0 = U3(q0) and
the subgroups conjugate to L2(7). Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 27|G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 42|G1|
|
⋃
g∈PGL3(q1)
Hom∗(T,L2(7)g)| = 6|G1|
and by the proof of Proposition 11.3.6
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 54|G1|.
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It follows that
|Hom1(T,G1)| = 96|G1|.
Hence G1 is a (2, 7, 7)-group. If G 6= G1 then G is not a (2, 7, 7)-group. Indeed one can
check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Ggu0)
∪Hom∗(T, SO3(q)g) ∪Hom∗(T,L2(7)g)|
= |Hom∗(T,G)|.
II. Suppose that l 6= −1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 9d|G|
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 2d|G|
and
|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = (25d2 − 11d)|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, 7, 7)-group.
(ii) Suppose now that l = 2. Then n0 = 1 and the the order of q0 modulo 7 is 2. We
have
|Hom∗(T,G0)| = 9d20|G0|.
The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = 9d0|G0|.
It follows that
|Hom1(T,G0)| = 9d0(d0 − 1)|G0|.
Hence G0 is a (2, 7, 7)-group if and only if 
l
2 = 1. There are two cases to consider, namely
the case where n/n0 is odd and the case where n/n0 is even.
(a) Suppose that n/n0 is odd. Then the order of q modulo 7 is 2. Hence
|Hom∗(T,G)| = 9d2|G|.
If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(b) Suppose that n/n0 is even. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo 7. We have
|Hom∗(T,G1)| = 25d21|G1| and |Hom∗(T,G)| = 25d2|G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the subgroups
conjugate to G0, the subgroups conjugate to Gu0 = U3(q0) and the subgroups conjugate
to L2(7).
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I. Suppose that 
l
2 = −1. Then
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 27|G|.
Also by the proof of Proposition 11.3.4
|
⋃
g∈PGL3(q)
Hom1(T,Ggu0)| = 192|G|.
Finally
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 6|G|.
Adding the previous three equations we get |Hom∗(T,G)|. It follows that G is not a
(2, 7, 7)-group.
II. Suppose that 
l
2 = 1. Then
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 27|G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 54|G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Ggu0)| = 42|G1|
and
|
⋃
g∈PGL3(q1)
Hom∗(T,L2(7)g)| = 6|G1|.
It follows that
|Hom1(T,G1)| = 96|G1|.
Hence G1 is a (2, 7, 7)-group. If G 6= G1 then G is not a (2, 7, 7)-group. Indeed one can
check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1)
∪Hom1(T,Ggu0) ∪Hom∗(T,L2(7)g) ∪Hom∗(T, SO3(q)g)|
= |Hom∗(T,G)|.
(iii) Suppose that l = 3. Then n0 = 1 and the order of q0 modulo 7 is 3. We have
|Hom∗(T,G0)| = 4d20|G0|.
The only subgroups of G0 to consider are the subgroups conjugate to L2(7). Now
|
⋃
g∈PGL3(q0)
Hom∗(T,L2(7)g)| = 2d0|G0|.
It follows that
|Hom1(T,G0)| = 2d0(2d0 − 1)|G0|.
Hence G0 is a (2, 7, 7)-group.
(a) Suppose that ((n/n0), 6) = 1. Then the order of q modulo 7 is 3. We have
|Hom∗(T,G)| = 4d2|G|.
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If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
(b) Suppose that ((n/n0), 6) = 2. Then L3(q
2
0) is a subgroup of G. Put q1 = q
2
0 and
G1 = L3(q1). Note that q1 and q have order 3 modulo 7. We have
|Hom∗(T,G1)| = 4d21|G1| and |Hom∗(T,G)| = 4d2|G|.
I. Suppose that 
l
3 = −1. The subgroups of G1 to consider are the subgroups conjugate
to G0 and the subgroups conjugate to L2(7). Now
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = 6|G1|
and
|
⋃
g∈PGL3(q1)
Hom∗(T,L2(7)g)| = 6|G1|.
It follows that
|Hom1(T,G1)| = 24|G1|.
Hence G1 is a (2, 7, 7)-group. If G 6= G1 then G is not a (2, 7, 7)-group. Indeed one can
check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
II. Suppose that 
l
3 6= −1. Then G is not a (2, 7, 7)-group. Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
(c) Suppose that ((n/n0), 6) = 3. Then L3(q
3
0) is a subgroup of G. Put q1 = q
3
0 and
G1 = L3(q1). Note that q1 and q have order 1 modulo 7. We have
|Hom∗(T,G1)| = 25d21|G1| and |Hom∗(T,G)| = 25d2|G|.
The subgroups of G1 to consider are the subgroups conjugate to SO3(q1), the subgroups
conjugate to G0 and the subgroups conjugate to L2(7). Now
|
⋃
g∈PGL3(q1)
Hom∗(T, SO3(q1)g)| = 9d1|G1|
|
⋃
g∈PGL3(q1)
Hom1(T,Gg0)| = (4d21 − 2d1)|G1|
and
|
⋃
g∈PGL3(q1)
Hom∗(T,L2(7)g)| = 2d1|G1|
It follows that
|Hom1(T,G1)| = (21d21 − 9d1)|G1|.
Hence G1 is a (2, 7, 7)-group. If G 6= G1 then G is not a (2, 7, 7)-group. Indeed one can
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check that
|⋃g∈PGL3(q)Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom∗(T,L2(7)g) ∪Hom∗(T, SO3(q)g)|
= |Hom∗(T,G)|.
(d) Suppose that ((n/n0), 6) = 6. Then L3(q
6
0) is a subgroup of G. Put
q1 = q
2
0 , q2 = q
3
0 and q3 = q
6
0 .
Note that the order of q1 modulo 7 is 3 and the order of q2 modulo 7 is 1. Also let
G1 = L3(q1), G2 = L3(q2), G3 = L3(q3) and Gu2 = U3(q2).
We have
|Hom∗(T,G3)| = 25d23|G3| and |Hom∗(T,G)| = 25d2|G|.
I. Suppose that 
l
3 = −1. The subgroups of G3 to consider are the subgroups conjugate
to SO3(q3), the subgroups conjugate to Gu2 , the subgroups conjugate to G0, the subgroups
conjugate to G1, the subgroups conjugate to G2 and the subgroups conjugate to L2(7).
Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 27|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 54|G3| (this follows from the proof of Proposition 11.3.6)
|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 6|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg1)| = 24|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 36|G3|
and
|
⋃
g∈PGL3(q3)
Hom1(T,L2(7)
g)| = 6|G3|.
It follows that
|Hom1(T,G3)| = 72|G3|.
It follows that G3 is a (2, 7, 7)-group. If G 6= G3 then G is not a (2, 7, 7)-group. Indeed
one can check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu2) ∪Hom∗(T,L2(7)g)
∪Hom1(T,Gg0) ∪Hom1(T,Gg1) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
II. Suppose that 
l
3 = 1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 27|G|
|
⋃
g∈PGL3(q)
Hom1(T,Gg2)| = 162|G|
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|
⋃
g∈PGL3(q)
Hom1(T,Gg0)| = 30|G|
and
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 6|G|.
Adding we get |Hom∗(T,G)|. It follows that G is not a (2, 7, 7)-group.
(iv) Suppose that l = 6. Then p
l
6 has order 6 modulo 7. Also
n =
l
6
∙ a
where a is a positive integer such that (a, 6) ∈ {2, 3, 6}.
(a) Suppose that (a, 6) = 2. Then n0 = 2 and q0, q have order 3 modulo 7. We have
|Hom∗(T,G0)| = 4d20|G0| and |Hom∗(T,G)| = 4d2|G|.
Put q1 = q
1
2
0 . The subgroups of G0 to consider are the subgroups conjugate to Gu1 =
U3(q1) and the subgroups conjugate to L2(7).
I. Suppose that 
l
2 6= 1. Now by the proof of Proposition 11.3.3
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = (4d2 − 2d)|G|.
Also
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 2d|G|.
Adding the previous two equations we get |Hom∗(T,G)|. Hence G is not a (2, 7, 7)-group.
II. Suppose that 
l
2 = 1. Now
|
⋃
g∈PGL3(q0)
Hom1(T,Ggu1)| = 6|G0|
and
|
⋃
g∈PGL3(q0)
Hom∗(T,L2(7)g)| = 6|G0|.
It follows that
|Hom1(T,G0)| = 24|G0|.
Hence G0 is a (2, 7, 7)-group. If G 6= G0 then G is not a (2, 7, 7)-group. Indeed one can
check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom1(T,Ggu1) ∪Hom∗(T,L2(7)g)| = |Hom∗(T,G)|.
(b) Suppose that (a, 6) = 3. Then n0 = 3 and n/n0 is odd. The order of q0 (and q)
modulo 7 is 2. We have
|Hom∗(T,G0)| = 9d20|G0| and |Hom∗(T,G)| = 9d2|G|.
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The only subgroups of G0 to consider are the subgroups conjugate to SO3(q0). Now
|
⋃
g∈PGL3(q0)
Hom∗(T, SO3(q0)g)| = 9d0|G0|.
It follows that
|Hom1(T,G0)| = (9d20 − 9d0)|G0|.
Hence G0 is a (2, 7, 7)-group if and only if 
l
2 = 1. If G 6= G0 then G is not a (2, 7, 7)-group.
Indeed one can check that
|
⋃
g∈PGL3(q)
Hom1(T,Gg0) ∪Hom∗(T, SO3(q)g)| = |Hom∗(T,G)|.
(c) Suppose that (a, 6) = 6. Then n0 = 2 and the group L3(q
3
0) is a subgroup of G.
The order of q0 modulo 7 is 3. Also the order of q modulo 7 is 1. We have
|Hom∗(T,G)| = 25d2|G|.
Put
q1 = q
1
2
0 , q2 = q
3
1 and q3 = q
3
0 .
Note that the order of q1 modulo 7 is 6, the order of q2 modulo 7 is 2, and the order of q3
modulo 7 is 1. Also let
Gu1 = U3(q1), Gu2 = U3(q2), G2 = L3(q2) and G3 = L3(q3).
We have
|Hom∗(T,G3)| = 25d23|G3|.
I. Suppose that 
l
2 6= 1. Now
|
⋃
g∈PGL3(q)
Hom∗(T, SO3(q)g)| = 9d|G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu1)| = (4d2 − 2d)|G|
|
⋃
g∈PGL3(q)
Hom1(T,Ggu2)| = (21d2 − 9d)|G|
and
|
⋃
g∈PGL3(q)
Hom∗(T,L2(7)g)| = 2d|G|.
Adding we get |Hom∗(T,G)|. Hence G is not a (2, 7, 7)-group.
II. Suppose that 
l
2 = 1. The subgroups of G3 to consider are the subgroups conju-
gate to SO3(q3), the subgroups conjugate to Gu1 , the subgroups conjugate to Gu2 , the
subgroups conjugate to G0, the subgroups conjugate to G2 and the subgroups conjugate
to L2(7). Now
|
⋃
g∈PGL3(q3)
Hom∗(T, SO3(q3)g)| = 27|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu1)| = 6|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Ggu2)| = 36|G3|
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|
⋃
g∈PGL3(q3)
Hom1(T,Gg0)| = 24|G3|
|
⋃
g∈PGL3(q3)
Hom1(T,Gg2)| = 54|G3|
and
|
⋃
g∈PGL3(q3)
Hom∗(T,L2(7)g)| = 6|G3|.
It follows that
|Hom1(T,G3)| = 72|G3|.
Hence G3 is a (2, 7, 7)-group. If G 6= G3 then G is not a (2, 7, 7)-group. Indeed one can
check that
|⋃g∈PGL3(q)Hom∗(T, SO3(q)g) ∪Hom1(T,Ggu1) ∪Hom∗(T,L2(7)g)
∪Hom1(T,Ggu2) ∪Hom1(T,Gg0) ∪Hom1(T,Gg2) ∪Hom1(T,Gg3)|
= |Hom∗(T,G)|.
17.4 The proof of Propositions 17.4 and 17.5
The proof of Propositions 17.4 and 17.5 follows immediately from the proofs of Propositions
17.2 and 17.3. Indeed, let φ be a randomly chosen homomorphism in Hom(T,L3(q)). Then
lim
q→∞Prob(φ is surjective) = limq→∞
|Hom1(T,L3(q))|
|Hom∗(T,L3(q))| .
Finally the sizes of Hom1(T,G) and Hom∗(T,G) are given in the proofs of Propositions
17.2 and 17.3.
344
345
Chapter 18 The Suzuki groups 2B2(q), the
Ree groups 2G2(q), and triangle groups
18.1 Introduction
We consider two other families of finite simple groups of Lie type, namely the Suzuki
groups and the Ree groups of type 2G2. Let G =
2B2(q) (respectively, G =
2G2(q)) where
q = 22m+1 (respectively, q = 32m+1) for some integer m ≥ 0. Note that G is a finite
twisted group of Lie type of rank 1 that is simple provided m 6= 0. We have
|2B2(q)| = q2(q2 + 1)(q − 1) and |2G2(q)| = q3(q3 + 1)(q − 1).
Let (p1, p2, p3) be a hyperbolic triple of primes such that lcm(p1, p2, p3) divides the
order of G. Set T = Tp1,p2,p3 to be the corresponding hyperbolic triangle group.
Given a randomly chosen element φ in Hom(T,G) we determine the limit of the probability
that φ is an epimorphism as the order of G tends to infinity. The two families of finite
simple groups of Lie type we consider here behave very nicely in this asymptotic problem.
We prove the following result.
Theorem 18.1. Let q = 22m+1 (respectively, q = 32m+1) where m is a positive integer
and let G = 2B2(q) (respectively, G =
2G2(q)). Let (p1, p2, p3) be a hyperbolic triple
of primes such that lcm(p1, p2, p3) divides the order of G, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Then
(i) The triple (p1, p2, p3) is nonrigid (see Definitions 1.1 and 1.3).
(ii) We have
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G of order pi, and o(1) denotes a
quantity that tends to 0 as q tends to infinity.
(iii) Let φ ∈ Hom(T,G) be randomly chosen. Then
lim
q→∞Prob(φ is an epimorphism) = 1.
Remark 18.1. If lcm(p1, p2, p3) does not divide the order of G, then Im φ is a cyclic
subgroup, and so φ cannot be an epimorphism.
There are some known results on Ree groups of type 2G2 and Hurwitz groups. Malle
proved in [38] that 2G2(q) is a (2, 3, 7)-group provided q ≥ 27.
The strategy to prove the theorem goes as follows. We use the character tables of the
Suzuki groups and of the Ree groups of type 2G2 to get the dominant term in |Hom(T,G)|.
We then use the classification of the maximal subgroups of G and justify the fact that we
can neglect the subgroups of G. In other words,
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
H<G,H 6=G
Hom(T,H)
∣∣∣∣∣∣→ 0 as q →∞.
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Finally, the fact that every hyperbolic triple of primes is nonrigid in G follows from the
description of the conjugacy classes of G.
The character table and the classification of the maximal subgroups of 2B2(q) are given
in [49]. The character table of 2G2(q) is given in [54], whereas the maximal subgroups of
2G2(q) are given in [27].
18.2 The Suzuki groups
Let G = 2B2(q), where q = 2
2m+1 for some positive integer m. Let (p1, p2, p3) be a
hyperbolic triple of primes such that lcm(p1, p2, p3) divides |G|, and let T = Tp1,p2,p3 be
the corresponding hyperbolic triangle group. We first give an asymptotic estimate for
|Hom(T,G)|. We then examine the maximal subgroups of G. The proof of Theorem 18.1
when G = 2B2(q) will then follow.
18.2.1 An asymptotic formula for |Hom(T, 2B2(q))|
We give an asymptotic formula for |Hom(T,G)| using the character table of G. We there-
fore first describe the character table of G. We use the notation given in [49]. It follows
from [49] that G has a single class of involutions and two classes of elements of order 4.
The class representatives are σ, ρ and ρ−1. Every other conjugacy class of G consists of
elements of odd order. Also, every nontrivial element of G which is not an involution is
regular.
There are three cyclic subgroups of G denoted A0, A1 and A2 of odd order q − 1,
q + (2q)
1
2 + 1, q − (2q) 12 + 1, respectively. Every nontrivial element of odd order is con-
jugate to an element of Ai for some i. We denote by πi (i = 0, 1, 2) a typical nontrivial
element of Ai. The character table of G can be found in [49, Theorem 13]. As we are only
interested in determining an asymptotic formula for |Hom(T,G)|, we give the table in an
abbreviated form in Table 18.1. In the table, the letter c denotes any complex number
such that |c| ≤ 4. We also denote by o(1) a quantity that tends to 0 as q tends to infinity.
Characters
1 X Xi Yj Zk Wl
Elements (Number of characters)
g of G |CG(g)| 1 1 12 q(1 + o(1)) 14 q(1 + o(1)) 14 q(1 + o(1)) 2
1 q5(1 + o(1)) 1 q2 q2(1 + o(1)) q2(1 + o(1)) q2(1 + o(1)) cq
3
2 (1 + o(1))
σ q2(1 + o(1)) 1 c c cq
1
2 (1 + o(1)) cq
1
2 (1 + o(1)) cq
1
2 (1 + o(1))
ρ, ρ−1 2q(1 + o(1)) 1 c c c c cq
1
2 (1 + o(1))
π0 q(1 + o(1)) 1 c c c c c
π1 q(1 + o(1)) 1 c c c c c
π2 q(1 + o(1)) 1 c c c c c
Table 18.1: Abbreviated character table of G = 2B2(q)
We can now give an asymptotic formula for |Hom(T,G)|.
Proposition 18.2.1. Let G = 2B2(q) where q = 2
2m+1 for some positive integer m. Let
(p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3, and let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3) divides |G|. Then
(i)
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G order pi, and o(1) denotes a
quantity that tends to 0 as q tends to infinity.
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(ii) Equivalently, letting ci be the number of conjugacy classes of G whose elements have
order pi, we have
|Hom(T,G)| =
{
c1c2c3q
7(1 + o(1)) if p1 6= 2
c1c2c3q
6(1 + o(1)) if p1 = 2.
Remark 18.2.1. Let u be a prime number dividing the order of G. Let cu be the number
of conjugacy classes of G whose elements have order u. It follows from [49] that
cu =

1 if u = 2
u−1
2 if u 6= 2 and u divides |A0|
u−1
4 if u 6= 2 and u divides |A1| or |A2|.
Proof. (i) Let Ci (i = 1, 2, 3) be any conjugacy class of G whose elements have order pi.
Let gi be the corresponding class representative. Let κ be the number of pairs (h1, h2)
with hi ∈ Ci such that (h1h2)−1 ∈ C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
It follows from Table 18.1 that the trivial character is the dominant term in S. That is,
S = (1 + o(1)). The result follows from Lemma 2.5.
(ii) Note that G has a single class of involutions and every element of G of order greater
than 2 is regular. The result now follows from (i).
18.2.2 The maximal subgroups of 2B2(q)
We now give a description of the maximal subgroups of G and justify the fact that we can
neglect them. The maximal subgroups are given in [49, Theorem 9].
Proposition 18.2.2. Let G = 2B2(q) where q > 2 is an odd power of 2. Let M be a
maximal subgroup of G. Then M is conjugate to one of the following groups:
(i) H = [q2] ∙ Zq−1, a Frobenius group of order q2(q − 1).
(ii) B0, a dihedral group of order 2(q − 1).
(iii) B1 = Zq+
√
2q+1 ∙ [4].
(iv) B2 = Zq−√2q+1 ∙ [4].
(v) G0 =
2B2(q0), where q = q
α
0 for some prime number α.
We now give upper bounds for |Hom(T,M)| where M is a maximal subgroup of G.
Proposition 18.2.3. Let G = 2B2(q) where q > 2 is an odd power of 2, and let
H = [q2] ∙ Zq−1.
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3)
divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
(i)
|Hom(T,H)| ≤
{
Aq3 if p1 = 2
Aq4 if p1 6= 2
where A = A(p1, p2, p3) is a constant.
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(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Hg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let Q = [q2] and let π be the canonical map
π : H −→ H
Q
.
Let φ be any element of Hom(T,H) and let ψ = π ◦ φ so that
ψ : T −→ H/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that H/Q ∼= Zq−1.
Suppose first that p1 = 2. Since H/Q has no elements of order 2, we must have
ψ(x) = 1. Also, since H/Q is cyclic, there are at most p2 choices for ψ(y). Finally, by [49,
Proposition 7] there are q elements of order dividing 2 in Q = [q2]. It follows that
|Hom(T,H)| ≤ q ∙ p2q2
= p2q
3.
Suppose now that p1 6= 2. Then we easily get the following upper bound
|Hom(T,H)| ≤ p1p2q4.
(ii) Let ci be the number of conjugacy classes of G whose elements have order pi. We
have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Hg)
∣∣∣∣∣∣ ≤ [G : H]|Hom(T,H)||Hom(T,G)| .
Suppose first that p1 = 2. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Hg)
∣∣∣∣∣∣ ≤ p2q
3(q2 + 1)
c1c2c3q6(1 + o(1))
.
The result follows.
Suppose now that p1 6= 2. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Hg)
∣∣∣∣∣∣ ≤ p1p2q
4(q2 + 1)
c1c2c3q7(1 + o(1))
.
The result follows.
The following proposition deals with the maximal subgroups B0, B1 and B2 of G.
Proposition 18.2.4. Let G = 2B2(q) where q > 2 is an odd power of 2. Suppose that
M = Za ∙ [b] is a maximal subgroup of G, where [b] is of order 2 or 4. Let (p1, p2, p3) be
a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3) divides |G|. Let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
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(i)
|Hom(T,M)| ≤ A
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let π be the canonical map
π :M −→ M
Za
.
Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/Za.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/Za ∼= [b], where [b] is of order 2 or 4.
Since p2, p3 are not equal to 2, it follows that ψ is trivial. Hence Im φ ⊂ Za. It follows
that |Hom(T,M)| ≤ p1p2.
(ii) Let ci be the number of conjugacy classes of G whose elements have order pi. We
have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)|
≤ cp1p2q
4(1 + o(1))
c1c2c3q6(1 + o(1))
for some positive constant c. The result follows.
Finally, we look at subgroups of the form G0 =
2B2(q0), where q = q
α
0 for some prime
number α.
Proposition 18.2.5. Let G = 2B2(q) where q > 2 is an odd power of 2. Let (p1, p2, p3)
be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3) divides |G|. Let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T, 2B2(q0)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. Let
a =
{
6 if p1 = 2
7 if p1 6= 2.
We have
|Hom(T, 2B2(q))| = Aqa(1 + o(1))
for some constant A. Fix q0. Say q = q
α
0 , for some prime number α. We can find a
constant B not depending on q0 such that
|Hom(T, 2B2(q0))| ≤ Bq aα (1 + o(1)).
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Hence
|
⋃
g∈G
Hom(T, 2B2(q0)
g)| ≤ [G : 2B2(q 1α )]|Hom(T, 2B2(q 1α ))|
≤ q5(1−1/α) ∙Bq aα (1 + o(1))
= Bq
1
α
(a−5)+5(1 + o(1))
≤ Bq 12 (a−5)+5(1 + o(1)).
Now there are less than 2ln(q) such q0. Hence
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T, 2B2(q0)
g)
∣∣∣∣∣∣
≤ 2Bln(q)q
1
2 (a−5)(1 + o(1))
Aqa−5(1 + o(1))
=
2Bln(q)(1 + o(1))
Aq
1
2 (a−5)(1 + o(1))
.
The result follows.
18.2.3 The proof of Theorem 18.1 when G = 2B2(q)
We can now prove Theorem 18.1 when G = 2B2(q).
Proof. (i) We start with some explanatory remarks. The dimension of the simple algebraic
group B2(F2) from which the finite group G arises is equal to 10. Equivalently, dim B2(F2)
is equal to twice the degree of the order of G seen as a polynomial in q. For an element g
in G
dim CB2(F2)(g)
is equal to twice the degree of |CG(g)| seen as a polynomial in q. Also we have
dim gB2(F2) = codim CB2(F2)(g).
Now for a prime number u dividing the order of G, let δu be the maximal dimension of
a conjugacy class of G of elements of order u. It follows from the abbreviated character
table of G given in Table 18.1 that
δu =
{
6 if u = 2
8 if u > 2.
The result now follows.
(ii) This is proved in Proposition 18.2.1.
(iii) This follows easily from the results given in §18.2.2 where we examine the maximal
subgroups of G.
18.3 The Ree groups of type 2G2
Let G = 2G2(q) where q = 3
2m+1 for some positive integer m. Let (p1, p2, p3) be a
hyperbolic triple of primes such that lcm(p1, p2, p3) divides the order of G. Let T =
Tp1,p2,p3 be the corresponding hyperbolic triangle group. We give an asymptotic formula
for |Hom(T,G)|, using the character table of G given in [54]. We then examine the maximal
subgroups of G given in [27], and justify the fact that we can neglect them.
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18.3.1 An asymptotic formula for |Hom(T, 2G2(q))|
To compute an asymptotic formula for |Hom(T,G)|, we need information about the char-
acter table of G. This information is given in [54]. We first give a brief description of the
elements of prime order in G.
Proposition 18.3.1. Let G = 2G2(q) where q > 3 is an odd power of 3. Then
(i) There is a single class of involutions in G, with representative J . We have |CG(J)| =
q3(1 + o(1)).
(ii) There are three conjugacy classes of elements of order 3 in G, with representatives
X, T0 and T
−1
0 . We have |CG(X)| = q3(1 + o(1)) and |CG(T0)| = |CG(T−10 )| =
2q2(1 + o(1)).
(iii) Let u > 3 be a prime number dividing the order of G. Every element of G of order
u is regular. If g ∈ G is of order u, we have
|CG(g)| = q(1 + o(1)).
The group G has 16 families of characters, labelled
ξ1 = 1, ξ2, ξ3, ∙ ∙ ∙ , ξ10, ηr, η′r, ηt, η′t, η−i , η+i .
Each of the families ξ1, ∙ ∙ ∙ , ξ10 contains a single character. Each of the remaining families
contains c0q(1 + o(1)) characters where
c0 ∈
{
1
24
,
1
8
,
1
6
,
1
4
}
.
We give the character table of G in an abbreviated form in Table 18.2. In the table, the
letter c denotes any complex number satisfying |c| ≤ 6, and the symbol m0 denotes any
positive rational number less than 1.
Elements g ∈ G of order dividing a prime number u
1 J X T0, T
−1
0 any g ∈ G
(u = 2) (u = 3) (u = 3) of order u > 3
|CG(g)|
q7(1 + o(1)) q3(1 + o(1)) q3(1 + o(1)) 2q2(1 + o(1)) q(1 + o(1))
Chara- Number
-cters of characters
1 1 1 1 1 1 1
ξ2 1 q
2(1 + o(1)) c cq(1 + o(1)) c c
ξ3 1 q
3(1 + o(1)) q(1 + o(1)) c c c
ξ4 1 q
3(1 + o(1)) q(1 + o(1)) q(1 + o(1)) c c
ξj 4
q
5
2
2
√
3
(1 + o(1)) cq(1 + o(1)) cq(1 + o(1)) cq(1 + o(1)) c
5 ≤ j ≤ 8
ξ9, ξ10 2
q
5
2√
3
(1 + o(1)) c cq
1
2 (1 + o(1)) cq(1 + o(1)) c
ηr, η
′
r m0q(1 + o(1)) q
3(1 + o(1)) cq(1 + o(1)) c c c
ηt, η
′
t m0q(1 + o(1)) q
3(1 + o(1)) cq(1 + o(1)) cq(1 + o(1)) c c
ηi, η
′
i m0q(1 + o(1)) q
3(1 + o(1)) c cq(1 + o(1)) cq
1
2 (1 + o(1)) c
Table 18.2: Abbreviated character table of G = 2G2(q)
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We can now give an asymptotic formula for |Hom(T,G)|.
Proposition 18.3.2. Let G = 2G2(q) where q = 3
2m+1 for some integer positive integer
m. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3, and let T = Tp1,p2,p3
be the corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3) divides |G|.
Then
(i)
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G of order pi, and o(1) denotes a
quantity that tends to 0 as q tends to infinity.
(ii) Equivalently, letting
ci =

# conjugacy classes of G of maximal dimension if pi 6= 3
whose elements have order pi
1 if pi = 3
we have
|Hom(T,G)| =

c1c2c3q
8(1 + o(1)) if p1 = 2 and p2 = 3.
c1c2c3q
9(1 + o(1)) if p1 = 2 and p2 > 3,
or p1 = p2 = 3.
c1c2c3q
10(1 + o(1)) if p1 = 3 and p2 > 3.
c1c2c3q
11(1 + o(1)) if p1 > 3.
Proof. (i) We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,G)|. Let Ci
(i = 1, 2, 3) be any conjugacy class of G of maximal dimension whose elements have order
pi. Let gi be the corresponding class representative. Let κ be the number of pairs (h1, h2)
with hi ∈ Ci such that (h1h2)−1 ∈ C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
It follows from Table 18.2 that the trivial character is the dominant term in S. That is,
S = (1 + o(1)).
Let C ′i (i = 1, 2, 3) be any conjugacy class whose elements have order dividing pi satisfying∑
dim C ′i <
∑
dim Ci.
Let g′i be the corresponding class representative. Let κ′ be the number of pairs (h′1, h′2)
with h′i ∈ C ′i such that (h′1h′2)−1 ∈ C ′3. Then by Lemma 2.4
κ′ =
|C ′1||C ′2||C ′3|
|G|
∑
χ∈Irr(G)
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
Let
S′ =
∑
χ∈Irr(G)
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
Although the trivial character might not be the dominant term in S′, since the classes
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C ′1, C ′2, C ′3 are not all of maximal dimension, using Table 18.2, it is easy to check that
κ′
κ
→ 0 as q →∞.
The result follows. For example suppose that p1 = p2 = 3 and p3 > 3 divides |G|, and
let g1 = g2 = T0, g
′
1 = g
′
2 = X and g3 = g
′
3 be of order p3. Using Table 18.2 we
then get κ = q
9
4 ∙ (1 + o(1)). Again by using Table 18.2, there is a positive A such that
S′ ≤ A(1 + o(1)). It follows that κ′ ≤ Aq7(1 + o(1)) and so κ′/κ tends to 0 as q →∞.
(ii) This follows from (i).
18.3.2 The maximal subgroups of 2G2(q)
We now give a description of the maximal subgroups of G and justify the fact that we can
neglect them. The maximal subgroups are given in [27, Theorem C].
Proposition 18.3.3. Let G = 2G2(q) where q > 3 is an odd power of 3. Let M be a
maximal subgroup of G. Then M is conjugate to one of the following groups:
(i) M1 = [q
3] ∙ Zq−1.
(ii) M2 = 2× L2(q).
(iii) M3 = (2
2 ×D(q+1)/2) : 3.
(iv) M4 = Zq+
√
3q+1 : Z6.
(v) M5 = Zq−√3q+1 : Z6.
(vi) G0 =
2G2(q0), where q = q
α
0 for some prime number α.
We now give upper bounds for |Hom(T,M)| where M is a maximal subgroup of G.
Proposition 18.3.4. Let G = 2G2(q) where q > 3 is an odd power of 3, and let
M = [q3] ∙ Zq−1.
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3)
divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
(i)
|Hom(T,M)| ≤
{
Aq3 if p1 = 2, or p1 = p2 = 3
Aq6 otherwise
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let Q = [q3] and let π be the canonical map
π :M −→ M
Q
.
Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/Q.
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Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/Q ∼= Zq−1.
Suppose first that p1, p2, p3 are all distinct. Since Zq−1 is abelian, ψ must be triv-
ial. Hence Im φ ⊂ Q. Since Q has only elements of order a power of 3, it follows that
|Hom(T,M)| = 1.
Suppose now that p1 = 2 and p2 = p3. Note that p2 > 3. Since Zq−1 is abelian, ψ(x)
must be trivial. It follows that φ(x) = 1. Therefore |Hom(T,M)| ≤ p2q3.
Suppose that p1 = p2 = 3. Note that p3 > 3. Then ψ must be trivial. Hence Im φ ⊂ Q.
It follows that φ(x) = φ(y)−1. Therefore |Hom(T,M)| ≤ q3.
Suppose finally that p1 6= 2 or p2 > 3. Then clearly |Hom(T,M)| ≤ p1p2q6.
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= 3
whose elements have order pi
1 if pi = 3.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose first that p1, p2, p3 are all distinct or p1 = 2 or p1 = p2 = 3. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ p2q
6(1 + o(1))
c1c2c3q8(1 + o(1))
.
The result follows.
Suppose now that p1 6= 2 or p2 > 3. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ p1p2q
9(1 + o(1))
c1c2c3q10(1 + o(1))
.
The result follows.
Proposition 18.3.5. Let G = 2G2(q) where q > 3 is an odd power of 3, and let
M = 2× L2(q).
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3)
divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
(i)
Hom(T,M) = Hom(T,L2(q)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Because p2, p3 cannot be equal to 2, the result follows.
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(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= 3
whose elements have order pi
1 if pi = 3.
We know that there is a constant A such that
|Hom(T,L2(q))| ≤ Aq3.
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ cq
7(1 + o(1))
c1c2c3q8(1 + o(1))
for some positive constant c. The result follows.
Proposition 18.3.6. Let G = 2G2(q) where q > 3 is an odd power of 3, and let
M = (22 ×D(q+1)/2) : 3.
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3)
divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
(i)
|Hom(T,M)| ≤
{
A if p1 6= 3 or p2 6= 3
Aq2 otherwise
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let N = 22 ×D(q+1)/2 and let π be the canonical map
π :M −→ M
N
.
Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/N.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/N ∼= Z3.
Suppose first that p1 6= 3 or p2 6= 3. Then ψ must be trivial. It follows that Im φ ⊂ N .
Because p2 and p3 are not equal to 2, we have
Hom(T,N) = Hom(T,D(q+1)/2).
But
|Hom(T,D(q+1)/2)| ≤ p1p2.
It follows that
|Hom(T,M)| ≤ p1p2.
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Suppose now that p1 = p2 = 3. Then there are at most 3 choices for ψ(x) and then
one choice for ψ(y). It follows that
|Hom(T,M)| ≤
(
3 ∙ 22 ∙ q + 1
2
)(
22 ∙ q + 1
2
)
= 12(q + 1)2.
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= 3
whose elements have order pi
1 if pi = 3.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose first that p1 6= 3 or p2 6= 3. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ cp1p2q
6(1 + o(1))
c1c2c3q8(1 + o(1))
for some positive constant c. The result follows.
Suppose now that p1 = p2 = 3. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ cq
8(1 + o(1))
c1c2c3q9(1 + o(1))
for some positive constant c. The result follows.
Proposition 18.3.7. Let G = 2G2(q) where q > 3 is an odd power of 3, and let
M = Zq±√3q+1 : Z6.
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3)
divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
(i)
|Hom(T,M)| ≤
{
A if p1 6= 3 or p2 6= 3
Aq2 otherwise
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
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Let Z = Zq±√3q+1 and let π be the canonical map
π :M −→ M
Z
.
Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/Z.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/Z ∼= Z6.
Suppose first that p1 6= 3 or p2 6= 3. Then ψ must be trivial. It follows that Im φ ⊂ Z.
Since Z is a cyclic group, it follows that
|Hom(T,M)| ≤ p1p2.
Suppose now that p1 = p2 = 3. Then there are at most 3 choices for ψ(x) and then
one choice for ψ(y). It follows that
|Hom(T,M)| ≤ (3 ∙ (q ±√3q + 1)) ∙ (q ±√3q + 1)
= 3q2(1 + o(1)).
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= 3
whose elements have order pi
1 if pi = 3.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose first that p1 6= 3 or p2 6= 3. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ cp1p2q
6(1 + o(1))
c1c2c3q8(1 + o(1))
for some positive constant c. The result follows.
Suppose now that p1 = p2 = 3. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ cq
8(1 + o(1))
c1c2c3q9(1 + o(1))
for some positive constant c. The result follows.
Proposition 18.3.8. Let G = 2G2(q) where q > 3 is an odd power of 3. Let (p1, p2, p3)
be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3) divides |G|. Let
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T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T, 2G2(q0)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. Let
a =

8 if p1 = 2 and p2 = 3.
9 if p1 = 2 and p2 > 3,
or p1 = p2 = 3.
10 if p1 = 3 and p2 > 3.
11 if p1 > 3.
We have
|Hom(T, 2G2(q))| = Aqa(1 + o(1))
for some constant A. Fix q0. Say q = q
α
0 , for some prime number α. We can find a
constant B not depending on q0 such that
|Hom(T, 2G2(q0))| ≤ Bq aα (1 + o(1)).
Hence
|
⋃
g∈G
Hom(T, 2G2(q0)
g)| ≤ [G : 2G2(q 1α )]|Hom(T, 2G2(q 1α ))|
≤ q7(1−1/α) ∙Bq aα (1 + o(1))
= Bq
1
α (a−7)+7(1 + o(1))
≤ Bq 12 (a−7)+7(1 + o(1)).
Now there are less than ln(q) such q0. Hence
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T, 2G2(q0)
g)
∣∣∣∣∣∣
≤ Bln(q)q
1
2 (a−7)(1 + o(1))
Aqa−7(1 + o(1))
=
Bln(q)(1 + o(1))
Aq
1
2 (a−7)(1 + o(1))
.
The result follows.
18.3.3 The proof of Theorem 18.1 when G = 2G2(q)
We can now prove Theorem 18.1 when G = 2G2(q).
Proof. We start with some explanatory remarks. The dimension of the simple algebraic
group G2(F3) from which the finite group G arises is equal to 14. Equivalently, dim G2(F3)
is equal to twice the degree of the order of G seen as a polynomial in q. For an element g
in G
dim CG2(F3)(g)
is equal to twice the degree of |CG(g)| seen as a polynomial in q. Also we have
dim gG2(F3) = codim CG2(F3)(g).
Now for a prime number u dividing the order of G, let δu be the maximal dimension of
a conjugacy class of G of elements of order u. It follows from the abbreviated character
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table of G given in Table 18.2 that
δu =

8 if u = 2
10 if u = 3
12 if u > 3.
The result now follows.
(ii) This is proved in Proposition 18.3.2.
(iii) This follows easily from the results given in §18.3.2 where we examine the maximal
subgroups of G.
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Chapter 19 The finite simple groups G2(q)
and triangle groups
19.1 Introduction
We now turn to the family of finite Chevalley groups of type G2. Let G = G2(q) where
q = pn for some prime number p and some positive integer n. Note that G is a finite group
of Lie type of rank 2, and provided q 6= 2, G is simple. We have
|G2(q)| = q6(q2 − 1)(q6 − 1).
Here below is the major result of this chapter.
Theorem 19.1. Let G = G2(q) where q = p
n for some prime number p and some positive
integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 and let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3)
divides the order of G. Then
(i) The triple (p1, p2, p3) is nonrigid unless (p1, p2, p3) = (2, 5, 5). In the latter case, the
triple is rigid.
(ii) Suppose that p > 3.
(a) Suppose that (p1, p2, p3) 6= (2, 5, 5), and that if (p1, p2, p3) = (5, 5, 5) then p = 5.
Then
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G of order pi, and o(1) denotes
a quantity that tends to 0 as q →∞.
(b) If (p1, p2, p3) = (5, 5, 5) and p 6= 5 then
|Hom(T,G)| = 72q16(1 + o(1)).
(iii) Suppose that p > 3, and
(p1, p2, p3) 6∈ {(2, 5, 5), (3, 5, 5), (3, 3, 5), (5, 5, 5)}.
Let φ ∈ Hom(T,G) be randomly chosen. Then
lim
q→∞Prob(φ is an epimorphism) = 1.
If (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}, we are still able to give an idea of the
situation concerning (p1, p2, p3)-generation for G. We prove the following result.
Theorem 19.2. Let G = G2(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let
(p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}
and set T = Tp1,p2,p3 to be the corresponding triangle group. Suppose that 5 divides
|G|. Let P be the probability that a randomly chosen homomorphism in Hom(T,G) is an
epimorphism. Finally, let o(1) denote a quantity that tends to 0 as q →∞. Then
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(i) If p = 5 then
P = o(1).
(ii) If (p1, p2, p3) = (5, 5, 5) and q has order 2 modulo 5, then
31/36 + o(1) ≤ P ≤ 8/9 + o(1).
(iii) If (p1, p2, p3) = (3, 5, 5) and q has order 2 modulo 5, then
1/2 + o(1) ≤ P ≤ 3/4 + o(1).
Remark 19.1. Suppose p > 5. Let Pa (respectively, Pb) denote a short (respectively,
long) maximal parabolic subgroup of G. If (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5)} then one can
show using the character table of Pa, given in [1], that there is a constant A such that
|Hom(T, Pa)| ≤ Aq10. It follows that
[G : Pa]|Hom(T, Pa)|
|Hom(T,G)| = o(1).
This shows that asymptotically we can neglect the subgroups of G that are conjugate to
Pa. Since some characters of Pb are not explicitly given in [1], one cannot check in a
straightforward manner whether the same statement holds for Pb. However assuming that
asymptotically we can neglect the subgroups of G that are conjugate to Pb, one then gets
P =
{
1/2 + o(1) if (p1, p2, p3) = (3, 3, 5)
3/4 + o(1) if (p1, p2, p3) = (3, 5, 5).
We do not have results on the (2, 5, 5)-generation problem for G. This is the rigid case
which is harder. For example, if g1, g2 and g3 are elements of G of respective order 2, 5
and 5 then it is not obvious whether or not the sum∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
is dominated by the trivial character. Therefore to give an asymptotic estimate for
|Hom∗(T,G)| one has to calculate some (difficult) character-theoretic sums. However
since the triple (2, 5, 5) is rigid, we propose the following conjecture.
Conjecture 19.1. Let G = G2(q) where q = p
n for some prime number p and some
positive integer n. Suppose that 5 divides the order of G. Then
(i) |Hom(T2,5,5, G)| ≤ Aq14, for some constant A.
(ii) There are only finitely many positive integers n such that G2(p
n) is a (2, 5, 5)-group.
Remark 19.2. (1) If p = 5 then CHEVIE [18] explicitly gives the class algebra constants
that need to be computed to calculate |Hom(T2,5,5, G)|. It follows that if p = 5, then
|Hom(T2,5,5, G)| = q14(1 + o(1)). Assuming that the first part of the conjecture is true,
we cannot asymptotically neglect the maximal subgroups of G of the form G2(q0), where
q is a prime power of q0, in the sense that in general
|Hom(T2,5,5, G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T2,5,5, G2(q0)
g)
∣∣∣∣∣∣
does not tend to 0 as q → ∞. This is the reason for proposing the second part of the
conjecture.
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(2) It is then likely that one has to apply the inclusion-exclusion principle (see Lemma
2.8) to have a sufficiently precise asymptotic estimate for
| ∪g,h∈G Hom(T2,5,5, P ga ) ∪Hom(T2,5,5, Phb )|.
There are some known results on finite simple groups of type G2 and Hurwitz groups.
Malle proved in [38] that G2(q) is a (2, 3, 7)-group if and only if q ≥ 5.
The strategy to prove Theorem 19.1 goes as follows. We use the character tables of
the finite simple groups of type G2 to get the dominant term in |Hom(T,G)|. We then use
the classification of the maximal subgroups of G and justify the fact that we can neglect
the subgroups of G. In other words,
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
H<G,H 6=G
Hom(T,H)
∣∣∣∣∣∣→ 0 as q →∞.
Finally, the classification of hyperbolic triples of primes in G follows from the description
of the conjugacy classes of G.
To prove Theorem 19.2, we need to look in more detail at the maximal parabolic sub-
groups of G and at the maximal subgroups of G of the form SL3(q) : 2 and SU3(q) : 2.
The character table of G2(p
n), p > 3, is given in [4], whereas the maximal subgroups
of G2(p
n) are given in [27].
19.2 The character table of G2(q), q = p
n, p > 3
Let G = G2(q) where q = p
n for some prime number p > 3 and some positive integer n.
We get an asymptotic formula for |Hom(Tp1,p2,p3 , G)| where (p1, p2, p3) 6= (2, 5, 5) by using
the character table of G. The latter is given in [4]. It is also very helpful to use CHEVIE
[18] to get information about the values of certain characters on a given conjugacy class.
We begin by describing the conjugacy classes of G whose elements have prime order.
We use the notation given in [4].
Lemma 19.2.1. Let G = G2(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let u ≥ 2 be a prime number dividing the order of G. Then
(i) Suppose u = 2. There is a single conjugacy class of involutions. The class represen-
tative is k2.
(ii) Suppose u = 3. There are two conjugacy classes whose elements have order 3.
Suppose that q has order 1 (respectively, 2) modulo 3.
(a) There is a single class of elements of order 3 whose class representative is k3.
(b) There is a single class of elements of order 3 whose class representative is of
type h1a (respectively, h2b). This class is the class of maximal dimension.
(iii) Suppose u = 5.
(a) If p = 5 there are 5 classes whose elements have order 5 with representa-
tives u1, u2, u3, u4, u5. The classes of maximal dimensions are represented by
u3, u4, u5.
(b) If q has order 1 (respectively, 2) modulo 5, there are four classes whose elements
have order 5. They have the same dimension.
i. There are two classes of elements of order 5 whose class representatives are
of type h1a (respectively, h2b).
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ii. There are two classes of elements of order 5 whose class representatives are
of type h1b (respectively, h2a).
(iv) Suppose u ≥ 7.
(a) If p = u there are 6 classes whose elements have order u with representatives
u1, u2, u3, u4, u5, u6. The class of maximal dimension is represented by u6.
(b) If q has order 1 (respectively, 2) modulo u, there are
(u− 1) + (u− 1)(u− 5)
12
classes whose elements have order u.
i. There are (u− 1)/2 classes of elements of order u whose class representa-
tives are of type h1a (respectively, h2b).
ii. There are (u− 1)/2 classes of elements of order u whose class representa-
tives are of type h1b (respectively, h2a).
iii. There are (u − 1)(u − 5)/12 classes of elements of order u whose class
representatives are of type h1 (respectively, h2). These are the classes of
maximal dimension.
(c) If q has order 3 (respectively, 6) modulo u, there are (u − 1)/6 classes whose
elements have order u. The class representatives are of type h3 (respectively,
h6).
Proof. This follows from the description of the conjugacy classes of G given in [4].
We now describe the characters of G. Say q ≡  mod 3, where  ∈ {−1, 1}. The
characters of G break into five categories:
(i) Ten isolated characters:
X11 = 1, X12, X13, X14, X15, X16, X17, X18, X19, X19.
(ii) Four isolated characters: X21, X22, X23, X24.
(iii) Three isolated characters: X31, X32, X33.
(iv) Eight families: X1a, X1a′ , X2a, X2a′ , X1b, X1b′ , X2b, X2b′ .
(v) Six families: X1, X2, Xa, Xb, X3, X6.
Each family in (iv) contains q(1 + o(1))/2 characters, and each family in (v) contains
c0q
2(1 + o(1)) where
c0 ∈ { 1
12
,
1
4
,
1
6
}.
More precisely, c0 is equal to 1/12 (respectively, 1/4, 1/6) for the pair (X1, X2) (respec-
tively, (Xa, Xb), (X3, X6)) of families. We give the character table of G in an abbreviated
form in Table 19.1. We denote by c any complex number satisfying |c| ≤ 12. In most
cases, we do not need the precise value of a given character χ on a given element g ∈ G,
but merely an upper bound for |χ(g)|. Whenever the letter m is used, it means that we
are giving such an upper bound. In fact, we can take m to be 12.
363
The finite simple groups G2(q) and triangle groups
C
h
a
r
a
-
#
E
le
m
e
n
t
s
g
∈
G
o
f
o
r
d
e
r
d
iv
id
in
g
a
p
r
im
e
o
r
d
e
r
u
-c
t
e
r
s
c
h
a
r
a
-
1
u
1
u
2
u
3
u
4
u
5
u
6
k
2
k
3
h
1
a
,
h
2
b
h
1
b
,
h
2
a
h
1
,
h
2
,
-c
t
e
r
s
h
3
,
h
6
u
=
p
u
=
2
u
=
3
q
≡
±
1
(
u
)
q
≡
±
1
(
u
)
u
6=
p
u
>
3
u
>
5
u
>
2
u
>
3
u
>
5
|C
G
(
g
)
|
q
1
4
(
1
+
o
(
1
)
)
q
8
(
1
+
o
(
1
)
)
q
6
(
1
+
o
(
1
)
)
6
q
4
2
q
4
3
q
4
q
2
q
6
(
1
+
o
(
1
)
)
q
8
(
1
+
o
(
1
)
)
q
4
(
1
+
o
(
1
)
)
q
2
(
1
+
o
(
1
)
)
X
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
X
1
3
1
q
5
(
1
+
o
(
1
)
)
3
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)

q
2
+
5
q
3
−

q
2
+
q
3

q
2
−
q
3
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
c
m
q
c
X
1
4
3
q
5
(
1
+
o
(
1
)
)
3
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)

q
2
−
q
3
−

q
2
+
q
3

q
2
+
2
q
3
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
q
m
q
c
X
1
9
0
m
q
X
1
9
0
m
q
X
1
5
2
q
5
(
1
+
o
(
1
)
)
2
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
−

q
2
+
q
2

q
2
+
q
2
−

q
2
+
q
2
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
q
+
1
,
0
m
q
c
X
1
7
0
,
q
−
1
m
q
X
1
6
2
q
5
(
1
+
o
(
1
)
)
6
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)

q
2
+
5
q
6
−

q
2
+
q
6

q
2
−
q
6
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
q
+
1
,
0
m
q
c
X
1
8
0
,
q
−
1
m
q
X
1
2
1
q
6
(
1
+
o
(
1
)
)
c
c
c
c
c
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
2
2
1
q
4
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
2
3
2
q
5
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
2
4
X
2
1
1
q
6
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
3
2
1
q
3
(
1
+
o
(
1
)
)
c
c
q
(
1
+
o
(
1
)
)
2
q
(
1
+
o
(
1
)
)
c
−
q
(
1
+
o
(
1
)
)
c
q
(
1
+
o
(
1
)
)

q
2
(
1
+
o
(
1
)
)
c
q
+

c
X
3
3
1
q
5
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
3
1
1
q
6
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
1
a
′
2
q
(
1
+
o
(
1
)
)
q
5
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
1
b
′
X
2
a
′
X
2
b
′
X
1
a
2
q
(
1
+
o
(
1
)
)
q
6
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
1
b
X
2
a
X
2
b
X
1
q
2
(
1
+
o
(
1
)
)
q
6
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
2
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
m
q
2
(
1
+
o
(
1
)
)
m
q
3
(
1
+
o
(
1
)
)
m
q
(
1
+
o
(
1
)
)
c
X
2
X
a
X
b
X
3
X
6
T
ab
le
19
.1
:
A
b
b
re
v
ia
te
d
ch
ar
ac
te
r
ta
b
le
of
G
=
G
2
(q
),
q
=
p
n
,
p
>
3
364
The finite simple groups G2(q) and triangle groups
19.3 An asymptotic formula for |Hom(T,G2(q))|, q = pn, p > 3
Let G = G2(q) where q = p
n for some prime number p > 3 and some positive integer n.
We give an asymptotic formula for |Hom(Tp1,p2,p3 , G)|, provided (p1, p2, p3) 6= (2, 5, 5).
Proposition 19.3.1. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) 6= (2, 5, 5) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose
that lcm(p1, p2, p3) divides the order of G. Then
(i) If (p1, p2, p3) 6= (5, 5, 5) or p = 5, then
(a)
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G of order pi, and o(1) denotes
a quantity that tends to 0 as q tends to infinity.
(b) Equivalently, letting
ci =

# conjugacy classes of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p
we have
|Hom(T,G)| =

c1c2c3q
16(1 + o(1)) if p1 = 2, p2 ∈ {3, 5}, p3 > 5
or p1 ≥ 3 and p3 ≤ 5.
c1c2c3q
18(1 + o(1)) if p1 = 2 and p2 > 5,
or p1, p2 ∈ {3, 5} and p3 > 5.
c1c2c3q
20(1 + o(1)) if p1 ∈ {3, 5} and p2 > 5.
c1c2c3q
22(1 + o(1)) if p1 > 5.
(ii) If (p1, p2, p3) = (5, 5, 5) and p 6= 5 then
|Hom(T,G)| = 72q16(1 + o(1)).
Proof. We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,G)|. Let Ci (i =
1, 2, 3) be any conjugacy class of maximal dimension whose elements have order pi. Let
gi be the corresponding class representative. Let κ be the number of pairs (h1, h2) with
hi ∈ Ci such that (h1h2)−1 ∈ C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Also, let C ′i (i = 1, 2, 3) be any conjugacy class whose elements have order dividing pi
satisfying ∑
dim C ′i <
∑
dim Ci.
Let g′i be the corresponding class representative. Let κ′ be the number of pairs (h′1, h′2)
with h′i ∈ C ′i such that (h′1h′2)−1 ∈ C ′3. Then by Lemma 2.4
κ′ =
|C ′1||C ′2||C ′3|
|G|
∑
χ∈Irr(G)
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
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(i) Suppose first that (p1, p2, p3) 6= (5, 5, 5), and that p 6= 5 if (p1, p2, p3) = (3, 5, 5).
It follows from Table 19.1 that the trivial character is the dominant term in S. That is,
S = (1 + o(1)).
Using Table 19.1, it is easy to check that
κ′
κ
→ 0 as q →∞.
The result follows.
Suppose now that (p1, p2, p3) = (3, 5, 5) and that p = 5. Then by Table 19.1
κ =

(1/18) ∙ q16(1 + o(1)) if {g2, g3} = {u3}
(1/2) ∙ q16(1 + o(1)) if {g2, g3} = {u4}
(2/9) ∙ q16(1 + o(1)) if {g2, g3} = {u5}
(1/9) ∙ q16(1 + o(1)) if {g2, g3} = {u3, u5}.
For these asymptotic values of κ, we have
κ′
κ
→ 0 as q →∞.
For any other pair (g2, g3) of representatives, there is a constant A such that κ ≤ Aq15.
The result follows.
Suppose that (p1, p2, p3) = (5, 5, 5) and that p = 5. Then by Table 19.1
κ =

(1/18) ∙ q16(1 + o(1)) if {g1, g2, g3} = {u3}
(1/2) ∙ q16(1 + o(1)) if {g1, g2, g3} = {u4}
(1/9) ∙ q16(1 + o(1)) if {g1, g2, g3} = {u5}
(1/9) ∙ q16(1 + o(1)) if {g1, g2, g3} = {u3, u5} and two of the gi are u5.
For these asymptotic values of κ, we have
κ′
κ
→ 0 as q →∞.
For any other triple (g1, g2, g3) of representatives, there is a constant A such that κ ≤ Aq15.
The result follows.
(ii) Suppose that (p1, p2, p3) = (5, 5, 5) and p 6= 5. Without loss of generality, we can
assume that q ≡ 1 mod 5. Indeed, if q ≡ −1 mod 5, we can repeat a similar argument
to the one given below. We know that G has four conjugacy classes of elements of order
5, two of them are of type h1a, and the other two of type h1b. These classes have same
dimension. Using Table 19.1, we get
κ =
{
2q16(1 + o(1)) if g1, g2, g3 are all of type h1b
q16(1 + o(1)) otherwise.
Also
κ′
κ
→ 0 as q →∞.
The result follows.
19.4 The maximal subgroups of G2(q), q = p
n, p > 3
Let G = G2(q), where q = p
n for some prime number p > 3 and some positive integer n.
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 such that lcm(p1, p2, p3)
366
The finite simple groups G2(q) and triangle groups
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
We inspect the maximal subgroups of G and justify the fact that we can neglect them,
provided that
(p1, p2, p3) 6∈ {(2, 5, 5), (3, 3, 5), (3, 5, 5), (5, 5, 5)}.
The list of maximal subgroups of G is given in [27].
Proposition 19.4.1. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Then a maximal subgroup of G is conjugate to one of the following
subgroups:
(i) Pa = [q
5] : GL2(q), a short parabolic subgroup.
(ii) Pb = [q
5] : GL2(q), a long parabolic subgroup.
(iii) M1 = (SL2(q) ◦ SL2(q)) ∙ 2.
(iv) M2 = SL3(q) : 2.
(v) M3 = SU3(q) : 2.
(vi) M4 = PGL2(q), if p ≥ 7 and q ≥ 11.
(vii) M5 ∈ {23 ∙ L3(2), L2(8), L2(13), G2(2), J1}.
(viii) G0 = G2(q0), q = q
α
0 , α prime.
19.4.1 The maximal parabolic subgroups
We give a series of upper bounds for |Hom(T, Pa)| and |Hom(T, Pb)|. It will follow that
we can neglect the maximal parabolic subgroups provided that
(p1, p2, p3) 6∈ {(2, 5, 5), (3, 3, 5), (3, 5, 5), (5, 5, 5)}.
We first treat the case where p1 > 5, or p1 > 2 and p2 > 5.
Proposition 19.4.2. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3
such that lcm(p1, p2, p3) divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, let M = [q5] : GL2(q). Then
(i)
|Hom(T,M)| ≤ Aq13(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii) If p1 > 5, or p1 > 2 and p2 > 5 then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let Q = [q5] and let π be the canonical map
π :M −→ M
Q
.
Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/Q.
367
The finite simple groups G2(q) and triangle groups
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/Q ∼= GL2(q).
We have Im ψ ≤ GL2(q). By Proposition 3.8.15 there is a constant A = A(p1, p2, p3)
such that
|Hom(T,GL2(q))| ≤ Aq3(1 + o(1)).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in GL2(q). There are at most Aq
3(1+o(1))
choices for the pair (gx, gy). Finally, say that φ(x) = qxgx and φ(y) = qygy for some qx, qy
in Q. Since |Q| = q5 there are at most q10 choices for the pair (qx, qy). It follows that
|Hom(T,M)| ≤ Aq13(1 + o(1)).
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose that p1 > 5, or p1 > 2 and p2 > 5. Then
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ∈ {20, 22}. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
18(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
We now treat the case where p1 = 2 and p2 6= p3.
Proposition 19.4.3. Let G = G2(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 = 2 < p2 < p3
such that p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
Finally, let M = [q5] : GL2(q). Then
(i)
|Hom(T,M)| ≤ q10.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let Q = [q5] and let π be the canonical map
π :M −→ M
Q
.
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Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/Q ∼= GL2(q).
We have Im ψ ≤ GL2(q). Since GL2(q) = SL2(q) ∙ Zq−1 and p1, p2, p3 are all distinct,
it follows that Im ψ ≤ SL2(q). Because the unique element of order 2 of SL2(q) is central
and p2 6= p3, it follows that |Hom(T, SL2(q))| = 1. Hence ψ is trivial. Therefore Im φ ≤ Q.
There are less than q5 choices for φ(x) (respectively, φ(y)). We then have
|Hom(T,M)| ≤ q10.
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Also
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ∈ {16, 18}. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ q
15(1 + o(1))
c1c2c3q16(1 + o(1))
.
The result follows.
To treat the cases covered in Theorem 19.1, we finally have to consider the cases
p1 = 2, p2 = p3 > 5 and p1, p2 ∈ {3, 5}, p3 > 5. For this matter, we use some results on
the structure of parabolic subgroups of groups of Lie type (see [3]). Write
Pa = Qa ∙ La and Pb = Qb ∙ Lb
where Qa (respectively, Qb) is the unipotent radical of order q
5 and La (respectively, Lb) is
the Levi factor. Then Qa has a composition series that is La-invariant and whose factors
are FqLa-modules. A similar statement holds for Qb. The key point for us is that some of
the factors of the series have the structure of a trivial module.
Lemma 19.4.4. Let G = G2(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let Pa = Qa ∙ La and Pb = Qb ∙ Lb be, respectively, a short and a long
maximal parabolic subgroup of G. Then
(i) The unipotent radical Qa has the following La-invariant composition series
1 = Qa,0 CQa,1 CQa,2 = Qa
where the factors are FqLa-modules.
(a) The factor
Qa,2
Qa,1
is a four-dimensional module.
(b) The factor
Qa,1
Qa,0
is a one-dimensional trivial module.
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(c) The centre of Qa is Qa,1.
(ii) The unipotent radical Qb has the following Lb-invariant composition series
1 = Qb,0 CQb,1 CQb,2 CQb,3 = Qb
where the factors are FqLb-modules.
(a) The factors
Qb,3
Qb,2
,
Qb,1
Qb,0
are two-dimensional modules.
(b) The factor
Qb,2
Qb,1
is a one-dimensional trivial module.
(c) The centre of Qb is Qb,2.
Proof. No proof given.
By applying the previous lemma together with the following result, we get a good
enough upper bound for |Hom(Tp1,p2,p3 ,M)| where M is a maximal parabolic subgroup of
G.
Lemma 19.4.5. Let H = Q ∙ L be a finite group, where 1 C Q0 C Q is a L-invariant
composition series for Q. Assume that Q0 ≤ Z(Q). Let u be any prime number dividing
the order of L. Let l ∈ L be an element of order dividing u. Let k be the number of
elements g ∈ Q such that (gl)u = 1. Also, let k1 be the number of elements g ∈ Q0 such
that (gl)u = 1. Finally, let k2 be the number of elements g ∈ Q/Q0 such that (gl)u = 1.
Then
k ≤ k1k2.
Proof. Set Q = Q/Q0, and for g ∈ Q let g = Q0g. Let
S = {g ∈ Q : (gl)u = 1}
and
S =
{
g ∈ Q : (gl)u = 1} .
We need to show that |S| ≤ |S| ∙ |S ∩Q0|.
The set S is generally not a group. However note that if h ∈ S ∩Q0 and g ∈ S, then
hg and gh belong to S. Indeed,
(hgl)u = hg(lhgl−1) . . . (lu−1hgl−(u−1))
= hg(lhl−1)(lgl−1) . . . (lu−1hl−(u−1))(lu−1gl−(u−1))
= (hl)u(gl)u
= 1.
We get from the second equality to the third equality by using the fact that Q0 is L-
invariant and Q0 ≤ Z(Q). Hence hg belongs to S. Similarly, gh belongs to S.
Write
S =
r⋃
i=1
(Q0 ∩ S)si
as a disjoint union of cosets (si ∈ S). We claim that for any i 6= j, sis−1j does not belong
to Q0. Clearly, sis
−1
j 6∈ Q0 ∩ S. Suppose for a contradiction that sis−1j ∈ Q0. Then
si = hsj for some h ∈ Q0. It follows that (hsj l)u = 1. Now
(hsj l)
u = hsj(lhsj l
−1) . . . (lu−1hsj l−(u−1))
= hsj(lhl
−1)(lsj l−1) . . . (lu−1hl−(u−1))(lu−1sj l−(u−1))
= (hl)u(sj l)
u
= (hl)u.
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We get from the second equality to the third equality by using the fact that Q0 is L-
invariant and Q0 ≤ Z(Q). It follows that (hl)u = 1. That is, sis−1j ∈ Q0 ∩ S. We have
the required contradiction proving the claim.
It follows that
Q0S =
r⋃
i=1
Q0si
as a disjoint union of cosets. Let
A = {Q0s1, . . . Q0sr}.
Then
|A| = r = |S||Q0 ∩ S| .
To complete the proof, it suffices to check that |A| ≤ |S|. We do this by showing that
A ⊂ S. Without loss of generality, let us check that Q0s1 belongs to S. Now
(s1l)
u ∈ (Q0s1l)u.
But (s1l)
u = 1. It follows that
(Q0s1l)
u = Q0
as required.
We are now ready to give a good enough upper bound for |Hom(Tp1,p2,p3 ,M)| where
M is a maximal parabolic subgroup of G.
Proposition 19.4.6. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes such that p1 6= p
and lcm(p1, p2, p3) divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Suppose that M ∈ {Pa, Pb}, so that M is a maximal parabolic subgroup of G. Then
(i)
|Hom(T,M)| ≤ Aq12(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii) If p1 = 2 and p2, p3 are greater than 5, or p1, p2, p3 are all odd and not all less than
7, then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉
and
M = Q ∙ L
where Q = [q5] and L = GL2(q). Let π be the canonical map
π :M −→ M
Q
.
Let φ be any element of Hom(T,M) and let ψ = π ◦ φ so that
ψ : T −→M/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that M/Q ∼= GL2(q).
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We have Im ψ ≤ GL2(q). By Proposition 3.8.15 there is a constant A = A(p1, p2, p3)
such that
|Hom(T,GL2(q))| ≤ Aq3(1 + o(1)).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in GL2(q). There are at most Aq
3(1+o(1))
choices for the pair (gx, gy). Finally, say that φ(x) = qxgx and φ(y) = qygy for some qx, qy
in Q. By Lemma 19.4.4, Q has an L-invariant composition series whose factors are L-
modules, one of the factors being the trivial one-dimensional module. Since p1 6= p, using
Lemma 19.4.5, we get that there are at most q4 choices for qx. Since |Q| = q5 there are
at most q5 choices for qy. It follows that
|Hom(T,M)| ≤ Aq12(1 + o(1)).
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose that p1 = 2 and p2, p3 are greater than 5, or p1, p2, p3 are all odd and not all less
than 7. Then
|Hom(T,G)| ≥ c1c2c3q18(1 + o(1)).
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
17(1 + o(1))
c1c2c3q18(1 + o(1))
.
The result follows.
19.4.2 The maximal subgroup (SL2(q) ◦ SL2(q)) ∙ 2
Consider the maximal subgroup M1 = (SL2(q) ◦SL2(q)) ∙ 2 of G. We give an upper bound
for |Hom(Tp1,p2,p3 ,M1)| and check that we can in fact neglect the maximal subgroups of
G conjugate to M1, provided (p1, p2, p3) 6= (2, 5, 5).
Proposition 19.4.7. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3
such that lcm(p1, p2, p3) divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, let
M = (SL2(q) ◦ SL2(q)) ∙ 2.
Then
(i)
|Hom(T,M)| ≤ Aq6(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii) If (p1, p2, p3) 6= (2, 5, 5) then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
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Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let H = SL2(q)× SL2(q) and let N be the following normal subgroup of H:
N = {((1, 1), (1, 1)), ((−1,−1), (−1,−1)), ((1, 1), (−1,−1)), ((−1,−1), (1, 1))}.
Note that N ∼= Z2 × Z2. We have SL2(q) ◦ SL2(q) = H/N . Since none of p2, p3 are equal
to 2, it follows that Hom(T,M) = Hom(T,H/N). Let φ be any element of Hom(T,H/N).
Say
φ(x) = N(gx, hx) and φ(y) = N(gy, hy)
where (gx, hx) and (gy, hy) belong to H. Note that gx, hx have order dividing 4p1, gy, hy
have order dividing 4p2, and gxgy, hxhy have order dividing 4p3.
Let Ci (i = 1, 2, 3) be any conjugacy class of SL2(q). Let gi be the corresponding class
representative. Let κ be the number of pairs (h1, h2) with hi ∈ Ci such that (h1h2)−1 ∈ C3.
Then
κ =
|C1||C2||C3|
|SL2(q)|
∑
χ∈Irr(SL2(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Using the character table of SL2(q) given in Lemma 3.7.2, we can check that there is a
positive integer m such that κ ≤ mq3(1 + o(1)). The result follows.
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose that (p1, p2, p3) 6= (2, 5, 5). Then
|Hom(T,G)| = c1c2c3qe(1 + o(1)),
where e ≥ 16. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ cq
14(1 + o(1))
c1c2c3qe(1 + o(1))
for some positive constant c. The result follows.
19.4.3 The maximal subgroups SL3(q) : 2 and SU3(q) : 2
Consider the maximal subgroups M2 = SL3(q) : 2 and M3 = SU3(q) : 2 of G. We give an
upper bound for |Hom(Tp1,p2,p3 ,M2)| (respectively, |Hom(Tp1,p2,p3 ,M3)|) and check that
we can in fact neglect the maximal subgroups of G conjugate to M2 or M3, provided that
(p1, p2, p3) 6∈ {(2, 5, 5), (3, 3, 5), (3, 5, 5), (5, 5, 5)}.
Proposition 19.4.8. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3
such that lcm(p1, p2, p3) divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, let
M ∈ {SL3(q) : 2, SU3(q) : 2}.
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Then
(i)
|Hom(T,M)| ≤
{
Aq8(1 + o(1)) if p1 = 2
Aq10(1 + o(1)) if p1 6= 2
where A = A(p1, p2, p3) is a constant.
(ii) If (p1, p2, p3) 6∈ {(2, 5, 5), (3, 3, 5), (3, 5, 5), (5, 5, 5)} then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We treat the case where M = SL3(q) : 2, for the other case we can repeat a similar
argument.
(i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Since p2, p3 are odd, it follows that Hom(T,M) = Hom(T, SL3(q)). We know that there
is a positive integer m such that
|Hom(T,L3(q))| ≤
{
mq8(1 + o(1)) if p1 = 2
mq10(1 + o(1)) if p1 6= 2.
The result follows.
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose that (p1, p2, p3) 6∈ {(2, 5, 5), (3, 3, 5), (3, 5, 5), (5, 5, 5)}. Then
|Hom(T,G)| = c1c2c3qe(1 + o(1)),
where
e ≥
{
16 if p1 = 2
18 if p1 6= 2.
Let
f =
{
8 if p1 = 2
10 if p1 6= 2.
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
6+f (1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
19.4.4 The maximal subgroup PGL2(q)
Consider the maximal subgroup M4 = PGL2(q) of G. We give an upper bound for
|Hom(Tp1,p2,p3 ,M4)| and check that we can in fact neglect the maximal subgroups of G
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conjugate to M4 provided that (p1, p2, p3) 6= (2, 5, 5).
Proposition 19.4.9. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3
such that lcm(p1, p2, p3) divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic
triangle group. Finally, let
M = PGL2(q).
Then
(i)
|Hom(T,M)| = Aq3(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii) If (p1, p2, p3) 6= (2, 5, 5) then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Since p2, p3 are odd, it follows that Hom(T,PGL2(q)) = Hom(T,L2(q)). We know that
there is a positive integer A = A(p1, p2, p3) such that
|Hom(T,L2(q))| = Aq3(1 + o(1)).
The result follows.
(ii) Let
ci =

# conjugacy classes of G of maximal dimension if pi 6= p
whose elements have order pi
1 if pi = p.
We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Suppose that (p1, p2, p3) 6= (2, 5, 5). Then
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 16. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
14(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
19.4.5 The maximal subgroups G2(q0), q = q
α
0 , α prime
Let q0 be such that q is a prime power of q0. We check that we can neglect subgroups of
G conjugate to G2(q0).
Proposition 19.4.10. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤
375
The finite simple groups G2(q) and triangle groups
p3, and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that
lcm(p1, p2, p3) divides |G|. If (p1, p2, p3) 6= (2, 5, 5), then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T,G2(q0)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. Let
e =

16 if p1 = 2, p2 ∈ {3, 5}, p3 > 5,
or p1 ≥ 3 and p3 ≤ 5.
18 if p1 = 2 and p2 > 5,
or p1, p2 ∈ {3, 5} and p3 > 5.
20 if p1 ∈ {3, 5} and p2 > 5.
22 if p1 > 5.
We have
|Hom(T,G2(q))| = Aqe(1 + o(1))
for some constant A. Fix q0. Say q = q
α
0 , for some prime number α. We can find a
constant B not depending on q0 such that
|Hom(T,G2(q0))| ≤ Bq eα (1 + o(1)).
Hence
|
⋃
g∈G
Hom(T,G2(q0)
g)| ≤ [G : G2(q 1α )]|Hom(T,G2(q 1α ))|
≤ q14(1−1/α) ∙Bq eα (1 + o(1))
= Bq
1
α (e−14)+14(1 + o(1))
≤ Bq 12 (e−14)+14(1 + o(1)).
Now there are less than ln(q) such q0. Hence
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T,G2(q0)
g)
∣∣∣∣∣∣
≤ Bln(q)q
1
2 (e−14)(1 + o(1))
Aqe−14(1 + o(1))
=
Bln(q)(1 + o(1))
Aq
1
2 (e−14)(1 + o(1))
.
The result follows.
19.4.6 Some small subgroups
If M is a maximal subgroup of G such that |M | ≤ 175560 = |J1|, then we can neglect the
maximal subgroups of G conjugate to M , provided that (p1, p2, p3) 6= (2, 5, 5). Indeed,
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Also,
[G :M ]|Hom(T,M)|
|Hom(T,G)| ≤
(|G||M |−1) ∙ |M |2
|Hom(T,G)|
≤ 175560 |G||Hom(T,G)| .
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If (p1, p2, p3) 6= (2, 5, 5) and lcm(p1, p2, p3) divides the order of G, then
|G|
|Hom(T,G)| → 0 as q →∞.
The result follows.
19.5 A closer look at the maximal parabolic subgroups
Let G = G2(q), where q = p
n for some prime number p and some positive integer n.
Let Pa (respectively, Pb) be a maximal short (respectively, long) parabolic subgroup of
G. Finally let (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)} and set T = Tp1,p2,p3 to be the
corresponding triangle group. In order to prove Theorem 19.2, we need to study in more
detail the size of Hom(T, Pa) and Hom(T, Pb), when p > 5. We can use the character
table of Pa (see [1]) to give an asymptotic formula for |Hom(T, Pa)|. Unfortunately, some
characters of the character table of Pb are not explicitly given in [1]. We are therefore
not able to give an asymptotic formula for |Hom(T, Pb)|. However we give an asymptotic
upper bound for |Hom(T, Pb)|, by computing the size of Hom(T,GL2(q)), asymptotically.
This is because Pb = [q
5] : GL2(q). We prove the following result.
Proposition 19.5.1. Let G = G2(q), where q = p
n for some prime number p > 3
and some positive integer n. Let Pa (respectively, Pb) denote a short (respectively, long)
maximal parabolic subgroup of G. Let (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}, and let
T = Tp1,p2,p3 be the corresponding triangle group. Suppose that 5 divides |G|. Then
(i) If (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5)} then there is a constant A such that
|Hom(T, Pa)| ≤ Aq10.
(ii) If (p1, p2, p3) = (5, 5, 5) then
|Hom(T, Pa)| =
{
q11(1 + o(1)) if p = 5
12q11(1 + o(1)) if q ≡ 1 mod 5.
If q ≡ −1 mod 5 then there is a constant A such that
|Hom(T, Pa)| ≤ Aq10.
(iii) If (p1, p2, p3) = (3, 3, 5) and p 6= 5 then
|Hom(T, Pb)| ≤
{
6q11(1 + o(1)) if q ≡ 1 mod 3
2q11(1 + o(1)) if q ≡ −1 mod 3.
(iv) If (p1, p2, p3) = (3, 5, 5) then
|Hom(T, Pb)| ≤
{
20q11(1 + o(1)) if q ≡ 1 mod 5
4q11(1 + o(1)) if q ≡ −1 mod 5.
(v) If (p1, p2, p3) = (5, 5, 5) then
|Hom(T, Pb)| ≤
{
350q11(1 + o(1)) if q ≡ 1 mod 5
2q11(1 + o(1)) if q ≡ −1 mod 5.
The proof of (i), (ii) can be done using the character table of Pa given in [1]. It is an
easy check. To prove the other parts of the proposition concerning the long parabolic sub-
group Pb, we need the asymptotic estimate for |Hom(T,GL2(q))| given in Proposition 3.8.5.
377
The finite simple groups G2(q) and triangle groups
Proof of Proposition 19.5.1. (i) This is easily checked using the character table of Pa given
in [1].
(ii) We use the character table of Pa given in [1]. Suppose first that p = 5. Now
Pa has two unipotent classes of elements of order 5 of maximal dimension, labelled A62
and A63. We have |A62| = (1/2) ∙ q6(1 + o(1)) and |A63| = (1/2) ∙ q6(1 + o(1)). Let
C1, C2, C3 ∈ {A62, A63}. Let κ be the number of pairs (g1, g2) in C1 × C2 such that
(g1g2)
−1 ∈ C3, and let g3 be a representative of C3. Then
κ =
|C1||C2||C3|
|Pa|
∑
χ∈Irr(Pa)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(Pa)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Then using the character table of Pa, we get S = q
2(1 + o(1)). The contribution comes
from the characters of type χ5. Also the contribution from a triple of classes (C
′
1, C
′
2, C
′
3)
of Pa, where C
′
i consists of elements of order dividing 5 and where at least one of C
′
1, C
′
2, C
′
3
is not of maximal dimension, can be neglected. The result follows.
Suppose now that q ≡ 1 mod 5. The important classes of elements of order 5 in Pa to
consider are the classes of type C21(j). There are 4 classes of elements of order 5 of that
type, namely C21(j), where j = j1(q − 1)/5 for some integer j1 satisfying 1 ≤ j1 ≤ 4. Let
j =
(q − 1)j1
5
, k =
(q − 1)k1
5
, l =
(q − 1)l1
5
where 1 ≤ j1, k1, l1 ≤ 4. Let g1, g2, g3 be class representatives of C1 = C21(j), C2 =
C21(k), C3 = C21(l), respectively. We have |Ci| = q6(1 + o(1)). Let κ be the number of
pairs (h1, h2) with hi ∈ Ci such that (h1h2)−1 ∈ C3. Then
κ =
|C1||C2||C3|
|Pa|
∑
χ∈Irr(Pa)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(Pa)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Then using the character table of Pa, we can check that S is of the following form:
S = 1 +Aq(1 + o(1)) + q
q−1∑
m=1
mjmkml(1 + o(1))
where  is a (q−1)th root of unity, and A is some constant. It follows that S = q2(1+o(1))
if and only if j1 + k1 + l1 ≡ 0 mod 5. Otherwise, there is a constant B such that
S ≤ Bq(1 + o(1)). Finally, there are 12 triples (j1; k1; l1) satisfying j1 + k1 + l1 ≡ 0
mod 5. The contribution from other triples of classes of Pa whose elements have order
dividing 5 can be neglected. The result follows.
Finally, suppose that q ≡ −1 mod 5. Then an easy check gives that |Hom(T, Pa)| ≤
Aq10 for some constant A.
(iii), (iv), (v) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pb). Write Pb = Qb ∙ Lb, where Qb is the unipotent
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radical of Pb of order q
5, and Lb ∼= GL2(q) is the Levi factor. Let π : Pb −→ Pb/Qb be the
canonical map, and let ψ = π ◦ φ so that ψ : T −→ Pb/Qb ∼= GL2(q). Write ψ(x) = Qbgx
and ψ(y) = Qbgy for some gx, gy belonging to GL2(q). There are |Hom(T,GL2(q))| choices
for the pair (gx, gy). Write φ(x) = qxgx, φ(y) = qygy where qx, qy belong to Qb. Since
p1, p2 are not equal to p, by Lemmas 19.4.4 and 19.4.5, there are at most q
4 choices for
qx, and at most q
4 choices for qy. It follows that
|Hom(T, Pb)| ≤ q8|Hom(T,GL2(q))|.
The result now follows from Proposition 3.8.5.
19.6 A closer look at the maximal subgroups SL3(q) : 2 and SU3(q) :
2
We give the following result that will be used in the proof of Theorem 19.2.
Proposition 19.6.1. Let G = G2(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let M2 = SL3(q) : 2 and M3 = SU3(q) : 3. Let (p1, p2, p3) ∈
{(3, 3, 5), (3, 5, 5), (5, 5, 5)}, and let T = Tp1,p2,p3 be the corresponding triangle group. Sup-
pose that 5 divides the order of M2 and M3. Then
(i)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg2 )
∣∣∣∣∣∣ = [G :M2]|Hom(T,M2)||Hom(T,G)| ∙ (1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg3 )
∣∣∣∣∣∣ = [G :M3]|Hom(T,M3)||Hom(T,G)| ∙ (1 + o(1)).
Proof. (i) It is clear that Hom(T,M2) = Hom(T, SL3(q)). Let φ be a randomly chosen
homomorphism in Hom(T, SL3(q)). Let π : SL3(q) −→ L3(q) be the canonical map. Then
π ◦ φ belongs to Hom(T,L3(q)). From Theorem 5.1 we have
lim
q→∞Prob(π ◦ φ is an epimorphism) = 1.
It follows that
lim
q→∞Prob(φ is an epimorphism) = 1.
Therefore ∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg2 )
∣∣∣∣∣∣ = [G :M2]|Hom(T,M2)| ∙ (1 + o(1)).
(ii) Repeat a similar proof.
To be able to use the above proposition, we need to compute |Hom(T, SL±3 (q))|, where
T = Tp1,p2,p3 and (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}.
Proposition 19.6.2. Let q = pn where p > 3 is a prime number and n is a positive integer.
Let (p1, p2, p3) ∈ {(3, 3, 5), (3, 5, 5), (5, 5, 5)}, and let T = Tp1,p2,p3 be the corresponding
hyperbolic triangle group. Suppose that p = 5, or q has order 1 or 2 modulo 5. Then
(i) If (p1, p2, p3) = (3, 3, 5), then asymptotically
|Hom(T, SL3(q))| = |Hom(T, SU3(q))| =
{
q10(1 + o(1)) if p = 5
2q10(1 + o(1)) otherwise.
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(ii) If (p1, p2, p3) = (3, 5, 5), then asymptotically
|Hom(T, SL3(q))| = |Hom(T, SU3(q))| =
{
q10(1 + o(1)) if p = 5
4q10(1 + o(1)) otherwise.
(iii) If (p1, p2, p3) = (5, 5, 5), then asymptotically
|Hom(T, SL3(q))| = |Hom(T, SU3(q))| =
{
q10(1 + o(1)) if p = 5
8q10(1 + o(1)) otherwise.
Proof. This follows easily from the character table of SL3(q) and SU3(q), given in [45].
We give an outline of the proof for SL3(q). For SU3(q), we can repeat a similar proof.
There is one class of regular elements of order 3 in SL3(q). If p = 5 and n is odd, there
is a single class of regular elements of order 5. If p = 5 and n is even, there are 3 classes
of regular elements of order 5 in SL3(q), namely C
(0,0)
3 , C
(0,1)
3 , C
(0,2)
3 . If p 6= 5, there are
2 classes of regular elements of order 5 in SL3(q). Finally, if C is a regular class whose
elements have prime order, then
|C| =
{
(1/3) ∙ q6(1 + o(1)) if C ∈ {C(0,0)3 , C(0,1)3 , C(0,2)3 }
q6(1 + o(1)) otherwise.
Let Ci (i = 1, 2, 3) be any regular class of SL3(q) whose elements have order pi. Let
gi be the corresponding class representative. Let κ be the number of pairs (h1, h2) with
hi ∈ Ci such that (h1h2)−1 ∈ C3. Then
κ =
|C1||C2||C3|
|SL3(q)|
∑
χ∈Irr(SL3(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(SL3(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
If p 6= 5 or (p1, p2, p3) 6= (5, 5, 5) or n is odd, then S = (1 + o(1)). Also the contribu-
tion from a triple of classes (C ′1, C ′2, C ′3) of SL3(q), where C ′i consists of elements of order
dividing pi and where at least one of C
′
1, C
′
2, C
′
3 is not a regular class, can be neglected.
The result follows.
If p = 5, n is even, and (p1, p2, p3) = (5, 5, 5), then
S =

3 + o(1) if C1 = C2 = C3
or C1, C2, C3 are all distinct
o(1) otherwise.
Also the contribution from a triple of classes (C ′1, C ′2, C ′3) of SL3(q), where C ′i consists of
elements of order dividing pi and where at least one of C
′
1, C
′
2, C
′
3 is not a regular class,
can be neglected. The result follows.
19.7 The proof of Theorem 19.1
We can now prove Theorem 19.1.
Proof. (i) We start with some explanatory remarks. The dimension of the simple algebraic
group G2(Fp) from which the finite group G arises is equal to 14. Equivalently, dim G2(Fp)
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is equal to the degree of the order of G seen as a polynomial in q. For an element g in G
dim CG2(Fp)(g)
is equal to the degree of |CG(g)| seen as a polynomial in q. Also we have
dim gG2(Fp) = codim CG2(Fp)(g).
Now for a prime number u dividing the order of G, let δu be the maximal dimension of a
conjugacy class of G of elements of order u. It follows from the character table of G given
in [4] that
δu =

8 if u = 2
10 if u ∈ {3, 5}
12 if u > 5.
It follows that a given hyperbolic triple (p1, p2, p3) of primes for which lcm(p1, p2, p3) di-
vides |G| is rigid in G if and only if (p1, p2, p3) = (2, 5, 5). It is nonrigid in G otherwise.
Finally the triple (2, 5, 5) remains rigid in G2(Fp) (see Proposition 21.1).
(ii) This follows from Proposition 19.3.1.
(iii) This follows from the results given in §19.4 where we examine the maximal sub-
groups of G.
19.8 The proof of Theorem 19.2
We can now prove Theorem 19.2.
Proof. By §19.4 we can asymptotically neglect the subgroups of G that are not conjugate
to the maximal parabolic subgroups, M2 = SL3(q) : 2 nor M3 = SU3(q) : 2.
Suppose that p = 5, then by Theorem 19.1, we have
|Hom(T,G)| = q16(1 + o(1)).
Now Propositions 19.6.1 and 19.6.2 yield∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg2 ) ∪Hom(T,Mg3 )
∣∣∣∣∣∣ = q16(1 + o(1)).
It follows that the probability that a randomly chosen homomorphism in Hom(T,G) is an
epimorphism tends to 0 as |G| → ∞.
Suppose now that p 6= 5. Then by Theorem 19.1, we have
|Hom(T,G)| =

4q16(1 + o(1)) if (p1, p2, p3) = (3, 3, 5)
16q16(1 + o(1)) if (p1, p2, p3) = (3, 5, 5)
72q16(1 + o(1)) if (p1, p2, p3) = (5, 5, 5).
The result now follows from Proposition 19.5.1 where we study the maximal parabolic
subgroups in more detail, and from Propositions 19.6.1 and 19.6.2 where we study the
groups M2 and M3 in more detail.
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Chapter 20 The Steinberg triality groups
3D4(q) and triangle groups
20.1 Introduction
We now turn to the finite simple Steinberg triality groups. Let G = 3D4(q) where q = p
n
for some prime number p and some positive integer n. Note that G is a finite simple group
of Lie type of rank 2 of order
|G| = q12(q6 − 1)2(q4 − q2 + 1).
We prove the following result.
Theorem 20.1. Let G = 3D4(q) where q = p
n for some prime number p and some
positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3 and let
T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that lcm(p1, p2, p3)
divides the order of G. Then
(i) The triple (p1, p2, p3) is nonrigid.
(ii) Suppose that p > 3 and p1 < p2 < p3. Then
(a) We have
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G of order pi, and o(1) denotes
a quantity that tends to 0 as q tends to infinity.
(b) Let φ ∈ Hom(T,G) be randomly chosen. Then
i. If {p1, p2} 6= {2, 3}, then
lim
q→∞Prob(φ is an epimorphism) = 1.
ii. If {p1, p2} = {2, 3}, then
lim
q→∞Prob(φ is an epimorphism) =

1 if the order of q modulo p3 is 12.
1/2 if p = p3,
or the order of q modulo p3 is 1 or 2.
p3−5
p3−3 if the order of q modulo p3 is 3 or 6.
There are some known results on finite simple Steinberg triality groups and Hurwitz
groups. Malle proved in [39] that 3D4(q), q = p
n, is a (2, 3, 7)-group if and only if p 6= 3,
q 6= 4.
The strategy to prove the theorem goes as follows. We use the character table of the
finite simple Steinberg triality groups to get the dominant term in |Hom(T,G)|. We then
use the classification of the maximal subgroups of G and justify the fact that we can
neglect the subgroups of G, unless {p1, p2} = {2, 3}. In the latter case, the subgroups
that we have to take into account are those conjugate to G2(q). By saying that we can
asymptotically neglect subgroups of G isomorphic to a given subgroup M , we mean that
|Hom(T,G)|−1 ∙ |
⋃
H∼=M
Hom(T,H)| → 0 as q →∞.
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Finally, the fact that every hyperbolic triple of primes is nonrigid in G follows from the
description of the conjugacy classes of G.
The character table of 3D4(q) is given in [12], whereas the maximal subgroups of
3D4(q)
are given in [26].
20.2 The character table of 3D4(q), q = p
n, p > 3
Let G = 3D4(q) where q = p
n for some prime number p > 3 and some positive integer
n. We get an asymptotic formula for |Hom(Tp1,p2,p3 , G)|, provided p1 < p2 < p3, by using
the character table of G. The latter is given in [12]. It is also very helpful to use CHEVIE
(see [18]) to get information about the values of certain characters on a given conjugacy
class.
We begin by describing the conjugacy classes of G whose elements have prime order.
We use the notation given in [12].
Lemma 20.2.1. Let G = 3D4(p
n) where p > 3 is a prime number and n is a positive
integer. Let u ≥ 2 be a prime number dividing the order of G. Then
(i) Suppose u = 2. There is a single conjugacy class of involutions. The class represen-
tative is s2.
(ii) Suppose u = 3. There are two conjugacy classes whose elements have order 3. They
have the same dimension. Suppose that q has order 1 (respectively, 2) modulo 3.
(a) There is a single class of elements of order 3 whose class representative is of
type s3 (respectively, s7).
(b) There is a single class of elements of order 3 whose class representative is of
type s4 (respectively, s9).
(iii) Suppose u = 5.
(a) If p = 5 there are 5 classes whose elements have order 5 with representatives
u1, u2, u3, u4, u5. The class of maximal dimension is represented by u5.
(b) If q has order 1 (respectively, 2) modulo 5, there are four classes whose elements
have order 5.
i. There are two classes of elements of order 5 whose class representatives are
of type s3 (respectively, s7).
ii. There are two classes of elements of order 5 whose class representatives are
of type s5 (respectively, s10). These are the classes of maximal dimension.
(iv) Suppose u ≥ 7.
(a) If p = u there are 6 classes whose elements have order u with representatives
u1, u2, u3, u4, u5, u6. The class of maximal dimension is represented by u6.
(b) If q has order 1 (respectively, 2) modulo u, there are
(u− 1) + (u− 1)(u− 5)
12
classes whose elements have order u.
i. There are (u− 1)/2 classes of elements of order u whose class representa-
tives are of type s3 (respectively, s7).
ii. There are (u− 1)/2 classes of elements of order u whose class representa-
tives are of type s5 (respectively, s10).
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iii. There are (u − 1)(u − 5)/12 classes of elements of order u whose class
representatives are of type s6 (respectively, s15). These are the classes of
maximal dimension.
(c) If q has order 3 (respectively, 6) modulo u, there are
u− 1
2
+
(u− 1)(u− 3)
24
classes whose elements have order u.
i. There are (u− 1)/2 classes of elements of order u whose class representa-
tives are of type s4 (respectively, s9).
ii. There are (u − 1)(u − 3)/24 classes of elements of order u whose class
representatives are of type s12 (respectively, s13). These are the classes of
maximal dimension.
(d) If q has order 12 modulo u, then the classes consisting of elements of order u
are regular and of type s14. There are (u− 1)/4 such classes.
Proof. This follows from the description of the conjugacy classes of G given in [12].
We now describe the characters of G. The characters of G fall into thirty three families
of characters. We give the character table of G in an abbreviated form in Table 20.1. We
denote by c any complex number satisfying |c| ≤ 24. In most cases, we do not need the
precise value of a given character χ on a given element g ∈ G, but merely an upper bound
for |χ(g)|. Whenever the letter m is used, it means that we are giving such an upper
bound. In fact, we can take m to be 24.
20.3 An asymptotic formula for |Hom(T, 3D4(q))|, q = pn, p > 3
Let G = 3D4(p
n) where p > 3 is a prime number and n is a positive integer. We give an
asymptotic formula for |Hom(Tp1,p2,p3 , G)|, provided p1, p2, p3 are all distinct.
Proposition 20.3.1. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3.
Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that p1p2p3
divides the order of G. Then
(i)
|Hom(T,G)| = (1 + o(1)) ∙ |G|−1
3∏
i=1
jpi(G)
where jpi(G) denotes the number of elements of G of order pi, and o(1) denotes a
quantity that tends to 0 as q tends to infinity.
(ii) Equivalently, letting ci be the number of conjugacy classes of G of maximal dimension
whose elements have order pi, we have
|Hom(T,G)| =

c1c2c3q
30(1 + o(1)) if p1 = 2, p2 = 3.
c1c2c3q
34(1 + o(1)) if p1 = 2, p2 = 5.
c1c2c3q
36(1 + o(1)) if p1 = 2, p2 > 5;
or p1 = 3, p2 = 5.
c1c2c3q
38(1 + o(1)) if p1 = 3, p2 > 5.
c1c2c3q
42(1 + o(1)) if p1 = 5.
c1c2c3q
44(1 + o(1)) if p1 > 5.
Proof. We use Lemma 2.5 to give an asymptotic estimate for |Hom(T,G)|. Let Ci (i =
1, 2, 3) be any conjugacy class of G of maximal dimension whose elements have order pi.
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Let gi be the corresponding class representative. Let κ be the number of pairs (h1, h2)
with hi ∈ Ci such that (h1h2)−1 ∈ C3. Then by Lemma 2.4
κ =
|C1||C2||C3|
|G|
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Let
S =
∑
χ∈Irr(G)
χ(g1)χ(g2)χ(g3)
χ(1)
.
Also, let C ′i (i = 1, 2, 3) be any conjugacy class whose elements have order dividing pi
satisfying ∑
dim C ′i <
∑
dim Ci.
Let g′i be the corresponding class representative. Let κ′ be the number of pairs (h′1, h′2)
with h′i ∈ C ′i such that (h′1h′2)−1 ∈ C ′3. Then by Lemma 2.4
κ′ =
|C ′1||C ′2||C ′3|
|G|
∑
χ∈Irr(G)
χ(g′1)χ(g′2)χ(g′3)
χ(1)
.
It follows from Table 20.1 that the trivial character is the dominant term in S. That
is, S = (1 + o(1)).
Using Table 20.1, it is easy to check that
κ′
κ
→ 0 as q →∞.
The result follows.
20.4 The maximal subgroups of 3D4(q), q = p
n, p > 3
Let G = 3D4(q), where q = p
n for some prime number p > 3 and some positive integer
n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3 such that p1p2p3
divides the order of G. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group.
We inspect the maximal subgroups of G and justify the fact that we can neglect them,
provided that {p1, p2} 6= {2, 3}. If {p1, p2} = {2, 3}, we need to take into account the
subgroups conjugate to G2(q). The list of maximal subgroups of G is given in [26].
Proposition 20.4.1. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Then a maximal subgroup of G is conjugate to one of the following
subgroups:
(i) Pa = [q
9] : (SL2(q
3) ◦ Zq−1) ∙ (2, q − 1), a short parabolic subgroup.
(ii) Pb = [q
11] : (Zq3−1 ◦ SL2(q)) ∙ (2, q − 1), a long parabolic subgroup.
(iii) M1 = G2(q).
(iv) M2 = PGL3(q), or PGU3(q).
(v) M3 = (SL2(q
3) ◦ SL2(q)) ∙ 2.
(vi) M4 = (Zq2+q+1 ◦ SL3(q)) ∙ (3, q2 + q + 1) ∙ 2.
(vii) M5 = (Zq2−q+1 ◦ SL3(q)) ∙ (3, q2 − q + 1) ∙ 2.
(viii) M6 = (Zq2+q+1)
2 ∙ SL2(3).
(ix) M7 = (Zq2−q+1)2 ∙ SL2(3).
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(x) M8 = (Zq4−q2+1) ∙ Z4.
(xi) G0 =
3D4(q0), q = q
α
0 , α 6= 3 prime.
20.4.1 The maximal short parabolic
We give a series of upper bounds for |Hom(T, Pa)|. It will follow that we can neglect the
maximal parabolic subgroups conjugate to Pa provided that p1 < p2 < p3. We first treat
the case where p1 > 2 and p2 > 5.
Proposition 20.4.2. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3
such that p1p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
(i)
|Hom(T, Pa)| ≤ Aq27(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii) If p1 > 2 and p2 > 5 then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pa). Since p1, p2, p3 are distinct, we have
Im φ ≤ P ′a = [q9] : SL2(q3).
In particular Hom(T, Pa) = Hom(T, P
′
a). Let Q = [q
9] and let π be the canonical map
π : P ′a −→
P ′a
Q
.
Finally, let ψ = π ◦ φ so that
ψ : T −→ P ′a/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that P
′
a/Q
∼= SL2(q3).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in SL2(q
3). We have Im ψ ≤ SL2(q3).
By Proposition 3.7.5 there is a constant A = A(p1, p2, p3) such that
|Hom(T, SL2(q3))| ≤ Aq9(1 + o(1)).
Therefore there are at most Aq9(1 + o(1)) choices for the pair (gx, gy). Finally, say that
φ(x) = qxgx and φ(y) = qygy for some qx, qy in Q. Since |Q| = q9 there are at most q18
choices for the pair (qx, qy). It follows that
|Hom(T, Pa)| ≤ Aq27(1 + o(1)).
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
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ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣ ≤ [G : Pa]|Hom(T, Pa)||Hom(T,G)| .
Suppose that p1 > 2 and p2 > 5. Then
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 38. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣ ≤ Aq
36(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
We now suppose that p1 = 2 and check that we can neglect the subgroups of G
conjugate to Pa.
Proposition 20.4.3. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 = 2 < p2 <
p3 such that p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
(i)
|Hom(T, Pa)| ≤ q9(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pa). Since p1, p2, p3 are distinct, we have
Im φ ≤ P ′a = [q9] : SL2(q3).
In particular Hom(T, Pa) = Hom(T, P
′
a). Let Q = [q
9] and let π be the canonical map
π : P ′a −→
P ′a
Q
.
Finally, let ψ = π ◦ φ so that
ψ : T −→ P ′a/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that P
′
a/Q
∼= SL2(q3).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in SL2(q
3). We have Im ψ ≤ SL2(q3).
Since p1 = 2 and the unique element of SL2(q
3) of order 2 is central, it follows that
|Hom(T, SL2(q3))| = 1.
Therefore (gx, gy) = (1, 1). Finally, say that φ(x) = qx and φ(y) = qy for some qx, qy in
Q. Now Q has no elements of order 2. Since |Q| = q9 there are at most q9 choices for the
pair (qx, qy). It follows that
|Hom(T, Pa)| ≤ q9(1 + o(1)).
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(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣ ≤ [G : Pa]|Hom(T, Pa)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 30. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣ ≤ Aq
18(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
It remains to check that we can neglect subgroups conjugate to Pa, when p1 = 3 and
p2 = 5. For this matter, we use some results on the structure of parabolic subgroups of
groups of Lie type (see [3]). Write
P ′a = Qa ∙ La
where Qa is the unipotent radical of order q
9 and La is the Levi factor isomorphic to
SL2(q
3). Then Qa has a composition series that is La-invariant and whose factors are La-
modules. The key point for us is that some of the factors of the series have the structure
of a trivial module.
Lemma 20.4.4. Let G = 3D4(q) where q = p
n for some prime number p > 3 and some
positive integer n. Let P ′a = Qa ∙ La be the commutator subgroup of a short maximal
parabolic subgroup of G. Then the unipotent radical Qa has the following La-invariant
composition series
1 = Qa,0 CQa,1 CQa,2 = Qa
where the factors are FqLa-modules.
(i) The factor
Qa,2
Qa,1
is an eight-dimensional module.
(ii) The factor
Qa,1
Qa,0
is a one-dimensional trivial module.
(iii) The centre of Qa is Qa,1.
Proof. No proof given.
We are now ready to give a good enough upper bound for |Hom(Tp1,p2,p3 , Pa)|.
Proposition 20.4.5. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 = 3 < p2 <
p3 such that p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
(i)
|Hom(T, Pa)| ≤ Aq26(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣→ 0 as q →∞.
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Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pa). Since p1, p2, p3 are distinct, we have
Im φ ≤ P ′a = [q9] : SL2(q3).
In particular Hom(T, Pa) = Hom(T, P
′
a). Let Qa = [q
9], La = SL2(q
3), and let π be the
canonical map
π : P ′a −→
P ′a
Qa
.
Finally, let ψ = π ◦ φ so that
ψ : T −→ P ′a/Qa.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that P
′
a/Qa
∼= La = SL2(q3).
Say ψ(x) = Qagx and ψ(y) = Qagy for some gx, gy in SL2(q
3). We have Im ψ ≤
SL2(q
3). By Proposition 3.7.5 there is a constant A = A(p1, p2, p3) such that
|Hom(T, SL2(q3))| ≤ Aq9(1 + o(1)).
Therefore there are at most Aq9(1 + o(1)) choices for the pair (gx, gy). Finally, say that
φ(x) = qxgx and φ(y) = qygy for some qx, qy in Qa. By Lemma 20.4.4, Qa has an La-
invariant composition series whose factors are La-modules, one of the factors being the
trivial one-dimensional module. Since p1 6= p, using Lemma 19.4.5, we get that there are
at most q8 choices for qx. Since |Qa| = q9 there are at most q9 choices for qy. It follows
that
|Hom(T, Pa)| ≤ Aq26(1 + o(1)).
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣ ≤ [G : Pa]|Hom(T, Pa)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 36. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P ga )
∣∣∣∣∣∣ ≤ Aq
35(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
20.4.2 The maximal long parabolic
We give a series of upper bounds for |Hom(T, Pb)|. It will follow that we can neglect the
maximal parabolic subgroups provided that p1 < p2 < p3. We first treat the case where
p1 > 2 and p2 > 5.
Proposition 20.4.6. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3
such that p1p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
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(i)
|Hom(T, Pb)| ≤ Aq25(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii) If p1 > 2 and p2 > 5 then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pb). Since p1, p2, p3 are distinct, we have
Im φ ≤ P ′b = [q11] : SL2(q).
In particular Hom(T, Pb) = Hom(T, P
′
b). Let Q = [q
11] and let π be the canonical map
π : P ′b −→
P ′b
Q
.
Finally, let ψ = π ◦ φ so that
ψ : T −→ P ′b/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that P
′
b/Q
∼= SL2(q).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in SL2(q). We have Im ψ ≤ SL2(q).
By Proposition 3.7.5 there is a constant A = A(p1, p2, p3) such that
|Hom(T, SL2(q))| ≤ Aq3(1 + o(1)).
Therefore there are at most Aq3(1 + o(1)) choices for the pair (gx, gy). Finally, say that
φ(x) = qxgx and φ(y) = qygy for some qx, qy in Q. Since |Q| = q11 there are at most q22
choices for the pair (qx, qy). It follows that
|Hom(T, Pb)| ≤ Aq25(1 + o(1)).
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣ ≤ [G : Pb]|Hom(T, Pb)||Hom(T,G)| .
Suppose that p1 > 2 and p2 > 5. Then
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 38. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣ ≤ Aq
36(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
We now suppose that p1 = 2 and check that we can neglect the subgroups of G
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conjugate to Pb.
Proposition 20.4.7. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 = 2 < p2 <
p3 such that p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
(i)
|Hom(T, Pb)| ≤ q11(1 + o(1)).
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pb). Since p1, p2, p3 are distinct, we have
Im φ ≤ P ′b = [q11] : SL2(q).
In particular Hom(T, Pb) = Hom(T, P
′
b). Let Q = [q
11] and let π be the canonical map
π : P ′b −→
P ′b
Q
.
Finally, let ψ = π ◦ φ so that
ψ : T −→ P ′b/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that P
′
b/Q
∼= SL2(q).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in SL2(q). We have Im ψ ≤ SL2(q).
Since p1 = 2 and the unique element of SL2(q) of order 2 is central, it follows that
|Hom(T, SL2(q))| = 1.
Therefore (gx, gy) = (1, 1). Finally, say that φ(x) = qx and φ(y) = qy for some qx, qy in
Q. Now Q has no elements of order 2. Since |Q| = q11 there are at most q11 choices for
the pair (qx, qy). It follows that
|Hom(T, Pb)| ≤ q11(1 + o(1)).
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣ ≤ [G : Pb]|Hom(T, Pb)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 30. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣ ≤ Aq
22(1 + o(1))
c1c2c3qe(1 + o(1))
.
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The result follows.
It remains to check that we can neglect subgroups conjugate to Pb, when p1 = 3 and
p2 = 5.
Proposition 20.4.8. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 = 3 < p2 <
p3 such that p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
(i)
|Hom(T, Pb)| ≤ Aq24(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let φ be any element of Hom(T, Pb). Since p1, p2, p3 are distinct, we have
Im φ ≤ P ′b = [q11] : SL2(q).
In particular Hom(T, Pb) = Hom(T, P
′
b). Let Q = [q
11] and let π be the canonical map
π : P ′b −→
P ′b
Q
.
Finally, let ψ = π ◦ φ so that
ψ : T −→ P ′b/Q.
Then ψ(x) has order dividing p1, ψ(y) has order dividing p2 and ψ(xy) has order dividing
p3. Note that P
′
b/Q
∼= SL2(q).
Say ψ(x) = Qgx and ψ(y) = Qgy for some gx, gy in SL2(q). We have Im ψ ≤ SL2(q).
By Proposition 3.7.5 there is a constant A = A(p1, p2, p3) such that
|Hom(T, SL2(q))| ≤ Aq3(1 + o(1)).
Therefore there are at most Aq3(1 + o(1)) choices for the pair (gx, gy). Finally, say that
φ(x) = qxgx and φ(y) = qygy for some qx, qy in Q. Using the character table of Pb given
in [20, Table A.12], we get that the number of elements of Pb of order 3 is q
10(1 + o(1)).
Hence there are at most q10(1+ o(1)) choices for qx. Since |Q| = q11 there are at most q11
choices for qy. It follows that
|Hom(T, Pb)| ≤ Aq24(1 + o(1)).
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣ ≤ [G : Pb]|Hom(T, Pb)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
393
The Steinberg triality groups 3D4(q) and triangle groups
where e ≥ 36. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T, P gb )
∣∣∣∣∣∣ ≤ Aq
35(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
20.4.3 The maximal subgroup G2(q)
We prove that we can neglect the subgroups of G conjugate to G2(q) provided that p1 <
p2 < p3 and {p1, p2} 6= {2, 3}.
Proposition 20.4.9. Let G = 3D4(q), where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3
such that p1p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Then
(i) If {p1, p2} 6= {2, 3} then
lim
|G|→∞
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,G2(q)
g)
∣∣∣∣∣∣ = 0.
(ii) If {p1, p2} = {2, 3} then
lim
|G|→∞
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,G2(q)
g
)
∣∣∣∣∣∣ =

0 if the order of q modulo p3 is 12.
1/2 if p = p3,
or the order of q modulo p3 is 1 or 2.
2
p3−3 if the order of q modulo p3 is 3 or 6.
Proof. First note that if p1p2p3 does not divide |G2(q)|, then we can neglect subgroups of
G conjugate to G2(q). Hence we assume that p1p2p3 divides |G2(q)|. Let ci be the number
of conjugacy classes of G of maximal dimension whose elements have order pi. Let
di =

# conjugacy classes of maximal dimension of G2(q) if pi 6= p
whose elements have order pi
1 if pi = p.
Then
|Hom(T,G)| = c1c2c3qe(1 + o(1)) and |Hom(T,G2(q))| = d1d2d3qf (1 + o(1))
where f and e are integers that can be read from Propositions 19.3.1 and 20.3.1. Now by
Theorem 19.1, if φ is chosen randomly in Hom(T,G2(q)), then
lim
q→∞Prob(φ is an epimorphism) = 1.
It follows that
lim
q→∞
|Hom(T,G)|−1 ∙
∣∣∣∣∣ ⋃
g∈G
Hom(T,G2(q)
g)
∣∣∣∣∣ = limq→∞ [G : G2(q)] ∙ |Hom(T,G2(q))||Hom(T,G)| .
Now
[G : G2(q)] ∙ |Hom(T,G2(q))|
|Hom(T,G)| =
d1d2d3q
14+f (1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows from Propositions 19.3.1 and 20.3.1, together with Lemmas 19.2.1 and
20.2.1. Indeed, the integers f and e can be read from Propositions 19.3.1 and 20.3.1.
Finally, the values di and ci can be read from Lemmas 19.2.1 and 20.2.1.
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20.4.4 The maximal subgroups PGL3(q) and PGU3(q)
We now check that we can neglect subgroups of G conjugate to PGL3(q) or PGU3(q).
Proposition 20.4.10. Let G = 3D4(q), where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3
such that p1p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Finally, let M ∈ {PGL3(q),PGU3(q)} be a maximal subgroup of G. Then
(i)
|Hom(T,M)| ≤
{
Aq8(1 + o(1)) if p1 = 2
Aq10(1 + o(1)) if p1 6= 2
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We treat the case where M = PGL3(q), for the other case we can repeat a similar
argument.
(i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Since p2, p3 are odd, it follows that Hom(T,M) = Hom(T,L3(q)). We know that there is
a positive integer m such that
|Hom(T,L3(q))| ≤
{
mq8(1 + o(1)) if p1 = 2
mq10(1 + o(1)) if p1 6= 2.
The result follows.
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where
e ≥
{
30 if p1 = 2
36 if p1 6= 2.
Let
f =
{
8 if p1 = 2
10 if p1 6= 2.
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
20+f (1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
20.4.5 The maximal subgroup (SL2(q
3) ◦ SL2(q)) ∙ 2
We check that we can neglect the subgroups of G conjugate to (SL2(q
3) ◦ SL2(q)) ∙ 2.
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Proposition 20.4.11. Let G = 3D4(q), where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3
such that p1p2p3 divides |G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle
group. Finally, let M = (SL2(q
3) ◦ SL2(q)) ∙ 2. Then
(i)
|Hom(T,M)| ≤ Aq12(1 + o(1))
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. (i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Let H = SL2(q
3)× SL2(q) and N be the following normal subgroup of H
N = {((1, 1), (1, 1)), ((−1,−1), (−1,−1)), ((1, 1), (−1,−1)), ((−1,−1), (1, 1))}.
Note that N ∼= Z2 × Z2. Since none of p2, p3 are equal to 2, it follows that Hom(T,M) =
Hom(T,H/N). Let φ be any element of Hom(T,H/N). Say
φ(x) = N(gx, hx) and φ(y) = N(gy, hy)
where (gx, hx) and (gy, hy) belong to H. Note that gx, hx have order dividing 4p1, gy, hy
have order dividing 4p2, and gxgy, gyhy have order dividing 4p3.
Let Ci (i = 1, 2, 3) be any conjugacy class of SL2(q). Let gi be the corresponding class
representative. Let κ be the number of pairs (h1, h2) with hi ∈ Ci such that (h1h2)−1 ∈ C3.
Then
κ =
|C1||C2||C3|
|SL2(q)|
∑
χ∈Irr(SL2(q))
χ(g1)χ(g2)χ(g3)
χ(1)
.
Using the character table of SL2(q) given in Lemma 3.7.2, we can check that there is a
positive integer m such that κ ≤ mq3. The result follows.
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where e ≥ 30. It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
28(1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
20.4.6 The maximal subgroups (Zq2±q+1 ◦ SL±3 (q)) ∙ (3, q2 ± q + 1) ∙ 2
For matter of convenience, we sometimes write SL+3 (q) for SL3(q), and SL
−
3 (q) for SU3(q).
We check that we can neglect the subgroups of G conjugate to (Zq2±q+1 ◦SL±3 (q)) ∙ (3, q2±
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q + 1) ∙ 2.
Proposition 20.4.12. Let G = 3D4(q) where q = p
n for some prime p > 3 and some
positive integer n. Assume that
M ∈ {(Zq2+q+1 ◦ SL3(q)) ∙ (3, q2 + q + 1) ∙ 2, (Zq2−q+1 ◦ SU3(q)) ∙ (3, q2 − q + 1) ∙ 2}.
Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3 such that p1p2p3 divides
|G|. Let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Then
(i)
|Hom(T,M)| ≤
{
Aq8(1 + o(1)) if p1 = 2
Aq10(1 + o(1)) if p1 6= 2
where A = A(p1, p2, p3) is a constant.
(ii)
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. We treat the case where M = (Zq2+q+1 ◦ SL3(q)) ∙ (3, q2 + q + 1) ∙ 2, for the other
case we can repeat a similar argument.
(i) Write
T = 〈x, y : xp1 = yp2 = (xy)p3 = 1〉.
Since p1, p2, p3 are all distinct, it follows that Hom(T,M) = Hom(T,L3(q)). We know
that there is a positive integer m such that
|Hom(T,L3(q))| ≤
{
mq8(1 + o(1)) if p1 = 2
mq10(1 + o(1)) if p1 6= 2.
The result follows.
(ii) Let ci be the number of conjugacy classes of G of maximal dimension whose ele-
ments have order pi. We have
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Now
|Hom(T,G)| = c1c2c3qe(1 + o(1))
where
e ≥
{
30 if p1 = 2
36 if p1 6= 2.
Let
f =
{
8 if p1 = 2
10 if p1 6= 2.
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ Aq
18+f (1 + o(1))
c1c2c3qe(1 + o(1))
.
The result follows.
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20.4.7 The maximal subgroups (Zq2±q+1)2 ∙ SL2(3), Zq4−q2+1 ∙ Z4
Suppose (p1, p2, p3) is a hyperbolic triple of distinct primes such that p1p2p3 divides |G|.
We check that we can neglect the subgroups of G conjugate to one of the following groups
(Zq2+q+1)
2 ∙ SL2(3), (Zq2−q+1)2 ∙ SL2(3), Zq4−q2+1 ∙ Z4.
Let ci be the number of conjugacy classes of G of maximal dimension whose elements have
order pi. Suppose thatM is one of the listed groups above. Since p1, p2, p3 are all distinct,
it follows that Hom(T,M) = 1. Now
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣ ≤ [G :M ]|Hom(T,M)||Hom(T,G)| .
Also,
[G :M ]|Hom(T,M)|
|Hom(T,G)| ≤
q24(1 + o(1))
c1c2c3q30(1 + o(1))
.
It follows that
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
g∈G
Hom(T,Mg)
∣∣∣∣∣∣→ 0 as q →∞.
The result follows.
20.4.8 The maximal subgroups 3D4(q0), q = q
α
0 , α prime
Let q0 be such that q is a prime power, not equal to 3, of q0. We check that we can neglect
subgroups of G conjugate to 3D4(q0).
Proposition 20.4.13. Let G = 3D4(q) where q = p
n for some prime number p > 3 and
some positive integer n. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 < p2 < p3,
and let T = Tp1,p2,p3 be the corresponding hyperbolic triangle group. Suppose that p1p2p3
divides |G|. Then
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T, 3D4(q0)
g)
∣∣∣∣∣∣→ 0 as q →∞.
Proof. Let
e =

30 if p1 = 2, p2 = 3.
34 if p1 = 2, p2 = 5.
36 if p1 = 2, p2 > 5;
or p1 = 3, p2 = 5.
38 if p1 = 3, p2 > 5.
42 if p1 = 5.
44 if p1 > 5.
We have
|Hom(T, 3D4(q))| = Aqe(1 + o(1))
for some constant A. Fix q0. Say q = q
α
0 , for some prime number α. We can find a
constant B not depending on q0 such that
|Hom(T, 3D4(q0))| ≤ Bq eα (1 + o(1)).
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Hence
|
⋃
g∈G
Hom(T, 3D4(q0)
g)| ≤ [G : 3D4(q 1α )]|Hom(T, 3D4(q 1α ))|
≤ q28(1−1/α) ∙Bq eα (1 + o(1))
= Bq
1
α
(e−28)+28(1 + o(1))
≤ Bq 12 (e−28)+28(1 + o(1)).
Now there are less than ln(q) such q0. Hence
|Hom(T,G)|−1 ∙
∣∣∣∣∣∣
⋃
q is a prime power of q0
⋃
g∈G
Hom(T, 3D4(q0)
g)
∣∣∣∣∣∣
≤ Bln(q)q
1
2 (e−28)(1 + o(1))
Aqe−28(1 + o(1))
=
Bln(q)(1 + o(1))
Aq
1
2 (e−28)(1 + o(1))
.
The result follows.
20.5 The proof of Theorem 20.1
We can now prove Theorem 20.1.
Proof. (i) We start with some explanatory remarks. The dimension of the simple algebraic
group D4(Fp) from which the finite group G arises is equal to 28. Equivalently, dim D4(Fp)
is equal to the degree of the order of G seen as a polynomial in q. For an element g in G
dim CD4(Fp)(g)
is equal to the degree of |CG(g)| seen as a polynomial in q. Also we have
dim gD4(Fp) = codim CD4(Fp)(g).
Now for a prime number u dividing the order of G, let δu be the maximal dimension of a
conjugacy class of G of elements of order u. It follows from the character table of G given
in [12] that
δu =

16 if u = 2
18 if u = 3
22 if u = 5
24 if u > 5.
The result follows.
(ii) This follows from Proposition 20.3.1.
(iii) This follows from the results given in §20.4, where we examine the maximal sub-
groups of G.
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Chapter 21 Classifying triples of primes in
classical and exceptional algebraic groups
21.1 Introduction
We give the classification of hyperbolic triples of primes in classical and exceptional simple
algebraic groups G defined over an algebraically closed field F of characteristic p > 0.
For an element g ∈ G, we let dgG (respectively, δgG) denote the dimension in the algebraic
group G of the centralizer (respectively, the conjugacy class) in G of g. In other words,
we let
dgG = dim CG(g) and δ
g
G = dim g
G = codim CG(g).
Also for an integer u, we let δuG be the maximal dimension of a conjugacy of G of elements
of order u, and we let duG be the dimension of the corresponding centralizer. We summarize
our results. We first look at exceptional groups.
Proposition 21.1. Let G be an exceptional simple algebraic group over an algebraically
closed field F of characteristic p > 0 of simply connected or adjoint type. Let (p1, p2, p3) be
a hyperbolic triple of primes with p1 ≤ p2 ≤ p3. Then (p1, p2, p3) is nonrigid in G unless
(p1, p2, p3) = (2, 5, 5) and G is of type G2. In the latter case, the triple (2, 5, 5) is rigid in
G2(F).
We turn to the classical groups. We give a table describing the classical simple alge-
braic groups of simply connected type and adjoint type arising from the types Al, Bl, Cl,
Dl. We denote by n the dimension of the natural module on which the simple algebraic
group G acts.
Lie Type Simply connected Adjoint Dimension Restri-
group group of G -ctions
An−1 SLn(F) PSLn(F) n2 − 1
Cm Sp2m(F) PSp2m(F) n2/2 + n/2
(n = 2m)
Dm SO2m(F) if p = 2 PSO2m(F) n2/2− n/2
Spin2m(F) if p 6= 2
(n = 2m)
Bm Spin2m+1(F) SO2m+1(F) n2/2− n/2 p 6= 2
(n = 2m+ 1)
Remark 21.1. Recall that if G is not of simply connected or adjoint type then either G is
abstractly isomorphic to SLn(F)/C where C ≤ Z(SLn(F)), or G is of type Dm, p 6= 2 and
G is abstractly isomorphic to SO2m(F) or a half-spin group HSpin2m(F) where m is even
in the latter case.
We first look at algebraic groups of type Al.
Proposition 21.2. Let G = PSLn(F) where F is an algebraically closed field of charac-
teristic p > 0. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3. Then
(i) If n ≥ 6 then (p1, p2, p3) is nonrigid.
(ii) If n = 2 then (p1, p2, p3) is rigid.
(iii) If n = 3 then (p1, p2, p3) is rigid if and only if p1 = 2. It is nonrigid otherwise.
(iv) If n = 4 then (p1, p2, p3) is rigid if and only if p1 = 2 and p2 = 3. It is nonrigid
otherwise.
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(v) If n = 5 then (p1, p2, p3) is rigid if and only if p1 = 2 and p2 = 3. It is nonrigid
otherwise.
Proposition 21.3. Let G = SLn(F) where F is an algebraically closed field of character-
istic p > 0. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤ p2 ≤ p3. Then
(i) If p = 2 or n 6≡ 2 mod 4 or p1 6= 2, then the classification is the same as in PSLn(F).
(ii) Suppose that p 6= 2 and n ≡ 2 mod 4.
(a) If n ≥ 14 then (2, p2, p3) is nonrigid.
(b) If n = 2 then (2, p2, p3) is reducible.
(c) If n = 6 then (2, p2, p3) is rigid if and only if p2 = 3. It is nonrigid otherwise.
(d) If n = 10 then (2, p2, p3) is rigid if and only if p2 = 3 and p3 = 7. It is nonrigid
otherwise.
Proposition 21.4. Let G = SLn(F)/C where F is an algebraically closed field of charac-
teristic p > 0, and C ≤ Z(SLn(F)). Then
(i) If C contains an involution then the classification of hyperbolic triples of primes in
G is the same as in PSLn(F).
(ii) Otherwise, the classification of hyperbolic triples of primes in G is the same as in
SLn(F).
We now look at algebraic groups of type Cl (l ≥ 2).
Proposition 21.5. Let G = PSp2m(F) where n = 2m ≥ 4 and F is an algebraically
closed field of characteristic p > 0. Let (p1, p2, p3) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Then
(i) If n ≥ 6 then (p1, p2, p3) is nonrigid.
(ii) If n = 4 then (p1, p2, p3) is rigid if and only if p1 = 2 and p2 = 3, or p1 = p2 = 3.
It is nonrigid otherwise.
Proposition 21.6. Let G = Sp2m(F) where n = 2m ≥ 4 and F is an algebraically
closed field of characteristic p > 0. Let (p1, p2, p3) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Then
(i) If p = 2 or p1 6= 2 then the classification is the same as in PSp2m(F).
(ii) Suppose that p 6= 2.
(a) If n ≥ 28 then (2, p2, p3) is nonrigid.
(b) If n ∈ {20, 24, 26} then (2, p2, p3) is rigid if and only if p2 = 3 and p3 = 7. It
is nonrigid otherwise.
(c) If n ∈ {12, 14, 16, 18, 22} then (2, p2, p3) is reducible if and only if p2 = 3 and
p3 = 7. It is nonrigid otherwise.
(d) If n = 4 then (2, p2, p3) is reducible if and only if p2 = 3. It is rigid otherwise.
(e) If n = 6 then (2, p2, p3) is reducible if and only if p2 = 3 or p2 = p3 = 5. The
triple (2, p2, p3) is rigid if and only if p2 = 5 and p3 ≥ 7.
(f) If n = 8 then (2, p2, p3) is reducible if and only if p2 = 3 and p3 = 7. It is rigid
if and only if p2 = 3 and p3 6= 7, or p2 = p3 = 5.
(g) If n = 10 then (2, p2, p3) is reducible if and only if p2 = 3 and p3 = 7. It is
rigid if and only if p2 = 3 and p3 6= 7.
We now look at algebraic groups of type Dl. Because of the isomorphisms between
classical groups of small dimension, we can assume that l ≥ 4.
401
Classifying triples of primes in classical and exceptional algebraic groups
Proposition 21.7. Let G = SO2m(F) where n = 2m ≥ 8 and F is an algebraically
closed field of characteristic p > 0. Let (p1, p2, p3) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Then (p1, p2, p3) is nonrigid.
Proposition 21.8. The classification of hyperbolic triples of primes in PSO2m(F) is the
same as in SO2m(F).
Proposition 21.9. Let G = Spin2m(F) where n = 2m ≥ 8 and F is an algebraically
closed field of characteristic p > 2. Let (p1, p2, p3) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Then
(i) If n ∈ {8, 10} or n ≥ 14 then (p1, p2, p3) is nonrigid.
(ii) If n = 12 then (p1, p2, p3) is rigid if and only if p1 = 2, p2 = 3 and p3 = 7. It is
nonrigid otherwise.
Proposition 21.10. Let G = HSpin2m(F) where m > 2 is even and F is an algebraically
closed field of characteristic p > 2. Then the classification of hyperbolic triples of primes
in G is the same as in Spin2m(F).
Finally, we look at algebraic groups of type Bl. Again, due to the isomorphisms
between classical groups of small dimension, we can assume that l ≥ 3.
Proposition 21.11. Let G = SO2m+1(F) where n = 2m+1 ≥ 7 and F is an algebraically
closed field of characteristic p > 2. Let (p1, p2, p3) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Then (p1, p2, p3) is nonrigid.
Proposition 21.12. Let G = Spin2m+1(F) where n = 2m+1 ≥ 7 and F is an algebraically
closed field of characteristic p > 2. Let (p1, p2, p3) be a hyperbolic triple of primes with
p1 ≤ p2 ≤ p3. Then
(i) If n ∈ {7, 9} or n ≥ 13 then (p1, p2, p3) is nonrigid.
(ii) If n = 11 then (p1, p2, p3) is rigid if and only if p1 = 2, p2 = 3 and p3 = 7. It is
nonrigid otherwise.
We break the proof of the the above propositions in the following sections. We begin
with a general discussion on hyperbolic triples of primes.
21.2 Hyperbolic triples of primes
Let G be a simple algebraic group over an algebraically closed field of characteristic p > 0.
In [40] we show that there are no reducible hyperbolic triples of primes in finite simple
exceptional groups of Lie type. We show in this chapter (see the results stated in §21.1)
that there are no reducible hyperbolic triples of primes in a simple algebraic group G
over an algebraically closed field of positive characteristic p with the possible exception
when G = SL2(Fp) and p 6= 2, or G is of symplectic type and p 6= 2. We now explain
the motivation of defining hyperbolic triples of primes in a simple algebraic group or in a
finite group of Lie type as reducible, rigid or nonrigid (see Definitions 1.1 and 1.3). Recall
that if G is classical then p is a good prime for G, unless p = 2 and G is of symplectic or
orthogonal type. Also in the statement below, by an irreducible subgroup of a classical
group G, we mean a subgroup acting irreducibly on the natural module for G.
Proposition 21.2.1. Let G be a simple classical algebraic group over an algebraically
closed field of characteristic p > 0. Suppose that p is a good prime for G. Let (p1, p2, p3) be
a hyperbolic triple of primes. Suppose that g1, g2, g3 are elements of G such that g1g2g3 = 1
and gi is of order pi for i = 1, 2, 3. Put H = 〈g1, g2〉. If H is an irreducible subgroup then
dim gG1 + dim g
G
2 + dim g
G
3 ≥ 2 dim G.
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Corollary 21.2.2. Let G0 be a finite group of Lie type arising from a simple algebraic
group G defined over an algebraically closed field of characteristic p > 0. Let (p1, p2, p3)
be a hyperbolic triple of primes such that lcm(p1, p2, p3) divides |G0|. Then
(i) If (p1, p2, p3) is reducible in G then G0 is not a (p1, p2, p3)-group.
(ii) Suppose that p 6= 2 if G is of symplectic or orthogonal type. If (p1, p2, p3) is reducible
in G0 then G0 is not a (p1, p2, p3)-group.
The crucial bound 2 dim G is used to define the notion of rigidity for a hyperbolic triple
of primes in a simple algebraic group G defined over a field of positive characteristic, or in
a finite group of Lie type G0 arising from G. The choice of the term “rigidity” is motivated
by the definition of a linearly rigid triple of elements in GLn(Fp) (see Definition 1.2) and
the following fact (see [48]): if G = SLn(Fp) and g1, g2, g3 are elements of GLn(Fp) such
that g1g2g3 = 1, 〈g1, g2〉 is irreducible, and
dim gG1 + dim g
G
2 + dim g
G
3 = 2 dim G
then the triple (g1, g2, g3) is a linearly rigid triple.
As the proof of Proposition 21.2.1 uses Scott’s formula, we recall its statement below.
Lemma 21.2.3. (Scott [44]) Let G be a group acting linearly on a finite-dimensional
vector space V . For X a subgroup or element of G, let v(X) = v(X,V ) denote the
codimension of the fixed-point space of X in V . Also, write v(X∗) for v(X,V ∗) , where
V ∗ is the dual of V . Suppose G is generated by elements x1, ...xn with x1...xn = 1. Then
n∑
i=1
v(xi) ≥ v(G) + v(G∗).
Proof of Proposition 21.2.1. The proof uses Scott’s formula. If G is of linear type then the
result follows from [48, Theorem 2.3]. If G is not of linear type, the result follows from
Propositions 21.2.4 and 21.2.5 below. This completes the proof of Proposition 21.2.1.
Remark 21.2.1. In the framework of Proposition 21.2.1, if G is of symplectic or orthogonal
type and p = 2, then using the inequality
dim CG(gi) ≤ dim CL(G)(gi)
one can in a similar way get the following bound:
dim gG1 + dim g
G
2 + dim g
G
3 ≥ 2 dim G− 2.
By examining carefully the structure of the adjoint module L(G) one might be able to
increase the latter lower bound by 2, generalising Proposition 21.2.1.
Proposition 21.2.4. Let G be a simple algebraic group over an algebraically closed field
of characteristic p > 0. Let L(G) denote the Lie algebra of G. Let g1, g2, g3 be elements
of G such that g1g2g3 = 1. Put H = 〈g1, g2〉. Suppose that for i = 1, 2, 3 we have
dim CG(gi) = dim CL(G)(gi).
Assume also that CL(G)(H) = 0. Then
dim gG1 + dim g
G
2 + dim g
G
3 ≥ 2 dim G.
Proof. We apply Scott’s formula to the module L(G) of H. Since CL(G)(H) = 0, we get
3∑
i=1
codim CL(G)(gi) ≥ 2 dim L(G).
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The result follows from the equality dim L(G) = dim G and the assumption that for
i = 1, 2, 3 we have dim CL(G)(gi) = dim CG(gi).
Proposition 21.2.5. Let G be a simple classical algebraic group of symplectic or orthog-
onal type over an algebraically closed field of characteristic p > 2. Let L(G) be the Lie
algebra of G. Then
(i) For all g in G we have dimCG(g) = dimCL(G)(g).
(ii) If H is an irreducible subgroup of G then CL(G)(H) = 0.
Proof. Part(i) is shown in [46, p. 38].
Let us now consider part (ii). We write V for the natural module on which G acts.
Suppose first that G is of symplectic type and p 6= 2. Then H fixes an alternating bilinear
form f on V . As H is irreducible, using Schur’s lemma, f is in fact (up to scalars) the
unique nonzero bilinear form on V fixed by H. Because p 6= 2, we have L(G) ∼= S2(V ) as
a G-module. Also S2(V ) is isomorphic to the space of symmetric bilinear forms. It follows
that CL(G)(H) = 0.
Finally suppose that G is of orthogonal type. As p 6= 2, we have L(G) ∼= ∧2(V ), the space
of alternating forms on V . But H fixes a unique bilinear form on V which is symmetric.
It follows that CL(G)(H) = 0.
21.3 The exceptional groups
We prove Proposition 21.1.
Proof. We first suppose that G is of adjoint type. Given a prime number u, Lawther gives
in [29] the maximal dimension δuG of a conjugacy class of G whose elements have order u.
We denote by duG the dimension of the corresponding centralizer. We record those values
in the table below.
G dim G prime u (duG, δ
u
G) G dim G prime u (d
u
G, δ
u
G)
G2 14 u = 2 (6, 8) E7 133 u = 2 (63, 70)
u ∈ {3, 5} (4, 10) u = 3 (43, 90)
u ≥ 7 (2, 12) u = 5 (27, 106)
F4 52 u = 2 (24, 28) u = 7 (19, 114)
u = 3 (16, 36) u = 11 (13, 120)
u = 5 (12, 40) u = 13 (11, 122)
u = 7 (8, 44) u = 17 (9, 124)
u = 11 (6, 46) u ≥ 19 (7, 126)
u ≥ 13 (4, 48) E8 248 u = 2 (120, 128)
E6 78 u = 2 (38, 40) u = 3 (80, 168)
u = 3 (24, 54) u = 5 (48, 200)
u = 5 (16, 62) u = 7 (36, 212)
u = 7 (12, 66) u = 11 (24, 224)
u = 11 (8, 70) u = 13 (20, 228)
u ≥ 13 (6, 72) u = 17 (16, 232)
u = 19 (14, 234)
u = 23 (12, 236)
u = 29 (10, 238)
u ≥ 31 (8, 240)
The result follows from the table.
Suppose now that G is of simply connected type. Without loss of generality, we can
assume that G is of type E6 or E7 and p 6= 3 or 2 respectively, as these are the only cases
where the simply connected and the adjoint groups are not abstractly isomorphic. We
denote by H the corresponding simple algebraic group of adjoint type.
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Suppose first that G is of type E6. If u 6= 3 then clearly δuG = δuH . If u = 3 then by the
above table, we have δ3H = 54. Also by [7, Table 2], we have δ
3
G = 54. It follows that every
hyperbolic triple of primes is nonrigid in G.
Suppose now that G is of type E7. If u 6= 2 then clearly δuG = δuH . If u = 2 then by [6,
Table 6], we have δ2G = 64. Hence we get the following table.
dim G δ2G δ
3
G δ
5
G δ
u
G (u ≥ 7)
is at least
133 64 90 106 114
It follows that every hyperbolic triple of primes is nonrigid in G.
21.4 The classical groups
We now investigate the situation in the classical simple algebraic groups. For certain
simple classical algebraic groups G for which the associated natural module is of small
dimension, we list in Tables 21.1-21.8 some conjugacy classes of G of elements of prime
order whose dimensions in G are large (if not maximal).
21.4.1 The groups of type Al
We begin our study with the algebraic groups of type Al. We first look at the simply
connected groups. The results for the adjoint groups will then follow.
The case where G = SLn(F)
Let G = SLn(F) where F is an algebraically closed field of characteristic p > 0. To prove
Proposition 21.3, it is useful to describe elements of G of prime order u ≥ 2. We begin
with elements of order 2 and 3.
Lemma 21.4.1. Let g1 (respectively, g2) denote an element of G = SLn(F) of order 2
(respectively, 3) whose centralizer has minimal dimension. Let p = char(F). Then
δg1G =
{ bn2/2c if p = 2 or n 6≡ 2 mod 4
n2
2 − 2 if p 6= 2 and n ≡ 2 mod 4
and δg2G = b
2n2
3
c.
Proof. The statement concerning elements of order 3 follows from the proof of [31, Propo-
sition 4.1].
If p = 2 then by the proof of [31, Proposition 4.1], δg1G = bn2/2c.
Suppose that p 6= 2 and n is odd. Say n ≡  mod 4 where  ∈ {±1}. Without loss of
generality, g1 =
(−I(n−)/2, I(n+)/2). It follows that
CGLn(F)(g1) = GL(n−)/2(F)×GL(n+)/2(F).
Hence
dg1G = (n
2 − 1)/2 and δg1G = (n2 − 1)/2.
Suppose now that p 6= 2 and n ≡ 0 mod 4. Without loss of generality, g1 = (−In/2, In/2).
It follows that
CGLn(F)(g1) = GLn/2(F)×GLn/2(F).
Hence
dg1G = n
2/2− 1 and δg1G = n2/2.
Finally, suppose that p 6= 2 and n ≡ 2 mod 4. Without loss of generality,
g1 =
(−In
2+1
, In
2−1
)
.
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It follows that
CGLn(F)(g1) = GLn2+1(F)×GLn2−1(F).
Hence
dg1G =
n2
2
+ 1 and δg1G =
n2
2
− 2.
We now describe the unipotent elements in G. We assume here that p ≥ 5. We use
the description given in [34]. We denote by Ji a Jordan block of size i. The unipotent
elements g of G are of the form
g = ⊕iJrii .
We have
dgG =
∑
i
ir2i + 2
∑
i<j
irirj − 1.
If g is a semisimple element of G of prime order, it is relatively easy to compute dgG.
We give some examples. We write g in diagonal form with respect to a basis of the natural
module of dimension n on which G acts. For example, let n = 17 and g ∈ G be the
following element of order 7
g = (ωI3, ω
−1I2, ω2I2, ω−2, ω3I2, ω−3I3, I4)
where ω ∈ F is an element of order 7. Then
CGL17(F)(g) = GL3(F)×GL2(F)×GL2(F)×GL1(F)×GL2(F)×GL3(F)×GL4(F).
Hence
dgG = (3
2 + 22 + 22 + 12 + 22 + 32 + 42)− 1 = 46.
Let u ≥ 5 be a prime number. We give a list of elements of G of order u that we
are going to use. This list will enable us to deal easily with the case where n ≥ 37. For
n < 37 we often have to produce some elements whose centralizers have smaller dimension.
If n ≤ u there exist some regular elements of order u. Indeed, if u 6= p we consider
ga =
{
(ω, ω−1, . . . , ω
n
2 , ω−
n
2 ) if n is even
(ω, ω−1, . . . , ω
n−1
2 , ω−
n−1
2 , 1) if n is odd
where ω ∈ F is an element of order u. We have
dgaG = n− 1 and δgaG = n2 − n.
If u = p, we consider the element gb = Jn. This is a regular element of G of order p. We
have
dgbG = n− 1 and δgbG = n2 − n.
We now consider the case where n > u.
We first consider the case where u = 5. Say that n ≡ γ5 mod 5 where 0 ≤ γ5 < 5. If
p 6= 5, we consider an element gc of G of order 5 of the form
gc = (ωIn−γ5
5
, ω−1In−γ5
5
, ω2In−γ5
5
, ω−2In−γ5
5
, In+4γ5
5
).
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where ω ∈ F is an element of order 5. We have
(dgcG , δ
gc
G ) =
(
n2 + 4γ25
5
− 1, 4(n
2 − γ25)
5
)
.
Note that
δgcG ≥
4(n2 − 16)
5
.
Suppose now that u = p = 5. We consider an element ge of G of order 5 of the form
ge = J
n−γ5
5
5 ⊕ Jγ5 .
We have
(dgeG , δ
ge
G ) =

(
n2−5
5 ,
4n2
5
)
if γ5 = 0(
n2−1
5 ,
4n2−4
5
)
if γ5 = 1, 4(
n2+1
5 ,
4n2−6
5
)
if γ5 = 2, 3.
Note that
δgeG ≥
4n2 − 6
5
.
We now consider the case where u ≥ 7. Say that n ≡ γ mod 7, where 0 ≤ γ < 7. If
p 6= u, we consider an element gf of G of order u of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
where ω ∈ F is an element of order u. We have
d
gf
G =
n2 + 6γ2
7
− 1 and δgfG =
6(n2 − γ2)
7
.
Note that
δ
gf
G ≥
6(n2 − 36)
7
.
Suppose now that u = p. We consider an element gh of G of order u of the form
gh = J
n−γ
7
7 ⊕ Jγ .
We have
(dghG , δ
gh
G ) =

(
n2−7
7 ,
6n2
7
)
if γ = 0(
n2−1
7 ,
6n2−6
7
)
if γ = 1, 6(
n2+3
7 ,
6n2−10
7
)
if γ = 2, 5(
n2+5
7 ,
6n2−12
7
)
if γ = 3, 4.
Note that
δghG ≥
6n2 − 12
7
.
We first classify hyperbolic triples (p1, p2, p3) of primes, with p1 ≤ p2 ≤ p3, in SLn(F)
for n ≤ 14. We suppose for the time being that p1 6= 2 or F is an algebraically closed field
of characteristic p > 2.
Lemma 21.4.2. Let G = SLn(F) where F is an algebraically closed field of characteristic
p > 0. Suppose that n ≤ 14. Let (p1, p2, p3) be a hyperbolic triple of primes with p1 ≤
p2 ≤ p3. Suppose that p > 2 if p1 = 2. Then
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(i) If n ∈ {7, 8, 9} or n ≥ 11 then (p1, p2, p3) is nonrigid.
(ii) If n = 2 then (p1, p2, p3) is reducible if and only if p1 = 2. It is rigid otherwise.
(iii) If n = 3 then (p1, p2, p3) is rigid if and only if p1 = 2. It is nonrigid otherwise.
(iv) If n = 4 then (p1, p2, p3) is rigid if and only if p1 = 2 and p2 = 3. It is nonrigid
otherwise.
(v) If n = 5 then (p1, p2, p3) is rigid if and only if p1 = 2 and p2 = 3. It is nonrigid
otherwise.
(vi) If n = 6 then (p1, p2, p3) is rigid if and only if p1 = 2 and p2 = 3. It is nonrigid
otherwise.
(vii) If n = 10 then (p1, p2, p3) is rigid if and only if p1 = 2, p2 = 3 and p3 = 7. It is
nonrigid otherwise.
Proof. The result follows from Table 21.1 which lists for a given prime u the maximal
dimension of a conjugacy class of G whose elements have order u.
We now classify hyperbolic triples of primes of the form (2, 3, p3) in SLn(F), where
p3 ≥ 7 and n ≥ 15. We assume for the time being that char(F) > 2.
Lemma 21.4.3. Let G = SLn(F) where F is an algebraically closed field of characteristic
p > 2. Suppose that n ≥ 15. Let p3 ≥ 7 be a prime number. Then the triple (2, 3, p3) is
nonrigid.
Proof. (a) We first suppose that n ≤ 28. We use Table 21.2 which gives the maximal
dimension of a conjugacy class of an element g ∈ G of order u ∈ {2, 3, 7}. It also gives a
representative g ∈ G of order u ≥ 11 whose conjugacy class has large enough dimension.
The result follows from the table.
(b) Suppose now that 29 ≤ n ≤ 36. We use Table 21.3 which lists the maximal di-
mension of a conjugacy class of an element g ∈ G order u ∈ {2, 3, 7}. It also gives a
representative g ∈ G of order u ≥ 11 whose conjugacy class has large enough dimension.
The result follows from the table.
(c) Suppose that n ≥ 37. Let g1 (respectively, g2) denote an element of G of order 2
(respectively, 3) whose centralizer has minimal dimension. By Lemma 21.4.1, we have
δg1G ≥
n2
2
− 2 and δg2G >
2n2
3
− 1.
Suppose that n ≤ p3. Then there exists a regular element g in G of order p3. We have
δgG = n
2 − n.
Hence
δg1G + δ
g2
G + δ
g
G − 2 dim G >
(
n2
2
− 2
)
+
(
2n2
3
− 1
)
+ (n2 − n)− 2(n2 − 1)
=
n2 − 6n− 6
6
> 0.
The result follows.
Suppose that n > p3. Say n ≡ γ mod 7, where 0 ≤ γ < 7. If p3 6= p, we consider an
element gf of G of order p3 of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
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where ω ∈ F is an element of order p3. We have
δ
gf
G ≥
6(n2 − 36)
7
.
Hence
δg1G + δ
g2
G + δ
gf
G − 2 dim G >
(
n2
2
− 2
)
+
(
2n2
3
− 1
)
+
6(n2 − 36)
7
−2(n2 − 1)
=
n2 − 1338
42
> 0.
The result follows.
If p = p3 then we consider an element gh of G of order p3 of the form
gh = J
n−γ
7
7 ⊕ Jγ .
We have
δghG ≥
6n2 − 12
7
.
Hence
δg1G + δ
g2
G + δ
gh
G − 2 dim G >
(
n2
2
− 2
)
+
(
2n2
3
− 1
)
+
6n2 − 12
7
−2(n2 − 1)
=
n2 − 114
42
> 0.
The result follows.
We now classify the triple (2, p2, p3) in SLn(F) where p2 ≤ p3 are prime numbers
greater than 3. We assume for the time being that char(F) > 2.
Lemma 21.4.4. Let G = SLn(F) where F is an algebraically closed field of characteristic
p > 2. Suppose that n ≥ 15. Let 5 ≤ p2 ≤ p3 be two prime numbers. Then
(i) The triple (2, p2, p2) is nonrigid.
(ii) The triple (2, p2, p3) is nonrigid.
Proof. By Lemma 21.4.1, we have
δg1G ≥
n2
2
− 2.
(i) (a) Suppose first that n ≤ p2. Then there exists a regular element g in G of order
p2. We have
δgG = n
2 − n.
Hence
δg1G + 2δ
g
G − 2 dim G ≥
(
n2
2
− 2
)
+ 2(n2 − n)− 2(n2 − 1)
=
n(n− 4)
2
> 0.
It follows that the triple (2, p2, p2) is nonrigid.
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(b) We now suppose that n > p2. Say n ≡ γ5 mod 5, where 0 ≤ γ5 < 5. If p2 6= p, we
consider an element gc in G of order p2 of the form
gc = (ωIn−γ5
5
, ω−1In−γ5
5
, ω2In−γ5
5
, ω−2In−γ5
5
, In+4γ5
5
)
where ω ∈ F is an element of order p2. We have
δgcG ≥

180 if n = 15
204 if n = 16
4(n2−16)
5 if n ≥ 17.
It follows that
δg1G + 2δ
gc
G − 2 dim G > 0.
Hence the triple (2, p2, p2) is nonrigid.
If p = p2, we consider an element ge in G of order p2 of the form
ge = J
n−γ5
5
5 ⊕ Jγ5 .
We have
δgeG ≥
4n2 − 6
5
.
It follows that
δg1G + 2δ
ge
G − 2 dim G > 0.
Hence the triple (2, p2, p2) is nonrigid.
(ii) Since the triples (2, p2, p2) and (2, p3, p3) are nonrigid, there exist g
(i) ∈ G of order
pi such that
δg1G + 2δ
g(i)
G − 2 dim G > 0.
Without loss of generality, say that δg
(2)
G ≥ δg
(3)
G . Then
δg1G + δ
g(2)
G + δ
g(3)
G − 2 dim G ≥ δg1G + 2δg
(3)
G − 2 dim G > 0.
Hence the triple (2, p2, p3) is nonrigid.
We now classify a hyperbolic triple of the form (2, p2, p3) in SLn(F), where F is an
algebraically closed field of characteristic p = 2.
Lemma 21.4.5. Let G = SLn(F) where F is an algebraically closed field of characteristic
p = 2. Let p2 ≤ p3 be odd prime numbers not both equal to 3. Then
(i) If n ≥ 6 then the triple (2, p2, p3) is nonrigid.
(ii) If n ∈ {2, 3} then the triple (2, p2, p3) is always rigid.
(iii) If n ∈ {4, 5} then the triple (2, p2, p3) is rigid if and only if p2 = 3. It is nonrigid
otherwise.
Proof. This follows easily from the proofs of Lemmas 21.4.2, 21.4.3 and 21.4.4. Let g1
denote an element of order 2 in G whose centralizer has minimal dimension. The only
difference with the case where char(F) > 2 is that, by Lemma 21.4.1, we have
δg1G = b
n2
2
c.
We finally classify the hyperbolic triple (p1, p2, p3) in SLn(F), where p1 ≤ p2 ≤ p3 are
odd prime numbers, n ≥ 15, and F is an algebraically closed field of characteristic p > 0.
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Lemma 21.4.6. Let G = SLn(F) where F is an algebraically closed field of characteristic
p > 0. Suppose that n ≥ 15. Let (p1, p2, p3) be a hyperbolic triple of primes with 3 ≤ p1 ≤
p2 ≤ p3. Then the triple (p1, p2, p3) is nonrigid.
Proof. Unless (p2, p3) = (3, 5), we use the classification of the hyperbolic triple (2, p2, p3)
in G. This classification is given in Lemmas 21.4.3, 21.4.4 and 21.4.5. It shows in particular
that the triple (2, p2, p3) is nonrigid in G. We let
δ =
n2
2
.
Note that δ is an upper bound for the maximal dimension of a conjugacy class of an ele-
ment of order 2 in G.
(i) Suppose first that (p1, p2, p3) = (3, 3, 5). Let g2 be an element of G of order 3 whose
centralizer has minimal dimension. By Lemma 21.4.1, we have
δg2G >
2n2
3
− 1.
Also we can find an element g in G of order 5 such that
δgG ≥
4(n2 − 16)
5
.
Now
2δg2G + δ
g
G − 2 dim G > 2
(
2n2
3
− 1
)
+
4(n2 − 16)
5
− 2(n2 − 1)
=
2(n2 − 96)
15
> 0.
It follows that the triple (3, 3, 5) is nonrigid.
(ii) Suppose now that n ≤ p1. Then there exists a regular element g in G of order
p1. Hence δ
g
G − δ > 0. Since the triple (2, p2, p3) is nonrigid, it follows that the triple
(p1, p2, p3) is nonrigid.
(iii) We finally suppose that n > p1 and (p1, p2, p3) 6= (3, 3, 5).
(a) Suppose first that p1 = 3. Since δ
g2
G − δ > 0 and the triple (2, p2, p3) is nonrigid, it
follows that the triple (3, p2, p3) is nonrigid.
(b) Suppose now that p1 ≥ 5. Say n ≡ γ5 mod 5, where 0 ≤ γ5 < 5. If p1 6= p, we
consider an element gc in G of order p1 of the form
gc = (ωIn−γ5
5
, ω−1In−γ5
5
, ω2In−γ5
5
, ω−2In−γ5
5
, In+4γ5
5
)
where ω ∈ F denotes an element of order p1. Now
δgcG − δ > 0.
Since the triple (2, p2, p3) is nonrigid, it follows that the triple (p1, p2, p3) is nonrigid.
If p = p1, we consider an element ge in G of order p1 of the form
ge = J
n−γ5
5
5 ⊕ Jγ5 .
Now
δgeG − δ > 0.
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Since the triple (2, p2, p3) is nonrigid, it follows that the triple (p1, p2, p3) is nonrigid.
The case where G = PSLn(F)
The proof of Proposition 21.2 follows immediately from the classification of the hyperbolic
triples of primes in SLn(F) together with the following lemma. Recall that for an integer
u and a simple algebraic group G, we let δuG be the maximal dimension of a conjugacy
class of G of elements of order u
Lemma 21.4.7. Let u be a prime number.
(i) If u = 2 then δ2PSLn(F) = bn2/2c.
(ii) If u > 2 then δuPSLn(F) = δ
u
SLn(F).
Proof. (i) This follows from the proof of [31, Proposition 4.1].
(ii) This is clear if u does not divide n or u = p. We therefore suppose that u 6= p and
u divides n. We claim that δuSLn(F) ≤ δuPSLn(F). Indeed let
g = (ωIn
u
, ω2In
u
, ..., ωu−1In
u
, In
u
)
where ω is an element of F of order u. Then g is an element of SLn(F) of order u
whose centralizer has minimal dimension. Also the image g of g under the canonical map
SLn(F)→ PSLn(F) is an element of PSLn(F) of order u and satisfies δgPSLn(F) = δ
g
SLn(F) =
n2 − n2/u.
The reverse inequality follows from the fact if g is an element of SLn(F) of order u2 whose
image in PSLn(F) has order u then g has at most u distinct eigenvalues of the form λiu+1
where λ is an element of F of order u2 and 0 ≤ i ≤ u− 1.
The case where G = SLn(F)/C
The proof of Proposition 21.4 follows immediately from the classification of hyperbolic
triples of primes in SLn(F) and in PSLn(F) together with the following lemma.
Lemma 21.4.8. Let C ≤ Z(SLn(F)) and let u be a prime number.
(i) Suppose u = 2. If C contains an involution then δ2SLn(F)/C = δ
2
PSLn(F). Otherwise,
δ2SLn(F)/C = δ
2
SLn(F).
(ii) Suppose u 6= 2. Then δuSLn(F)/C = δuSLn(F).
Proof. Part (i) follows from the proof of [31, Proposition 4.1]. To derive part (ii) one can
use a similar argument to the one outlined in the proof of Lemma 21.4.7(ii).
21.4.2 The groups of type Cl
We continue our study with the algebraic groups of type Cl. We first look at the simply
connected groups. The results for the adjoint groups will then follow.
The case where G = Sp2m(F)
Let G = Sp2m(F) where F is an algebraically closed field of characteristic p > 0. Recall
that we let n = 2m. To prove Proposition 21.6, it is useful to describe elements of G of
prime order u ≥ 2. We begin with elements of order 2 and 3.
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Lemma 21.4.9. Let g1 (respectively, g2) denote an element of G = Sp2m(F) of order 2
(respectively, 3) whose centralizer has minimal dimension. Let p = char(F). Then
δg1G =

m2 +m if p = 2
m2 if p 6= 2 and m is even
m2 − 1 if p 6= 2 and m is odd
and δg2G = b
2
3
(2m2 +m)c.
Proof. The statement concerning elements of order 3 follows from the proof of [31, Propo-
sition 4.1].
If p = 2 then by the proof of [31, Proposition 4.1], δg1G = m
2 +m.
Suppose that p 6= 2 and m is even. Then g1 = (−Im, Im). It follows that
CG(g1) = Spm(F)× Spm(F).
Hence
dg1G = m
2 +m and δg1G = m
2.
Suppose finally that p 6= 2 and m is odd. Without loss of generality, we can assume
g1 = (−Im−1, Im+1). It follows that
CG(g1) = Spm−1(F)× Spm+1(F).
Hence
dg1G = m
2 +m+ 1 and δg1G = m
2 − 1.
We now describe the unipotent elements in G. We assume here that p ≥ 5. We use
the description given in [34]. We denote by Ji a Jordan block of size i. The unipotent
elements g of G are of the form
g = ⊕iJrii
where ri is even for each odd i. We have
dgG =
1
2
∑
i
ir2i +
∑
i<j
irirj +
1
2
∑
i odd
ri.
If g is a semisimple element of G of prime order, it is relatively easy to compute dgG.
We give some examples. We write g in diagonal form with respect to a symplectic basis of
the natural module of dimension n on which G acts. For example, let n = 20 and g ∈ G
be the following element of order 7
g = (ωI2, ω
−1I2, ω2I2, ω−2I2, ω3I3, ω−3I3, I6)
where ω ∈ F is an element of order 7. Then
CG(g) = GL2(F)×GL2(F)×GL3(F)× Sp6(F).
Hence
dgG = 2
2 + 22 + 32 +
1
2
(62 + 6) = 38.
Let u ≥ 5 be a prime number. We give a list of elements of G of order u that we
are going to use. This list will enable us to deal easily with the case where n ≥ 52. For
n < 52 we often have to produce some elements whose centralizers have smaller dimension.
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If n ≤ u there exist some regular elements of order u. Indeed, if u 6= p we consider
ga = (ω, ω
−1, . . . , ω
n
2 , ω−
n
2 )
where ω ∈ F is an element of order u. We have
dgaG =
n
2
and δgaG =
n2
2
.
If u = p, we consider the element gb = Jn. This is a regular element of G of order p. We
have
dgbG =
n
2
and δgbG =
n2
2
.
We now consider the case where n > u.
We first consider the case where u = 5. Say that n ≡ γ5 mod 5 where 0 ≤ γ5 < 5. If
p 6= 5, we consider an element gc of G of order 5 of the form
gc =
{
(ωIn−4
4
, ω−1In−4
4
, ω2In−4
4
, ω−2In−4
4
, I4) if n ≡ 0 mod 4
(ωIn−2
4
, ω−1In−2
4
, ω2In−2
4
, ω−2In−2
4
, I2) if n ≡ 2 mod 4
where ω ∈ F is an element of order 5. We have
(dgcG , δ
gc
G ) =

(
n2−8n+96
8 ,
3n2+12n−96
8
)
if n ≡ 0 mod 4(
n2−4n+28
8 ,
3n2+8n−28
8
)
if n ≡ 2 mod 4.
For n ≥ 18, we have
δgcG ≥
3n2 + 8n− 28
8
.
Suppose now that u = p = 5. We consider an element ge of G of order 5 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is even
J
n−γ5−5
5
5 ⊕ J2γ5+5
2
if γ5 is odd.
We have
(dgeG , δ
ge
G ) =

(
n2+n
10 ,
4n2+4n
10
)
if γ5 = 0, 4(
n2+n+28
10 ,
4n2+4n−28
10
)
if γ5 = 1(
n2+n+4
10 ,
4n2+4n−4
10
)
if γ5 = 2(
n2+n+8
10 ,
4n2+4n−8
10
)
if γ5 = 3.
Note that
δgeG ≥
4n2 + 4n− 28
10
.
We now consider the case where u ≥ 7. Say that n ≡ γ mod 7, where 0 ≤ γ < 7. If
p 6= u, we consider an element gf of G of order u of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
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where ω ∈ F is an element of order u. We have
d
gf
G =
n2 + n+ 6γ(γ + 1)
14
and δ
gf
G =
3n2 + 3n− 3γ(γ + 1)
7
.
Note that
δ
gf
G ≥
3n2 + 3n− 126
7
.
Suppose now that u = p. We consider an element gh of G of order u of the form
gh =
 J
n−γ
7
7 ⊕ Jγ if γ is even
J
n−γ−7
7
7 ⊕ J2γ+7
2
if γ is odd.
We have
(dghG , δ
gh
G ) =

(
n2+n
14 ,
6n2+6n
14
)
if γ = 0, 6(
n2+n+40
14 ,
6n2+6n−40
14
)
if γ = 1(
n2+n+8
14 ,
6n2+6n−8
14
)
if γ = 2, 4(
n2+n+44
14 ,
6n2+6n−44
14
)
if γ = 3(
n2+n+12
14 ,
6n2+6n−12
14
)
if γ = 5.
Note that
δghG ≥
3n2 + 3n− 22
7
.
We first classify hyperbolic triples (p1, p2, p3) of primes, with p1 ≤ p2 ≤ p3, in Sp2m(F)
for m ∈ {2, 3, 4, 5, 6}. We suppose for the time being that p1 6= 2 or F is an algebraically
closed field of characteristic p > 2.
Lemma 21.4.10. Let G = Sp2m(F) where F is an algebraically closed field of character-
istic p > 0. Let n = 2m. Suppose that n ∈ {4, 6, 8, 10, 12}. Let (p1, p2, p3) be a hyperbolic
triple of primes with p1 ≤ p2 ≤ p3. Suppose that p > 2 if p1 = 2. Then
(i) If n = 4 then (p1, p2, p3) is reducible if and only if p1 = 2 and p2 = 3. It is rigid if
and only if p1 = p2 = 3, or p1 = 2 and p2 > 3.
(ii) If n = 6 then (p1, p2, p3) is reducible if and only if p1 = 2 and p2 = 3, or p1 = 2 and
p2 = p3 = 5. It is rigid if and only if p1 = 2, p2 = 5 and p3 > 5.
(iii) If n = 8 then (p1, p2, p3) is reducible if and only if p1 = 2, p2 = 3 and p3 = 7. It is
rigid if and only if p1 = 2, p2 = 3 and p3 > 7, or p1 = 2 and p2 = p3 = 5.
(iv) If n = 10 then (p1, p2, p3) is reducible if and only if p1 = 2, p2 = 3 and p3 = 7. It is
rigid if and only if p1 = 2, p2 = 3 and p3 > 7.
(v) If n = 12 then (p1, p2, p3) is reducible if and only if p1 = 2, p2 = 3 and p3 = 7. It is
nonrigid otherwise.
Proof. We use Table 21.4 which lists the maximal dimension of a conjugacy class of an
element g ∈ G of prime order u ≥ 2. The result follows from the table.
We now classify hyperbolic triples of primes of the form (2, 3, p3) in Sp2m(F), where
p3 ≥ 7 and m ≥ 7. We assume for the time being that char(F) > 2.
Lemma 21.4.11. Let G = Sp2m(F) where F is an algebraically closed field of charac-
teristic p > 2. Let n = 2m. Suppose that n ≥ 14. Let p3 ≥ 7 be a prime number.
Then
(i) If n ≥ 28 then (2, 3, p3) is nonrigid.
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(ii) If n ∈ {20, 24, 26} then (2, 3, p3) is rigid if and only if p3 = 7. It is nonrigid
otherwise.
(iii) If n ∈ {14, 16, 18, 22} then (2, 3, p3) is reducible if and only if p3 = 7. It is nonrigid
otherwise.
Proof. (a) We first suppose that n ≤ 26. We use Table 21.5 which lists the maximal
dimension of a conjugacy class of an element g ∈ G of order u ∈ {2, 3, 7}. It also gives a
representative g ∈ G of order u ≥ 11 whose conjugacy class has large enough dimension.
The result follows from the table.
(b) Suppose now that 28 ≤ n ≤ 50. We use Table 21.6 which lists the maximal di-
mension of a conjugacy class of an element g ∈ G order u ∈ {2, 3, 7}. It also gives a
representative g ∈ G of order u ≥ 11 whose conjugacy class has large enough dimension.
The result follows from the table.
(c) Suppose that n ≥ 52. Let g1 (respectively, g2) denote an element of G of order 2
(respectively, 3) whose centralizer has minimal dimension. By Lemma 21.4.9, we have
δg1G ≥
n2
4
− 1 and δg2G ≥
1
3
(n2 + n− 2).
Suppose that n ≤ p3. Then there exists a regular element g in G of order p3. We have
δgG =
n2
2
.
δg1G + δ
g2
G + δ
g
G − 2 dim G ≥
(
n2
4
− 1
)
+
1
3
(n2 + n− 2) + n
2
2
− (n2 + n)
=
(n− 10)(n+ 2)
12
> 0.
The result follows.
Suppose that n > p3. Say n ≡ γ mod 7, where 0 ≤ γ < 7. If p3 6= p, we consider an
element gf of G of order p3 of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
where ω ∈ F is an element of order p3. We have
δ
gf
G ≥
3n2 + 3n− 126
7
.
Hence
δg1G + δ
g2
G + δ
gf
G − 2 dim G ≥
(
n2
4
− 1
)
+
1
3
(n2 + n− 2) + 1
7
(3n2 + 3n− 126)
−(n2 + n)
=
n2 − 20n− 1652
84
> 0.
The result follows.
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If p = p3 then we consider an element gh ∈ G of order p3 where
gh =
 J
n−γ
7
7 ⊕ Jγ if γ is even
J
n−γ−7
7
7 ⊕ J2γ+7
2
if γ is odd.
We have
δghG ≥
1
14
(6n2 + 6n− 44).
Hence
δg1G + δ
g2
G + δ
gh
G − 2 dim G ≥
(
n2
4
− 1
)
+
1
3
(n2 + n− 2) + 1
14
(6n2 + 6n− 44)
−(n2 + n)
=
n2 − 20n− 404
84
> 0.
The result follows.
We now classify the triple (2, p2, p3) in Sp2m(F) where p2 ≤ p3 are prime numbers
greater than 3. We assume for the time being that char(F) > 2.
Lemma 21.4.12. Let G = Sp2m(F) where F is an algebraically closed field of character-
istic p > 2. Let n = 2m. Suppose that n ≥ 14. Let 5 ≤ p2 ≤ p3 be two prime numbers.
Then
(i) The triple (2, p2, p2) is nonrigid.
(ii) The triple (2, p2, p3) is nonrigid.
Proof. By Lemma 21.4.9, we have
δg1G ≥
n2
4
− 1.
(i) (a) Suppose first that n ≤ p2. Then there exists a regular element g in G of order
p2. We have
δgG =
n2
2
.
Hence
δg1G + 2δ
g
G − 2 dim G ≥
(
n2
4
− 1
)
+ 2
n2
2
− (n2 + n)
=
(n2 − 4n− 4)
4
> 0.
It follows that the triple (2, p2, p2) is nonrigid.
(b) We now suppose that n > p2. Say n ≡ γ5 mod 5, where 0 ≤ γ5 < 5. If p2 6= p, we
consider an element gc in G of order p2 of the form
gc =
{
(ωIn−4
4
, ω−1In−4
4
, ω2In−4
4
, ω−2In−4
4
, I4) if n ≡ 0 mod 4
(ωIn−2
4
, ω−1In−2
4
, ω2In−2
4
, ω−2In−2
4
, I2) if n ≡ 2 mod 4
where ω ∈ F denotes an element of order p2. We have
δgcG ≥
{
3n2+8n−28
8 if n ≥ 18 or n = 14
108 if n = 16.
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It follows that
δg1G + 2δ
gc
G − 2 dim G > 0.
Hence the triple (2, p2, p2) is nonrigid.
If p = p2, we consider an element ge in G of order p2 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is even
J
n−γ5−5
5
5 ⊕ J2γ5+5
2
if γ5 is odd.
We have
δgeG ≥
4n2 + 4n− 28
10
.
It follows that
δg1G + 2δ
ge
G − 2 dim G > 0.
Hence the triple (2, p2, p2) is nonrigid.
(ii) Since the triples (2, p2, p2) and (2, p3, p3) are nonrigid, there exist g
(i) ∈ G of order
pi such that
δg1G + 2δ
g(i)
G − 2 dim G > 0.
Without loss of generality, say that δg
(2)
G ≥ δg
(3)
G . Then
δg1G + δ
g(2)
G + δ
g(3)
G − 2 dim G ≥ δg1G + 2δg
(3)
G − 2 dim G > 0.
Hence the triple (2, p2, p3) is nonrigid.
We now classify a hyperbolic triple of the form (2, p2, p3) in Sp2m(F), where F is an
algebraically closed field of characteristic p = 2.
Lemma 21.4.13. Let G = Sp2m(F) where F is an algebraically closed field of character-
istic p = 2. Let n = 2m. Suppose that n ≥ 4. Let p2 ≤ p3 be odd prime numbers not both
equal to 3. Then
(i) If n ≥ 6 then the triple (2, p2, p3) is nonrigid.
(ii) If n = 4 then the triple (2, p2, p3) is rigid if and only if p2 = 3. It is nonrigid
otherwise.
Proof. This follows easily from the proofs of Lemmas 21.4.10, 21.4.11 and 21.4.12. Let
g1 denote an element of order 2 in G whose centralizer has minimal dimension. The only
difference with the case where char(F) > 2 is that, by Lemma 21.4.9, we have
δg1G =
n2
4
+
n
2
.
We finally classify the hyperbolic triple (p1, p2, p3) in Sp2m(F), where p1 ≤ p2 ≤ p3 are
odd prime numbers, m ≥ 7, and F is an algebraically closed field of characteristic p > 0.
Lemma 21.4.14. Let G = Sp2m(F) where F is an algebraically closed field of character-
istic p > 0. Let n = 2m. Suppose that n ≥ 14. Let (p1, p2, p3) be a hyperbolic triple of
primes with 3 ≤ p1 ≤ p2 ≤ p3. Then the triple (p1, p2, p3) is nonrigid.
Proof. Unless (p2, p3) = (3, 5), or n ∈ {16, 18, 22} and (p2, p3) = (3, 7), we use the clas-
sification of the hyperbolic triple (2, p2, p3) in Sp2m(F). This classification is given in
Lemmas 21.4.11, 21.4.12 and 21.4.13. It shows in particular that the triple (2, p2, p3) is
not reducible in G. We let
δ =
n2
4
+
n2
2
.
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Note that δ is an upper bound for the maximal dimension of a conjugacy class of an ele-
ment of order 2 in G.
(i) Suppose first that (p1, p2, p3) = (3, 3, 5). Let g2 be an element of G of order 3 whose
centralizer has minimal dimension. By Lemma 21.4.9, we have
δg2G ≥
n2 + n− 2
3
.
Also we can find an element g in G of order 5 such that
δgG >
3n2 + 8n− 96
8
.
Now
2δg2G + δ
g
G − 2 dim G >
2(n2 + n− 2)
3
+
3n2 + 8n− 96
8
− (n2 + n)
=
n2 + 16n− 320
24
> 0.
It follows that the triple (3, 3, 5) is nonrigid.
(ii) Suppose that n ∈ {16, 18, 22} and (p1, p2, p3) = (3, 3, 7). Then by Table 21.5, the
triple (3, 3, 7) is nonrigid.
(iii) Suppose now that n ≤ p1. Then there exists a regular element g in G of order
p1. Hence δ
g
G−δ > 0. Since (2, p2, p3) is not reducible, it follows that (p1, p2, p3) is nonrigid.
(iv) We finally suppose that n > p1, (p1, p2, p3) 6= (3, 3, 5), and (p1, p2, p3) 6= (3, 3, 7) if
n ∈ {16, 18, 22}.
(a) Suppose first that p1 = 3. Since δ
g2
G −δ > 0 and the triple (2, p2, p3) is not reducible,
it follows that the triple (3, p2, p3) is nonrigid.
(b) Suppose now that p1 ≥ 5. Say n ≡ γ5 mod 5, where 0 ≤ γ5 < 5. If p1 6= p, we
consider an element gc in G of order p1 of the form
gc =
{
(ωIn−4
4
, ω−1In−4
4
, ω2In−4
4
, ω−2In−4
4
, I4) if n ≡ 0 mod 4
(ωIn−2
4
, ω−1In−2
4
, ω2In−2
4
, ω−2In−2
4
, I2) if n ≡ 2 mod 4
where ω ∈ F denotes an element of order p1. Now
δgcG − δ > 0.
Since the triple (2, p2, p3) is not reducible, it follows that the triple (p1, p2, p3) is nonrigid.
If p = p1, we consider an element ge in G of order p1 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is even
J
n−γ5−5
5
5 ⊕ J2γ5+5
2
if γ5 is odd.
Now
δgeG − δ > 0.
Since the triple (2, p2, p3) is not reducible, it follows that the triple (p1, p2, p3) is nonrigid.
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The case where G = PSp2m(F)
The proof of Proposition 21.5 follows immediately from the classification of the hyperbolic
triples of primes in Sp2m(F). The only difference concerning the dimensions of centralizers
of elements of prime order u between these two cases occurs when u = 2.
Lemma 21.4.15. Let g1 denote an element of G = PSp2m(F) of order 2 whose centralizer
has minimal dimension. Let n = 2m. Then
δg1G =
n2
4
+
n
2
.
Proof. This follows from the proof of [31, Proposition 4.1].
21.4.3 The groups of type Dl
We now turn to the algebraic groups of type Dl. Since by the proof of [31, Proposition 4.1]
the minimal dimensions of centralizers of involutions in PSO2l(F) and SO2l(F) are equal,
it follows that the classification of hyperbolic triples of primes in PSO2l(F) is the same as
in SO2l(F) (in particular Proposition 21.8 holds). We therefore first look at the groups
SO2l(F). The results for the simply connected groups and the half-spin groups will then
follow.
The case where G = SO2m(F)
Let G = SO2m(F) where F is an algebraically closed field of characteristic p > 0. Recall
that we let n = 2m. Without loss of generality, we assume that n ≥ 8. To prove
Proposition 21.7, it is useful to describe elements of G of prime order u ≥ 2. We begin
with elements of order 2 and 3.
Lemma 21.4.16. Let g1 (respectively, g2) denote an element of G = SO2m(F) of order 2
(respectively, 3) whose centralizer has minimal dimension. Then
δg1G =
{
m2 if m is even
m2 − 1 if m is odd and δ
g2
G = b
2
3
(2m2 −m)c.
Proof. This follows from the proof of [31, Proposition 4.1].
We now describe the unipotent elements in G. We assume here that p ≥ 5. We use
the description given in [34]. We denote by Ji a Jordan block of size i. The unipotent
elements g of G are of the form
g = ⊕iJrii
where ri is even for each even i. We have
dgG =
1
2
∑
i
ir2i +
∑
i<j
irirj − 1
2
∑
i odd
ri.
If g is a semisimple element of G of prime order, it is relatively easy to compute dgG.
We give some examples. We write g in diagonal form with respect to an orthogonal basis
of the natural module of dimension n on which G acts. For example, let n = 20 and g ∈ G
be the following element of order 7
g = (ωI2, ω
−1I2, ω2I2, ω−2I2, ω3I3, ω−3I3, I6)
where ω ∈ F is an element of order 7. Then
CG(g) = GL2(F)×GL2(F)×GL3(F)× SO6(F).
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Hence
dgG = 2
2 + 22 + 32 +
1
2
(62 − 6) = 32.
Let u ≥ 5 be a prime number. We give a list of elements of G of order u that we
are going to use. This list will enable us to deal easily with the case where n ≥ 30. For
n < 30 we often have to produce some elements whose centralizers have smaller dimension.
If n ≤ u there exist some regular elements of order u. Indeed, if u 6= p we consider
ga = (ω, ω
−1, . . . , ω
n
2 , ω−
n
2 )
where ω ∈ F is an element of order u. We have
dgaG =
n
2
and δgaG =
n2
2
− n.
If u = p, we consider the element gb = Jn. This is a regular element of G of order p. We
have
dgbG =
n
2
and δgbG =
n2
2
− n.
We now consider the case where n > u.
We first consider the case where u = 5. Say that n ≡ γ5 mod 5 where 0 ≤ γ5 < 5. If
p 6= 5, we consider an element gc of G of order 5 of the form
gc =
{
(ωIn−4
4
, ω−1In−4
4
, ω2In−4
4
, ω−2In−4
4
, I4) if n ≡ 0 mod 4
(ωIn−2
4
, ω−1In−2
4
, ω2In−2
4
, ω−2In−2
4
, I2) if n ≡ 2 mod 4
where ω ∈ F is an element of order 5. We have
(dgcG , δ
gc
G ) =

(
n2−8n+64
8 ,
3n2+4n−64
8
)
if n ≡ 0 mod 4(
n2−4n+12
8 ,
3n2−12
8
)
if n ≡ 2 mod 4.
For n ≥ 14, we have
δgcG ≥
3n2 − 12
8
.
Suppose now that u = p = 5. We consider an element ge of G of order 5 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is odd
J
n−γ5
5
5 ⊕ J2γ5
2
if γ5 is even.
We have
(dgeG , δ
ge
G ) =

(
n2−n
10 ,
4n2−4n
10
)
if γ5 = 0, 1(
n2−n+8
10 ,
4n2−4n−8
10
)
if γ5 = 2(
n2−n+4
10 ,
4n2−4n−4
10
)
if γ5 = 3(
n2−n+28
10 ,
4n2−4n−28
10
)
if γ5 = 4.
Note that
δgeG ≥
4n2 − 4n− 28
10
.
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We now consider the case where u ≥ 7. Say that n ≡ γ mod 7, where 0 ≤ γ < 7. If
p 6= u, we consider an element gf of G of order u of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
where ω ∈ F is an element of order u. We have
d
gf
G =
n2 − n+ 6γ(γ − 1)
14
and δ
gf
G =
3n2 − 3n− 3γ(γ − 1)
7
.
Note that
δ
gf
G ≥
3n2 − 3n− 90
7
.
Suppose now that u = p. We consider an element gh of G of order u of the form
gh =
 J
n−γ
7
7 ⊕ Jγ if γ is odd
J
n−γ
7
7 ⊕ J2γ
2
if γ is even.
We have
(dghG , δ
gh
G ) =

(
n2−n
14 ,
6n2−6n
14
)
if γ = 0, 1(
n2−n+12
14 ,
6n2−6n−12
14
)
if γ = 2(
n2−n+8
14 ,
6n2−6n−8
14
)
if γ = 3, 5(
n2−n+44
14 ,
6n2−6n−44
14
)
if γ = 4(
n2−n+40
14 ,
6n2−6n−40
14
)
if γ = 6.
Note that
δghG ≥
3n2 − 3n− 22
7
.
We first classify the triple (2, 3, p3) where p3 ≥ 7 is a prime number.
Lemma 21.4.17. Let G = SO2m(F), where m ≥ 4 and F is an algebraically closed field of
characteristic p > 0. Let p3 ≥ 7 be a prime number. Then the triple (2, 3, p3) is nonrigid.
Proof. Recall that n = 2m. Let g1, (respectively, g2) denote an element of G of order 2
(respectively, 3) whose centralizer has minimal dimension. By Lemma 21.4.16, we have
δg1G ≥
n2
4
− 1 and δg2G ≥
1
3
(n2 − n− 2).
For later use, namely when we look at Spin2m(F), we are going to use the lower bound
n2/4− 4 for δg1G , whenever m ≡ 2 mod 4 and m > 6. We let
δ1 =
{
δg1G if m 6≡ 2 mod 4
n2
4 − 4 if m ≡ 2 mod 4.
(i) Suppose first that 8 ≤ n ≤ 28. We use Table 21.7 which lists some possible
dimensions of conjugacy classes of elements of prime order u ≥ 2 in G. The dimensions
given are maximal if u ∈ {2, 3, 5, 7}. If n 6= 12 then by Table 21.7, there exists an element
g ∈ G of order p3 such that
δ1 + δ
g2
G + δ
g
G − 2 dim G > 0.
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If n = 12 then by Table 21.7, there exists an element g ∈ G of order p3 such that
δg1G + δ
g2
G + δ
g
G − 2 dim G > 0.
The result follows.
(ii) Suppose now that n ≥ 30.
Suppose that n ≤ p3. Then there exists a regular element g in G of order p3. We have
δgG =
n2
2
− n.
δ1 + δ
g2
G + δ
g
G − 2 dim G ≥
(
n2
4
− 4
)
+
1
3
(n2 − n− 2) + n
2
2
− n− (n2 − n)
=
n2 − 4n− 56
12
> 0.
The result follows.
Suppose that n > p3. Say n ≡ γ mod 7, where 0 ≤ γ < 7. If p3 6= p, we consider an
element gf of G of order p3 of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
where ω ∈ F is an element of order p3. We have
δ
gf
G ≥
3n2 − 3n− 90
7
.
Hence
δ1 + δ
g2
G + δ
gf
G − 2 dim G ≥
(
n2
4
− 4
)
+
1
3
(n2 − n− 2) + 1
7
(3n2 − 3n− 90)
−(n2 − n)
=
n2 + 20n− 1472
84
> 0.
The result follows.
If p = p3 then we consider an element gh ∈ G of order p3 where
gh =
 J
n−γ
7
7 ⊕ Jγ if γ is odd
J
n−γ
7
7 ⊕ J2γ
2
if γ is even.
We have
δghG ≥
3n2 − 3n− 22
7
.
Hence
δ1 + δ
g2
G + δ
gh
G − 2 dim G ≥
(
n2
4
− 4
)
+
1
3
(n2 − n− 2) + 1
14
(6n2 − 6n− 44)
−(n2 − n)
=
n2 + 20n− 656
84
> 0.
The result follows.
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We now classify the triple (2, p2, p3) where p2 ≤ p3 are two prime numbers greater
than 3.
Lemma 21.4.18. Let G = SO2m(F), where m ≥ 4 and F is an algebraically closed field
of characteristic p > 0. Let p2 ≤ p3 be odd prime numbers greater than 3. Then the triple
(2, p2, p3) is nonrigid.
Proof. Recall that n = 2m. Let g1 denote an element of G of order 2 whose centralizer
has minimal dimension. By Lemma 21.4.16, we have
δg1G ≥
n2
4
− 1.
For later use, namely when we look at Spin2m(F), we are going to use the lower bound
n2/4− 4 for δg1G , whenever m ≡ 2 mod 4. We let
δ1 =
{
δg1G if m 6≡ 2 mod 4
n2
4 − 4 if m ≡ 2 mod 4.
(i) We first classify the triple (2, p2, p2).
(a) Suppose first that 8 ≤ n ≤ 12. By Table 21.7, there exists an element g ∈ G of
order p2 such that
δ1 + 2δ
g
G − 2 dim G > 0.
The result follows.
(b) Suppose that n ≥ 14. Say n ≡ γ5 mod 5. If p2 6= p, we consider an element gc of
G of order p2 of the form
gc =
{
(ωIn−4
4
, ω−1In−4
4
, ω2In−4
4
, ω−2In−4
4
, I4) if n ≡ 0 mod 4
(ωIn−2
4
, ω−1In−2
4
, ω2In−2
4
, ω−2In−2
4
, I2) if n ≡ 2 mod 4
where ω ∈ F is an element of order p2. We have
δgcG ≥
3n2 − 12
8
.
Hence
δ1 + 2δ
gc
G − 2 dim G ≥
(
n2
4
− 4
)
+
3n2 − 12
4
− (n2 − n)
= n− 7 > 0.
The result follows. If p2 = p, we consider an element ge of G of order p2 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is odd
J
n−γ5
5
5 ⊕ J2γ5
2
if γ5 is even.
We have
δgeG ≥
4n2 − 4n− 28
10
.
Hence
δ1 + 2δ
ge
G − 2 dim G ≥
(
n2
4
− 4
)
+
4n2 − 4n− 28
5
− (n2 − n)
=
(n− 12)(n+ 16)
20
> 0.
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The result follows.
(ii) By (i), the triples (2, p2, p2) and (2, p3, p3) are nonrigid. It follows that the triple
(2, p2, p3) is also nonrigid.
We finally classify the hyperbolic triple (p1, p2, p3) where p1, p2, p3 are odd primes.
Lemma 21.4.19. Let G = SO2m(F), where m ≥ 4 and F is an algebraically closed field
of characteristic p > 0. Let p1 ≤ p2 ≤ p3 be odd prime numbers not all equal to 3. Then
the triple (p1, p2, p3) is nonrigid.
Proof. Recall that n = 2m. If 8 ≤ n ≤ 28 then the result follows from Table 21.7. We
therefore assume that n ≥ 30. We use the fact that if (p2, p3) 6= (3, 5) then the triple
(2, p2, p3) is nonrigid. This fact is proven in Lemmas 21.4.17 and 21.4.18. Let g1 denote
an element of G of order 2 whose centralizer has minimal dimension. By Lemma 21.4.16,
we have
δg1G ≤
n2
4
.
(i) Suppose first that (p1, p2, p3) = (3, 3, 5). Let g2 be an element of G of order 3 whose
centralizer has minimal dimension. By Lemma 21.4.16, we have
δg2G ≥
n2 − n− 2
3
.
Also we can find an element g in G of order 5 such that
δgG ≥
3n2 − 12
8
.
Now
2δg2G + δ
g
G − 2 dim G >
2(n2 − n− 2)
3
+
3n2 − 12
8
− (n2 − n)
=
n2 + 8n− 68
24
> 0.
It follows that the triple (3, 3, 5) is nonrigid.
(ii) Suppose now that n ≤ p1. Then there exists a regular element g in G of order p1.
Hence δgG − δg1G > 0. Since (2, p2, p3) is nonrigid, it follows that (p1, p2, p3) is nonrigid.
(iii) We finally suppose that n > p1 and (p1, p2, p3) 6= (3, 3, 5).
(a) Suppose first that p1 = 3. Since δ
g2
G − δg1G > 0 and the triple (2, p2, p3) is nonrigid,
it follows that the triple (3, p2, p3) is nonrigid.
(b) Suppose now that p1 ≥ 5. Say n ≡ γ5 mod 5, where 0 ≤ γ5 < 5. If p1 6= p, we
consider an element gc in G of order p1 of the form
gc =
{
(ωIn−4
4
, ω−1In−4
4
, ω2In−4
4
, ω−2In−4
4
, I4) if n ≡ 0 mod 4
(ωIn−2
4
, ω−1In−2
4
, ω2In−2
4
, ω−2In−2
4
, I2) if n ≡ 2 mod 4
where ω ∈ F denotes an element of order p1. Now
δgcG − δg1G > 0.
Since the triple (2, p2, p3) is nonrigid, it follows that the triple (p1, p2, p3) is nonrigid.
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If p = p1, we consider an element ge in G of order p1 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is odd
J
n−γ5
5
5 ⊕ J2γ5
2
if γ5 is even.
Now
δgeG − δg1G > 0.
Since the triple (2, p2, p3) is nonrigid, it follows that the triple (p1, p2, p3) is nonrigid.
The case where G = Spin2m(F)
By Remark 21.1 we only need to consider the spin and half-spin groups in odd character-
istic. The proof of Proposition 21.9 follows from the proof of Proposition 21.7. The only
difference concerning the dimensions of centralizers of elements of prime order u between
these two cases occurs when u = 2. As usual we let n = 2m.
Lemma 21.4.20. Let g1 (respectively, h1) denote an element of G = Spin2m(F) (respec-
tively, H = SO2m(F)) of order 2 whose centralizer has minimal dimension. If char(F) > 2
then
δg1G =
{
δh1H if m 6≡ 2 mod 4
δh1H − 4 if m ≡ 2 mod 4.
Proof. We write an involution h ∈ H in the form (−I2i, In−2i). The element h lifts to an
involution in G if and only if i is even. We have
h1 =
{
(−Im, Im) if m is even
(−Im−1, Im+1) or (−Im+1, Im−1) if m is odd.
The result follows if m 6≡ 2 mod 4. If m ≡ 2 mod 4, without loss of generality,
g1 = (−Im−2, Im+2).
It follows that
δg1G =
n2
4
− 4.
Proof of Proposition 21.9. The proof follows immediately from the proof of Proposition
21.7 if n 6= 12 or {p1, p2} 6= {2, 3}.
Suppose that n = 12, p1 = 2 and p2 = 3. Then by Lemma 21.4.20 and Table 21.7, we
get that the triple (2, 3, 7) is rigid. If p3 ≥ 11 there exists a regular element g ∈ G of order
p3. It follows that the triple (2, 3, p3) is nonrigid.
The case where G is a half-spin group
Let G = HSpin2m(F) where m is even and char(F) > 2. The proof of Proposition 21.10
follows from the fact that δ2G = δ
2
Spin2m(F). (Indeed an involution (−I2i, I2m−i) in SO2m(F)
corresponds to an involution in G if and only if i is even.)
21.4.4 The groups of type Bl
We finally look at the algebraic groups of type Bl. We first look at the adjoint groups.
The results for the simply connected groups will then follow.
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The case where G = SO2m+1(F)
Let G = SO2m+1(F) where F is an algebraically closed field of characteristic p > 2. Recall
that we let n = 2m + 1. Without loss of generality, we assume that n ≥ 7. To prove
Proposition 21.11, it is useful to describe elements of G of prime order u ≥ 2. We begin
with elements of order 2 and 3.
Lemma 21.4.21. Let g1 (respectively, g2) denote an element of G = SO2m+1(F) of order
2 (respectively, 3) whose centralizer has minimal dimension. Then
δg1G = m
2 +m and δg2G = b
2
3
(2m2 +m)c.
Proof. This follows from the proof of [31, Proposition 4.1].
We now describe the unipotent elements in G. We assume here that p ≥ 5. We use
the description given in [34]. We denote by Ji a Jordan block of size i. The unipotent
elements g of G are of the form
g = ⊕iJrii
where ri is even for each even i. We have
dgG =
1
2
∑
i
ir2i +
∑
i<j
irirj − 1
2
∑
i odd
ri.
If g is a semisimple element of G of prime order, it is relatively easy to compute dgG.
We give some examples. We write g in diagonal form with respect to an orthogonal basis
of the natural module of dimension n on which G acts. For example, let n = 21 and g ∈ G
be the following element of order 7
g = (ωI2, ω
−1I2, ω2I2, ω−2I2, ω3I3, ω−3I3, I7)
where ω ∈ F is an element of order 7. Then
CG(g) = GL2(F)×GL2(F)×GL3(F)× SO7(F).
Hence
dgG = 2
2 + 22 + 32 +
1
2
(72 − 7) = 38.
Let u ≥ 5 be a prime number. We give a list of elements of G of order u that we
are going to use. This list will enable us to deal easily with the case where n ≥ 29. For
n < 29 we often have to produce some elements whose centralizers have smaller dimension.
If n ≤ u there exist some regular elements of order u. Indeed, if u 6= p we consider
ga = (ω, ω
−1, . . . , ω
n−1
2 , ω−
n−1
2 , 1)
where ω ∈ F is an element of order u. We have
dgaG =
n− 1
2
and δgaG =
(n− 1)2
2
.
If u = p, we consider the element gb = Jn. This is a regular element of G of order p. We
have
dgbG =
n− 1
2
and δgbG =
(n− 1)2
2
.
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We now consider the case where n > u.
We first consider the case where u = 5. Say that n ≡ γ5 mod 5 where 0 ≤ γ5 < 5. If
p 6= 5, we consider an element gc of G of order 5 of the form
gc =
{
(ωIn−3
4
, ω−1In−3
4
, ω2In−3
4
, ω−2In−3
4
, I3) if n ≡ 3 mod 4
(ωIn−1
4
, ω−1In−1
4
, ω2In−1
4
, ω−2In−1
4
, 1) if n ≡ 1 mod 4
where ω ∈ F is an element of order 5. We have
(dgcG , δ
gc
G ) =

(
n2−6n+33
8 ,
3n2+2n−33
8
)
if n ≡ 3 mod 4(
n2−2n+1
8 ,
3n2−2n−1
8
)
if n ≡ 1 mod 4.
For n ≥ 9, we have
δgcG ≥
3n2 − 2n− 1
8
.
Suppose now that u = p = 5. We consider an element ge of G of order 5 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is odd
J
n−γ5
5
5 ⊕ J2γ5
2
if γ5 is even.
We have
(dgeG , δ
ge
G ) =

(
n2−n
10 ,
4n2−4n
10
)
if γ5 = 0, 1(
n2−n+8
10 ,
4n2−4n−8
10
)
if γ5 = 2(
n2−n+4
10 ,
4n2−4n−4
10
)
if γ5 = 3(
n2−n+28
10 ,
4n2−4n−28
10
)
if γ5 = 4.
Note that
δgeG ≥
4n2 − 4n− 28
10
.
We now consider the case where u ≥ 7. Say that n ≡ γ mod 7, where 0 ≤ γ < 7. If
p 6= u, we consider an element gf of G of order u of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
where ω ∈ F is an element of order u. We have
d
gf
G =
n2 − n+ 6γ(γ − 1)
14
and δ
gf
G =
3n2 − 3n− 3γ(γ − 1)
7
.
Note that
δ
gf
G ≥
3n2 − 3n− 90
7
.
Suppose now that u = p. We consider an element gh of G of order u of the form
gh =
 J
n−γ
7
7 ⊕ Jγ if γ is odd
J
n−γ
7
7 ⊕ J2γ
2
if γ is even.
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We have
(dghG , δ
gh
G ) =

(
n2−n
14 ,
6n2−6n
14
)
if γ = 0, 1(
n2−n+12
14 ,
6n2−6n−12
14
)
if γ = 2(
n2−n+8
14 ,
6n2−6n−8
14
)
if γ = 3, 5(
n2−n+44
14 ,
6n2−6n−44
14
)
if γ = 4(
n2−n+40
14 ,
6n2−6n−40
14
)
if γ = 6.
Note that
δghG ≥
3n2 − 3n− 22
7
.
We first classify the triple (2, 3, p3) where p3 ≥ 7 is a prime number.
Lemma 21.4.22. Let G = SO2m+1(F), where m ≥ 3 and F is an algebraically closed
field of characteristic p > 2. Let p3 ≥ 7 be a prime number. Then the triple (2, 3, p3) is
nonrigid.
Proof. Recall that n = 2m+ 1. Let g1, (respectively, g2) denote an element of G of order
2 (respectively, 3) whose centralizer has minimal dimension. By Lemma 21.4.21, we have
δg1G =
n2 − 1
4
and δg2G ≥
1
3
(n2 − n− 2).
For later use, namely when we look at Spin2m+1(F), we are going to use the lower bound
(n2 − 9)/4 for δg1G , whenever m ≡ 1, 2 mod 4 and m > 5. We let
δ1 =
{
δg1G if m 6≡ 1, 2 mod 4
n2−9
4 if m ≡ 1, 2 mod 4.
(i) Suppose first that 7 ≤ n ≤ 27. We use Table 21.8 which lists some possible
dimensions of conjugacy classes of elements of prime order u ≥ 2 in G. The dimensions
given are maximal if u ∈ {2, 3, 5, 7}. If n 6= 11 then by Table 21.8, there exists an element
g ∈ G of order p3 such that
δ1 + δ
g2
G + δ
g
G − 2 dim G > 0.
If n = 11 then by Table 21.8, there exists an element g ∈ G of order p3 such that
δg1G + δ
g2
G + δ
g
G − 2 dim G > 0.
The result follows.
(ii) Suppose now that n ≥ 29.
Suppose that n ≤ p3. Then there exists a regular element g in G of order p3. We have
δgG =
(n− 1)2
2
.
δ1 + δ
g2
G + δ
g
G − 2 dim G ≥
n2 − 9
4
+
1
3
(n2 − n− 2) + (n− 1)
2
2
− (n2 − n)
=
n2 − 4n− 29
12
> 0.
The result follows.
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Suppose that n > p3. Say n ≡ γ mod 7, where 0 ≤ γ < 7. If p3 6= p, we consider an
element gf of G of order p3 of the form
gf = (ωIn−γ
7
, ω−1In−γ
7
, ω2In−γ
7
, ω−2In−γ
7
, ω3In−γ
7
, ω−3In−γ
7
, In+6γ
7
)
where ω ∈ F is an element of order p3. We have
δ
gf
G ≥
3n2 − 3n− 90
7
.
Hence
δ1 + δ
g2
G + δ
gf
G − 2 dim G ≥
n2 − 9
4
+
1
3
(n2 − n− 2) + 1
7
(3n2 − 3n− 90)
−(n2 − n)
=
n2 + 20n− 1325
84
> 0.
The result follows.
If p = p3 then we consider an element gh ∈ G of order p3 where
gh =
 J
n−γ
7
7 ⊕ Jγ if γ is odd
J
n−γ
7
7 ⊕ J2γ
2
if γ is even.
We have
δghG ≥
3n2 − 3n− 22
7
.
Hence
δ1 + δ
g2
G + δ
gh
G − 2 dim G ≥
n2 − 9
4
+
1
3
(n2 − n− 2) + 1
14
(6n2 − 6n− 44)
−(n2 − n)
=
n2 + 20n− 509
84
> 0.
The result follows.
We now classify the triple (2, p2, p3) where p2 ≤ p3 are two prime numbers greater
than 3.
Lemma 21.4.23. Let G = SO2m+1(F), where m ≥ 3 and F is an algebraically closed field
of characteristic p > 2. Let p2 ≤ p3 be odd prime numbers greater than 3. Then the triple
(2, p2, p3) is nonrigid.
Proof. Recall that n = 2m+1. Let g1 denote an element of G of order 2 whose centralizer
has minimal dimension. By Lemma 21.4.21, we have
δg1G =
n2 − 1
4
.
For later use, namely when we look at Spin2m+1(F), we are going to use the lower bound
(n2 − 9)/ for δg1G , whenever m ≡ 1, 2 mod 4. We let
δ1 =
{
δg1G if m 6≡ 1, 2 mod 4
n2−9
4 if m ≡ 1, 2 mod 4.
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(i) We first classify the triple (2, p2, p2).
(a) Suppose first that n ∈ {7, 9}. By Table 21.8, there exists an element g ∈ G of order
p2 such that
δ1 + 2δ
g
G − 2 dim G > 0.
The result follows.
(b) Suppose that n ≥ 11. Say n ≡ γ5 mod 5. If p2 6= p, we consider an element gc of
G of order p2 of the form
gc =
{
(ωIn−3
4
, ω−1In−3
4
, ω2In−3
4
, ω−2In−3
4
, I3) if n ≡ 3 mod 4
(ωIn−1
4
, ω−1In−1
4
, ω2In−1
4
, ω−2In−1
4
, 1) if n ≡ 1 mod 4
where ω ∈ F is an element of order p2. We have
δgcG ≥
3n2 − 2n− 1
8
.
Hence
δ1 + 2δ
gc
G − 2 dim G ≥
n2 − 9
4
+
3n2 − 2n− 1
4
− (n2 − n)
=
n− 5
2
> 0.
The result follows. If p2 = p, we consider an element ge of G of order p2 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is odd
J
n−γ5
5
5 ⊕ J2γ5
2
if γ5 is even.
We have
δgeG ≥
4n2 − 4n− 28
10
.
Hence
δ1 + 2δ
ge
G − 2 dim G ≥
n2 − 9
4
+
4n2 − 4n− 28
5
− (n2 − n)
=
n2 + 4n− 157
20
> 0.
The result follows.
(ii) By (i), the triples (2, p2, p2) and (2, p3, p3) are nonrigid. It follows that the triple
(2, p2, p3) is also nonrigid.
We finally classify the hyperbolic triple (p1, p2, p3) where p1, p2, p3 are odd primes.
Lemma 21.4.24. Let G = SO2m+1(F), where m ≥ 3 and F is an algebraically closed field
of characteristic p > 2. Let p1 ≤ p2 ≤ p3 be odd prime numbers not all equal to 3. Then
the triple (p1, p2, p3) is nonrigid.
Proof. Recall that n = 2m + 1. If 7 ≤ n ≤ 27 then the result follows from Table 21.7.
We therefore assume that n ≥ 29. We use the fact that if (p2, p3) 6= (3, 5) then the triple
(2, p2, p3) is nonrigid. This fact is proven in Lemmas 21.4.22 and 21.4.23. Let g1 denote
an element of G of order 2 whose centralizer has minimal dimension. By Lemma 21.4.21,
we have
δg1G ≤
n2 − 1
4
.
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(i) Suppose first that (p1, p2, p3) = (3, 3, 5). Let g2 be an element of G of order 3 whose
centralizer has minimal dimension. By Lemma 21.4.21, we have
δg2G ≥
n2 − n− 2
3
.
Also we can find an element g in G of order 5 such that
δgG ≥
3n2 − 2n− 1
8
.
Now
2δg2G + δ
g
G − 2 dim G >
2(n2 − n− 2)
3
+
3n2 − 2n− 1
8
− (n2 − n)
=
(n− 5)(n+ 7)
24
> 0.
It follows that the triple (3, 3, 5) is nonrigid.
(ii) Suppose now that n ≤ p1. Then there exists a regular element g in G of order p1.
Hence δgG−δg1G > 0. Since (2, p2, p3) is nonrigid, it follows that (p1, p2, p3) is nonrigid in G.
(iii) We finally suppose that n > p1 and (p1, p2, p3) 6= (3, 3, 5).
(a) Suppose first that p1 = 3. Let g2 be an element of G of order 3 whose centralizer
has minimal dimension. Since δg2G − δg1G > 0 and the triple (2, p2, p3) is nonrigid, it follows
that the triple (3, p2, p3) is nonrigid.
(b) Suppose now that p1 ≥ 5. Say n ≡ γ5 mod 5, where 0 ≤ γ5 < 5. If p1 6= p, we
consider an element gc in G of order p1 of the form
gc =
{
(ωIn−3
4
, ω−1In−3
4
, ω2In−3
4
, ω−2In−3
4
, I3) if n ≡ 3 mod 4
(ωIn−1
4
, ω−1In−1
4
, ω2In−1
4
, ω−2In−1
4
, 1) if n ≡ 1 mod 4
where ω ∈ F denotes an element of order p1. Now
δgcG − δg1G > 0.
Since the triple (2, p2, p3) is nonrigid, it follows that the triple (p1, p2, p3) is nonrigid.
If p = p1, we consider an element ge in G of order p1 of the form
ge =
 J
n−γ5
5
5 ⊕ Jγ5 if γ5 is odd
J
n−γ5
5
5 ⊕ J2γ5
2
if γ5 is even.
Now
δgeG − δg1G > 0.
Since the triple (2, p2, p3) is nonrigid, it follows that the triple (p1, p2, p3) is nonrigid.
The case where G = Spin2m+1(F)
The proof of Proposition 21.12 follows from the proof Proposition 21.11. The only differ-
ence concerning the dimensions of centralizers of elements of prime order u between these
two cases occurs when u = 2. Recall that n = 2m+ 1 and char(F) > 2.
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Lemma 21.4.25. Let g1 (respectively, h1) denote an element of G = Spin2m+1(F) (re-
spectively, H = SO2m+1(F)) of order 2 whose centralizer has minimal dimension. Then
δg1G =
{
δh1H if m 6≡ 1, 2 mod 4
δh1H − 2 if m ≡ 1, 2 mod 4.
Proof. We write an involution h ∈ H in the form (−I2i, In−2i). The element h lifts to an
involution in G if and only if i is even. We have
h1 =
{
(−Im, Im+1) if m is even
(−Im+1, Im) if m is odd.
The result follows if m ≡ 0, 3 mod 4.
Suppose that m ≡ 1, 2 mod 4. Then
g1 =
{
(−Im−1, Im+2) if m ≡ 1 mod 4
(−Im+2, Im−1) if m ≡ 2 mod 4.
It follows that
δg1G =
n2 − 9
4
.
Proof of Proposition 21.12. The proof follows immediately from the proof of Proposition
21.11 if n 6= 11 or {p1, p2} 6= {2, 3}.
Suppose that n = 11, p1 = 2 and p2 = 3. Then by Lemma 21.4.25 and Table 21.8, we
get that the triple (2, 3, 7) is rigid. If p3 ≥ 11 there exists a regular element g ∈ G of order
p3. It follows that the triple (2, 3, p3) is nonrigid.
21.4.5 Some useful tables
We give some tables used in the proofs of Propositions 21.2, 21.3, 21.5, 21.6, 21.7, 21.11
and 21.12. They give some information concerning the dimension of a conjugacy class of
elements of prime order in G, where G is a simple algebraic group of type Al, Cl, Dl, or
Bl, with l small.
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n
u
=
2
u
=
3
u
=
5
u
=
7
u
=
1
1
u
=
1
3
u
≥
1
7
2
δ
g G
=
0
δ
g G
=
2
3
δ
g G
=
4
δ
g G
=
6
4
δ
g G
=
8
δ
g G
=
1
0
δ
g G
=
1
2
5
δ
g G
=
1
2
δ
g G
=
1
6
δ
g G
=
2
0
6
g
=
{
(
ω
±
1
,
ω
±
2
,
I
2
)
if
p
6=
5
J
5
⊕
J
1
if
p
=
5
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Table 21.2: Possible dimension for a conjugacy class of an element of prime order u 6= 5
in SLn(F), char(F) > 0, 15 ≤ n ≤ 28
n dim G u = 2 u = 3 u ≥ 7
15 g =
{
(ωI2, ω
−1I2, ω2I2, ω−2I2, ω3I2, ω−3I2, I3) if p 6= u
J27 ⊕ J1 if p = u
224 δgG = 112 δ
g
G = 150 δ
g
G = 192
16 g =
{
(ωI3, ω
−1I3, ω2I2, ω−2I2, ω3I2, ω−3I2, I2) if p 6= u
J27 ⊕ J2 if p = u
255 δgG = 128 δ
g
G = 170 δ
g
G = 218
17 g =
{
(ωI3, ω
−1I3, ω2I2, ω−2I2, ω3I2, ω−3I2, I3) if p 6= u
J27 ⊕ J3 if p = u
288 δgG = 144 δ
g
G = 192 δ
g
G = 246
18 g =
{
(ωI3, ω
−1I3, ω2I3, ω−2I3, ω3I2, ω−3I2, I2) if p 6= u
J27 ⊕ J4 if p = u
323 δgG = 160 δ
g
G = 216 δ
g
G = 276
19 g =
{
(ωI3, ω
−1I3, ω2I3, ω−2I3, ω3I2, ω−3I2, I3) if p 6= u
J27 ⊕ J5 if p = u
360 δgG = 180 δ
g
G = 240 δ
g
G = 308
20 g =
{
(ωI3, ω
−1I3, ω2I3, ω−2I3, ω3I3, ω−3I3, I2) if p 6= u
J27 ⊕ J6 if p = u
399 δgG = 200 δ
g
G = 266 δ
g
G = 342
21 g =
{
(ωI3, ω
−1I3, ω2I3, ω−2I3, ω3I3, ω−3I3, I3) if p 6= u
J37 if p = u
440 δgG = 220 δ
g
G = 294 δ
g
G = 378
22 g =
{
(ωI3, ω
−1I3, ω2I3, ω−2I3, ω3I3, ω−3I3, I4) if p 6= u
J37 ⊕ J1 if p = u
483 δgG = 240 δ
g
G = 322 δ
g
G = 414
23 g =
{
(ωI4, ω
−1I4, ω2I3, ω−2I3, ω3I3, ω−3I3, I3) if p 6= u
J37 ⊕ J2 if p = u
528 δgG = 264 δ
g
G = 352 δ
g
G = 452
24 g =
{
(ωI4, ω
−1I4, ω2I3, ω−2I3, ω3I3, ω−3I3, I4) if p 6= u
J37 ⊕ J3 if p = u
575 δgG = 288 δ
g
G = 384 δ
g
G = 492
25 g =
{
(ωI4, ω
−1I4, ω2I4, ω−2I4, ω3I3, ω−3I3, I3) if p 6= u
J37 ⊕ J4 if p = u
624 δgG = 312 δ
g
G = 416 δ
g
G = 534
26 g =
{
(ωI4, ω
−1I4, ω2I4, ω−2I4, ω3I3, ω−3I3, I4) if p 6= u
J37 ⊕ J5 if p = u
675 δgG = 336 δ
g
G = 450 δ
g
G = 578
27 g =
{
(ωI4, ω
−1I4, ω2I4, ω−2I4, ω3I4, ω−3I4, I3) if p 6= u
J37 ⊕ J6 if p = u
728 δgG = 364 δ
g
G = 486 δ
g
G = 624
28 g =
{
(ωI4, ω
−1I4, ω2I4, ω−2I4, ω3I4, ω−3I4, I4) if p 6= u
J47 if p = u
783 δgG = 392 δ
g
G = 522 δ
g
G = 672
char(F) > 2 if u = 2.
ω ∈ F denotes an element of order u.
p = char(F).
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Table 21.3: Possible dimension for a conjugacy class of an element of prime order u 6= 5
in SLn(F), char(F) > 0, 29 ≤ n ≤ 36
n dim G u = 2 u = 3 u ≥ 7
29 g =
{
(ωI4, ω
−1I4, ω2I4, ω−2I4, ω3I4, ω−3I4, I5) if p 6= u
J47 ⊕ J1 if p = u
840 δgG = 420 δ
g
G = 560 δ
g
G = 720
30 g =
{
(ωI5, ω
−1I5, ω2I4, ω−2I4, ω3I4, ω−3I4, I4) if p 6= u
J47 ⊕ J2 if p = u
899 δgG = 448 δ
g
G = 600 δ
g
G = 770
31 g =
{
(ωI5, ω
−1I5, ω2I4, ω−2I4, ω3I4, ω−3I4, I5) if p 6= u
J47 ⊕ J3 if p = u
960 δgG = 480 δ
g
G = 640 δ
g
G = 822
32 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I4, ω−3I4, I4) if p 6= u
J47 ⊕ J4 if p = u
1023 δgG = 512 δ
g
G = 682 δ
g
G = 876
33 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I4, ω−3I4, I5) if p 6= u
J47 ⊕ J5 if p = u
1088 δgG = 544 δ
g
G = 726 δ
g
G = 932
34 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I5, ω−3I5, I4) if p 6= u
J47 ⊕ J6 if p = u
1155 δgG = 576 δ
g
G = 770 δ
g
G = 990
35 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I5, ω−3I5, I5) if p 6= u
J57 if p = u
1224 δgG = 612 δ
g
G = 816 δ
g
G = 1050
36 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I5, ω−3I5, I6) if p 6= u
J57 ⊕ J1 if p = u
1295 δgG = 648 δ
g
G = 864 δ
g
G = 1110
char(F) > 2 if u = 2.
ω ∈ F denotes an element of order u.
p = char(F).
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0
δ
g G
=
7
2
T
ab
le
21
.4
:
T
h
e
M
a
x
im
a
l
d
im
en
si
o
n
o
f
a
co
n
ju
g
a
cy
cl
a
ss
o
f
a
n
el
em
en
t
o
f
p
ri
m
e
o
rd
er
u
in
S
p
n
(F
),
ch
a
r(
F)
>
0
,
n
∈
{4
,6
,8
,1
0
,1
2
}
ch
a
r(
F)
>
2
if
u
=
2
.
ω
∈
F
d
en
o
te
s
a
n
el
em
en
t
o
f
o
rd
er
u
.
p
=
ch
a
r(
F)
.
437
Classifying triples of primes in classical and exceptional algebraic groups
n
d
im
G
u
=
2
u
=
3
u
=
7
u
≥
1
1
1
4
g
=
{ (
ω
I
2
,
ω
−
1
I
2
,
ω
2
I
2
,
ω
−
2
I
2
,
ω
3
I
2
,
ω
−
3
I
2
,
I
2
)
if
p
6=
7
J
2 7
if
p
=
7
g
=
{ (
ω
I
2
,
ω
−
1
I
2
,
ω
2
,
ω
−
2
,
∙∙
∙,
ω
5
,
ω
−
5
,
I
2
)
if
p
6=
u
J
1
0
⊕
J
4
if
p
=
u
1
0
5
δ
g G
=
4
8
δ
g G
=
7
0
δ
g G
=
9
0
δ
g G
=
9
4
1
6
g
=
{ (
ω
I
3
,
ω
−
1
I
3
,
ω
2
I
2
,
ω
−
2
I
2
,
ω
3
I
2
,
ω
−
3
I
2
,
I
2
)
if
p
6=
7
J
2 7
⊕
J
2
if
p
=
7
g
=
{ (
ω
I
2
,
ω
−
1
I
2
,
∙∙
∙,
ω
3
I
2
,
ω
−
3
I
2
,
ω
4
,
ω
−
4
,
ω
5
,
ω
−
5
)
if
p
6=
u
J
1
0
⊕
J
6
if
p
=
u
1
3
6
δ
g G
=
6
4
δ
g G
=
9
0
δ
g G
=
1
1
6
δ
g G
=
1
2
2
1
8
g
=
{ (
ω
I
3
,
ω
−
1
I
3
,
ω
2
I
3
,
ω
−
2
I
3
,
ω
3
I
2
,
ω
−
3
I
2
,
I
2
)
if
p
6=
7
J
2 7
⊕
J
4
if
p
=
7
g
=
{ (
ω
I
2
,
ω
−
1
I
2
,
∙∙
∙,
ω
3
I
2
,
ω
−
3
I
2
,
ω
4
,
ω
−
4
,
ω
5
,
ω
−
5
,
I
2
)
if
p
6=
u
J
1
0
⊕
J
8
if
p
=
u
1
7
1
δ
g G
=
8
0
δ
g G
=
1
1
4
δ
g G
=
1
4
6
δ
g G
=
1
5
4
2
0
g
=
{ (
ω
I
3
,
ω
−
1
I
3
,
ω
2
I
3
,
ω
−
2
I
3
,
ω
3
I
3
,
ω
−
3
I
3
,
I
2
)
if
p
6=
7
J
2 7
⊕
J
6
if
p
=
7
g
=
{ (
ω
I
2
,
ω
−
1
I
2
,
∙∙
∙,
ω
5
I
2
,
ω
−
5
I
2
)
if
p
6=
u
J
2 1
0
if
p
=
u
2
1
0
δ
g G
=
1
0
0
δ
g G
=
1
4
0
δ
g G
=
1
8
0
δ
g G
=
1
9
0
2
2
g
=
{ (
ω
I
4
,
ω
−
1
I
4
,
ω
2
I
3
,
ω
−
2
I
3
,
ω
3
I
3
ω
−
3
I
3
,
I
2
)
if
p
6=
7
J
2 7
⊕
J
6
⊕
J
2
if
p
=
7
g
=
{ (
ω
I
2
,
ω
−
1
I
2
,
∙∙
∙,
ω
5
I
2
,
ω
−
5
I
2
,
I
2
)
if
p
6=
u
J
2 1
1
if
p
=
u
2
5
3
δ
g G
=
1
2
0
δ
g G
=
1
6
8
δ
g G
=
2
1
6
δ
g G
=
2
3
0
2
4
g
=
{ (
ω
I
4
,
ω
−
1
I
4
,
ω
2
I
4
,
ω
−
2
I
4
,
ω
3
I
3
,
ω
−
3
I
3
,
I
2
)
if
p
6=
7
J
2 7
⊕
J
6
⊕
J
4
if
p
=
7
g
=
{ (
ω
I
3
,
ω
−
1
I
3
,
ω
2
I
2
,
ω
−
2
I
2
,
∙∙
∙,
ω
5
I
2
,
ω
−
5
I
2
,
I
2
)
if
p
6=
u
J
2 1
1
⊕
J
2
if
p
=
u
3
0
0
δ
g G
=
1
4
4
δ
g G
=
2
0
0
δ
g G
=
2
5
6
δ
g G
=
2
7
2
2
6
g
=
{ (
ω
I
4
,
ω
−
1
I
4
,
∙∙
∙,
ω
3
I
4
,
ω
−
3
I
4
,
I
2
)
if
p
6=
7
J
2 7
⊕
J
2 6
if
p
=
7
g
=
  (
ω
I
3
,
ω
−
1
I
3
,
ω
2
I
3
,
ω
−
2
I
3
,
if
p
6=
u
ω
3
I
2
,
ω
−
3
I
2
,
∙∙
∙,
ω
5
I
2
,
ω
−
5
I
2
,
I
2
)
J
2 1
1
⊕
J
4
if
p
=
u
3
5
1
δ
g G
=
1
6
8
δ
g G
=
2
3
4
δ
g G
=
3
0
0
δ
g G
=
3
1
8
T
ab
le
21
.5
:
P
o
ss
ib
le
d
im
en
si
o
n
fo
r
a
co
n
ju
g
a
cy
cl
a
ss
o
f
a
n
el
em
en
t
o
f
p
ri
m
e
o
rd
er
u
6=
5
in
S
p
n
(F
),
ch
a
r(
F)
>
0
,
1
4
≤
n
≤
2
6
ch
a
r(
F)
>
2
if
u
=
2
.
ω
∈
F
d
en
o
te
s
a
n
el
em
en
t
o
f
o
rd
er
u
.
p
=
ch
a
r(
F)
.
T
h
e
d
im
en
si
o
n
g
iv
en
is
m
a
x
im
a
l
if
u
=
2
,3
,7
.
438
Classifying triples of primes in classical and exceptional algebraic groups
Table 21.6: Possible dimension for a conjugacy class of an element of prime order u 6= 5
in Spn(F), char(F) > 0, 28 ≤ n ≤ 50
n dim G u = 2 u = 3 u ≥ 7
28 g =
{
(ωI4, ω
−1I4, ω2I4, ω−2I4, ω3I4, ω−3I4, I4) if p 6= u
J47 if p = u
406 δgG = 196 δ
g
G = 270 δ
g
G = 348
30 g =
{
(ωI5, ω
−1I5, ω2I4, ω−2I4, ω3I4, ω−3I4, I4) if p 6= u
J47 ⊕ J2 if p = u
465 δgG = 224 δ
g
G = 310 δ
g
G = 398
32 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I4, ω−3I4, I4) if p 6= u
J47 ⊕ J4 if p = u
528 δgG = 256 δ
g
G = 352 δ
g
G = 452
34 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I5, ω−3I5, I4) if p 6= u
J47 ⊕ J6 if p = u
595 δgG = 288 δ
g
G = 396 δ
g
G = 510
36 g =
{
(ωI5, ω
−1I5, ω2I5, ω−2I5, ω3I5, ω−3I5, I6) if p 6= u
J47 ⊕ J6 ⊕ J2 if p = u
666 δgG = 324 δ
g
G = 444 δ
g
G = 570
38 g =
{
(ωI6, ω
−1I6, ω2I5, ω−2I5, ω3I5, ω−3I5, I6) if p 6= u
J47 ⊕ J6 ⊕ J4 if p = u
741 δgG = 360 δ
g
G = 494 δ
g
G = 634
40 g =
{
(ωI6, ω
−1I6, ω2I6, ω−2I6, ω3I5, ω−3I5, I6) if p 6= u
J47 ⊕ J26 if p = u
820 δgG = 400 δ
g
G = 546 δ
g
G = 702
42 g =
{
(ωI6, ω
−1I6, ω2I6, ω−2I6, ω3I6, ω−3I6, I6) if p 6= u
J67 if p = u
903 δgG = 440 δ
g
G = 602 δ
g
G = 774
44 g =
{
(ωI7, ω
−1I7, ω2I6, ω−2I6, ω3I6, ω−3I6, I6) if p 6= u
J67 ⊕ J2 if p = u
990 δgG = 484 δ
g
G = 660 δ
g
G = 848
46 g =
{
(ωI7, ω
−1I7, ω2I7, ω−2I7, ω3I6, ω−3I6, I6) if p 6= u
J67 ⊕ J4 if p = u
1081 δgG = 528 δ
g
G = 720 δ
g
G = 926
48 g =
{
(ωI7, ω
−1I7, ω2I7, ω−2I7, ω3I7, ω−3I7, I6) if p 6= u
J67 ⊕ J6 if p = u
1176 δgG = 576 δ
g
G = 784 δ
g
G = 1008
50 g =
{
(ωI8, ω
−1I8, ω2I7, ω−2I7, ω3I7, ω−3I7, I6) if p 6= u
J67 ⊕ J6 ⊕ J2 if p = u
1275 δgG = 624 δ
g
G = 850 δ
g
G = 1092
char(F) > 2 if u = 2.
ω ∈ F denotes an element of order u.
p = char(F).
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Appendix A Some character-theoretic sums
in L3(q) and U3(q)
A.1 Introduction
Let G = L3(q) (respectively, G = U3(q)) where q = p
n for some prime number p and some
positive integer n . Let (p1, p2, p3) be a hyperbolic triple of primes such that p1, p2, p3
are all odd and distinct, or one of p1, p2, p3 is equal to 2. Let T = Tp1,p2,p3 be the
corresponding hyperbolic triangle group. The aim of this appendix is to calculate some
character-theoretic sums that enable us to compute the size of Hom∗(T,G) in Chapter 7
(if G = U3(q)) and in Chapter 13 (if G = L3(q)).
A.2 Some notation
We fix some notation we are going to use. We let:
δ =
{
1 if G = L3(q)
−1 if G = U3(q)
Lδ3(q) =
{
L3(q) if δ = 1
U3(q) if δ = −1
Zδ =
{
Z(SL3(q)) if δ = 1
Z(SU3(q)) if δ = −1
r = q − δ r′ = r/d
s = q + δ
t = q2 + δq + 1 t′ = t/d
d = (r, 3) d′ = (3− d)/2
If d = 3 we let D = (r′, 3) and D′ = (3−D)/2.
We let , η, γ1, γ, ω be primitive complex roots of unity such that
r = 1, ηs =  = γt1, γ = γ
dr
1 , ω = 
r/d.
We let ρ be an element of F
q
3−δ
2
of order r and put $ = ρr/d.∑
(u,v,w) means a sum over the cyclic permutations of u, v, w.∑
[u,v,w] means a sum over all the permutations of u, v, w.
For i ∈ {1, 2, 3}, we let
α
(i)
4 = pi − 1
α
(i)
6 =
(pi − 1)(pi − 2)
6
if pi > 3
α
(i)
7 =
pi − 1
2
if pi > 2
α
(i)
8 =
pi − 1
3
if pi ≡ 1 mod 3.
Some character-theoretic sums in L3(q) and U3(q)
Remark A.2.1. Let j ∈ {4, 6, 7, 8} and let Cj be the type of conjugacy class of Lδ3(q) de-
scribed in Chapter 4. If there are some conjugacy classes of type Cj whose elements have
order pi then α
(i)
j is precisely the number of conjugacy classes of type Cj whose elements
have order pi. The elements of L
δ
3(q) of prime order are described in Proposition 4.5.1.
Finally, we define the set T as follows. Let
T0 = {k ∈ Z : 1 ≤ k < t′}.
Put an equivalence relation on T0 defined as follows. Two elements k1, k2 ∈ T0 are equiv-
alent if and only if k1 ≡ δqk2 mod t′ or k1 ≡ q2k2 mod t′. Then T0 has (t′ − 1)/3
equivalence classes of size 3 . For each class, choose as representative the smallest element
in the class. Define T to be the set consisting of these representatives.
A.3 Some useful groups
When calculating character-theoretic sums in L3(q) or U3(q) it is sometimes useful to
consider the character tables of some groups.
A.3.1 The group Hδ
Let
Hδ = 〈x, y : xt′ = y3 = 1, y−1xy = xδq〉.
The order of Hδ is 3t
′. Suppose that xa 6= 1 then it is easy to check that the conjugacy
class containing xa is {xa, xaδq, xaq2}. There are (t′ − 1)/3 such classes. The remaining
class representatives are 1, y and y2 and the corresponding classes have size 1, t′ and t′,
respectively. There are therefore (t′+8)/3 conjugacy classes in Hδ. Also the commutator
subgroup [Hδ,Hδ] is 〈x〉. It follows that Hδ has 3 linear characters χ1, χ2, χ3. By inducing
the characters of the cyclic subgroup 〈x〉 to Hδ we get the remaining (t′− 1)/3 irreducible
characters χ(u) of Hδ. A fragment of the character table of Hδ looks like
h 1 xa
|hHδ | 1 3
|CHδ (h)| 3t′ t′
χ1 1 1
χ2 1 1
χ3 1 1
χ(u) 3 γua + γδqua + γq
2ua
1 ≤ u ≤ t′ − 1
(u) = (δqu) = (uq2)
A.3.2 The group Lδ
We consider the following subgroup of Lδ3(q):
Lδ =
〈(
λ1 0 0
0 λ2 0
0 0 λ3
)
Zδ,
(
0 1 0
0 0 1
1 0 0
)
Zδ : λi ∈ F
q
3−δ
2
, λq−δi = 1, λ1λ2λ3 = 1
〉
.
The order of Lδ is 3rr
′. The character table of Lδ depends on whether the center Zδ of
SLδ3(q) is trivial or of order 3. We denote by y the element 0 1 00 0 1
1 0 0
Zδ
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of Lδ and by Qδ the abelian subgroup
Qδ =
〈(
λ1 0 0
0 λ2 0
0 0 λ3
)
Zδ : λi ∈ F
q
3−δ
2
, λq−δi = 1, λ1λ2λ3 = 1
〉
of Lδ of order rr
′.
The case where Zδ is trivial
Suppose that d = 1 so that Zδ is trivial. If x = diag(λ1, λ2, λ3) 6= 1 is an element of Qδ,
it is easy to check that the conjugacy class of Lδ containing x is
{diag(λ1, λ2, λ3), diag(λ2, λ3, λ1), diag(λ3, λ1, λ2)}.
In this way we get
(t− 1)/3− δr − 1
conjugacy classes of Lδ of size 3. The remaining classes of Lδ have representatives 1, t
and t2 and have sizes 1, r2 and r2, respectively. Therefore there are
(t− 1)/3− δr + 2
conjugacy classes in Lδ. Also the commutator subgroup [Lδ, Lδ] of Lδ is Qδ. Therefore
there are 3 linear characters in Lδ, say χ1, χ2, χ3. By inducing the characters of the
abelian group Qδ ∼= Zr × Zr, we get the remaining
(t− 1)/3− δr − 1
irreducible characters χ(u,v,w) of Lδ. A fragment of the character table of Lδ looks like
l 1 diag(ρa, ρa, ρ−2a) diag(ρa, ρb, ρc) diag(ρa, ρc, ρb)
ρa, ρb, ρc distinct, ρa+b+c = 1
|lLδ | 1 3 3 3
|CLδ (l)| 3r2 r2 r2 r2
χ1 1 1 1 1
χ2 1 1 1 1
χ3 1 1 1 1
χ(u,v,w) 3 −3ua + −3va + −3wa
∑
(u,v,w) 
ua+vb+wc ∑
(u,w,v) 
ua+wb+vc
1 ≤ u, v ≤ w ≤ r
u < w
u+ v + w ≡ 0 (r)
The case where Zδ is of order 3
Suppose that d = 3 so that Zδ is of order 3. There are 3 conjugacy classes of size 1 namely
the class containing the identity, the class with representative [diag(1, $,$2)] and the
class with representative [diag(1, $2, $)]. If x = [diag(λ1, λ2, λ3)] is an element of Qδ not
equal to one of the three elements described above, it is easy to check that the conjugacy
class of Lδ containing x is
{[diag(λ1, λ2, λ3)], [diag(λ2, λ3, λ1)], [diag(λ3, λ1, λ2)]}.
In this way we get
(t− 12− 3δr)/9
conjugacy classes of Lδ of size 3. There are 6 other conjugacy classes, all of size r
2/9.
Therefore there are
(t+ 69− 3δr)/9
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conjugacy classes in Lδ. Also the commutator subgroup L
(1)
δ = [Lδ, Lδ] of Lδ is a normal
subgroup of Qδ of index 3. More precisely,
L
(1)
δ =
〈 λ1λ−13 0 00 λ2λ−11 0
0 0 λ3λ
−1
2
Zδ : λi ∈ F
q
3−δ
2
, λq−δi = 1, λ1λ2λ3 = 1
〉
.
An element x ∈ Qδ of prime order belongs to L(1)δ unless r 6≡ 0 mod 9 and
x ∈ {[diag(1, $,$2)], [diag(1, $2, $)]}.
Also if x ∈ Qδ has two equal eigenvalues then x ∈ L(1)δ . The derived subgroup Lδ/L(1)δ
is isomorphic to Z3 × Z3. Therefore there are 9 linear characters in Lδ, say χi where
i ∈ {1, ..., 9}. By inducing the characters of the abelian group Qδ, we get the remaining
1/9(t− 12− 3δr)
irreducible characters χ(u,v,w) of Lδ. A fragment of the character table of Lδ looks like
l 1 [diag(1, $,$2)] [diag(1, $2, $)] [diag(ρa, ρa, ρ−2a)] [diag(ρa, ρb, ρc)]
ρa, ρb, ρc distinct, ρa+b+c = 1
(an element of prime order > 3)
|lLδ | 1 1 1 3 3
|CLδ (l)| r
2 r2 r2 rr′ rr′
χ1 1 1 1 1 1
χ2 1 1 1 1 1
χ3 1 1 1 1 1
χ4 1 ω
r′ ω2r′ 1 1
χ5 1 ω
r′ ω2r′ 1 1
χ6 1 ω
r′ ω2r′ 1 1
χ7 1 ω
2r′ ωr′ 1 1
χ8 1 ω
2r′ ωr′ 1 1
χ9 1 ω
2r′ ωr′ 1 1
χ(u,v,w) 3 3ωu−v 3ωv−u −3ua + −3va + −3wa ∑(u,v,w) ua+vb+wc
1 ≤ u, v ≤ r′
u, v < w ≤ r
u + v + w = r
A.4 The case where p1, p2, p3 are all distinct
We give the character-theoretic sums that are needed to compute the size of Hom∗(Tp1,p2,p3 , Lδ3(q))
where (p1, p2, p3) is a hyperbolic triple of distinct prime numbers.
Proposition A.4.1. Let G = Lδ3(q) and suppose that p1 < p2 < p3 are prime numbers
dividing r′. Let
a =
r′
p1
a1, b =
r′
p2
b2, c =
r′
p3
c3
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1, 1 ≤ c3 ≤ p3 − 1.
Finally, let x, y be any natural numbers. Then
(i)
r′−1∑
u=1
(x3ua + y−6ua) =
{ −(x+ y) if p1 6= 2
r′y − (x+ y) if p1 = 2.
There are α
(1)
4 = p1 − 1 such a1.
(ii)
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub) = −(x+ y)2.
There are α
(1)
4 α
(2)
4 pairs (a1; b2).
445
Some character-theoretic sums in L3(q) and U3(q)
(iii)
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc) = −(x+ y)3.
There are α
(1)
4 α
(2)
4 α
(3)
4 triples (a1; b2; c3).
Remark A.4.1. Let
g = diag(ρa, ρa, ρ−2a)Zδ ∈ G, x = δs and y = 1.
Then g is an element of G of order p1 belonging to a conjugacy class of G of type C4 and
r′−1∑
u=1
(x3ua + y−6ua) =
r′−1∑
u=1
χ
(u)
t (g)
where χ
(u)
t (1 ≤ u ≤ r′−1) are the irreducible characters of G of degree t (see the character
table of G given in Chapter 4). Similar comments apply in all the following results.
Proof. (i) We have
r′−1∑
u=1
(x3ua + y−6ua) =
r′∑
u=1
(x3ua + y−6ua)− (x+ y)
= −(x+ y) + r
′
p1
p1∑
u=1
(x3ua + y−6ua)
Now
p1∑
u=1
(x3ua + y−6ua) =
{
0 if p1 6= 2
p1y if p1 = 2.
The result follows.
(ii) Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub).
Then
S = S1 − (x+ y)2
where
S1 =
r′
p1p2
p1p2∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub).
We need to show that S1 = 0. Let v be any integer lying between 1 and p1. Note that if
u ≡ v mod p1 then
(x3ua + y−6ua) = (x3va + y−6va).
There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1 6= p2 are primes these integers are pairwise distinct modulo p2. Since p2 6= 2 it
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follows that
p1p2∑
u = 1
u ≡ v(p1)
(x3ua + y−6ua)(x3ub + y−6ub)
= (x3va + y−6va)
p1p2∑
u = 1
u ≡ v(p1)
(x3ub + y−6ub) = 0.
This shows that S1 = 0 as required.
(iii) Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc).
Then
S =
r′
p1p2p3
S1 − (x+ y)3
where
S1 =
p1p2p3∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc).
We need to show that S1 = 0. Let v be any integer lying between 1 and p1p2. Note that
if u ≡ v mod p1p2 then
(x3ua + y−6ua)(x3ub + y−6ub) = (x3va + y−6va)(x3vb + y−6vb).
There are p3 integers u with 1 ≤ u ≤ p1p2p3 such that u ≡ v mod p1p2, namely
v, v + p1p2, ..., v + (p3 − 1)p1p2.
Since p1, p2, p3 are distinct primes these integers are pairwise distinct modulo p3. Since
p3 6= 2 it follows that
p1p2p3∑
u = 1
u ≡ v(p1p2)
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc)
= (x3va + y−6va)(x3vb + y−6vb)
p1p2p3∑
u = 1
u ≡ v(p1p2)
(x3uc + y−6uc) = 0.
This shows that
S1 = 0.
The result follows.
Proposition A.4.2. Let G = Lδ3(q) and suppose that p1 < p2 < p3 are prime numbers
greater than 3 and divide r′. Let
a =
r′
p1
a1, b =
r′
p1
b1, c =
r′
p1
c1
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where if d = 1 then
1 ≤ a1 < b1 < c1 ≤ p1, a1 + b1 + c1 ≡ 0 mod p1
and if d = 3 then
1 ≤ a1 < b1 ≤ p1, b1 < c1 < 3p1, a1 + b1 + c1 = 3p1, a1 ≡ b1 ≡ c1 mod 3.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
h =
r′
p3
h3, i =
r′
p3
i3, j =
r′
p3
j3
where if d = 1 then
1 ≤ h3 < i3 < j3 ≤ p3, h3 + i3 + j3 ≡ 0 mod p3
and if d = 3 then
1 ≤ h3 < i3 ≤ p3, i3 < j3 < 3p3, h3 + i3 + j3 = 3p3, h3 ≡ i3 ≡ j3 mod 3.
Then
(i)
r′−1∑
u=1
(3ua + 3ub + 3uc) =
{
r′ − 3 if (∗) holds
−3 otherwise
where (∗) is the following condition:{
c1 = p1 if d = 1
b1 = p1 or c1 = 2p1 if d = 3.
There are α
(1)
6 triples (a1, b1, c1) in total and α
(1)
7 of them satisfy (∗).
(ii)
r′−1∑
u=1
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug) =
{
r′ − 9 if (∗∗) holds
−9 otherwise
where (∗∗) is the following condition:{
c1 = p1 and g2 = p2 if d = 1
(b1 = p1 or c1 = 2p1) and (f2 = p2 or g2 = 2p2) if d = 3.
There are α
(1)
6 α
(2)
6 pairs of triples ((a1, b1, c1); (e2, f2, g2)) in total and α
(1)
7 α
(2)
7 of
them satisfy (∗∗).
(iii)
r′−1∑
u=1
(
3ua
+ 
3ub
+ 
3uc
)(
3ue
+ 
3uf
+ 
3ug
)(
3uh
+ 
3ui
+ 
3uj
) =
{
r′ − 27 if (∗ ∗ ∗) holds
−27 otherwise
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where (∗ ∗ ∗) is the following condition:
{
c1 = p1, g2 = p2 and j3 = p3 if d = 1
(b1 = p1 or c1 = 2p1), (f2 = p2 or g2 = 2p2) and (i3 = p3 or j3 = 2p3) if d = 3.
There are α
(1)
6 α
(2)
6 α
(3)
6 triples of triples ((a1, b1, c1); (e2, f2, g2); (h3, i3, j3)) in total
and α
(1)
7 α
(2)
7 α
(3)
7 of them satisfy (∗ ∗ ∗).
Proof. (i) Let
S =
r′−1∑
u=1
(3ua + 3ub + 3uc).
Then
S =
r′
p1
S1 − 3
where
S1 =
p1∑
u=1
(3ua + 3ub + 3uc).
Now
S1 =
{
p1 if (∗) holds
0 otherwise.
We obtain the required value for S. Finally, it is an easy check to count the total number
of triples and the number of triples satisfying (∗).
(ii) Let
S =
r′−1∑
u=1
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug).
Then
S =
r′
p1p2
S1 − 9
where
S1 =
p1p2∑
u=1
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug).
Let us calculate S1. If (∗∗) holds, without loss of generality, say that if d = 3 then c1 = 2p1
and g2 = 2p2. If (∗∗) does not hold, without loss of generality, we can assume that if d = 1
then g2 6= p2, and if d = 3 then f2 6= p2, g2 6= 2p2. Let v be any integer lying between 1
and p1. Note that if u ≡ v mod p1 then
(3ua + 3ub + 3uc) = (3va + 3vb + 3vc).
There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
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Since p1 6= p2 are primes these integers are pairwise distinct modulo p2. It follows that
p1p2∑
u = 1
u ≡ v(p1)
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug)
= (3va + 3vb + 3vc)
p1p2∑
u = 1
u ≡ v(p1)
(3ue + 3uf + 3ug)
=
{
p2(
3va + 3vb + 1) if (∗∗) holds
0 otherwise.
This shows that if (∗∗) does not hold then S1 = 0. If (∗∗) holds then
S1 = p2
p1∑
v=1
(3va + 3vb + 1) = p1p2.
The result follows. Finally, it is an easy check to count the total number of pairs of triples
and the number of pairs of triples satisfying (∗∗).
(iii) Let
S =
r′−1∑
u=1
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
Then
S =
r′
p1p2p3
S1 − 27
where
S1 =
p1p2p3∑
u=1
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
Let us calculate S1. If (∗ ∗ ∗) holds, without loss of generality, say that if d = 3 then
c1 = 2p1, g2 = 2p2 and j3 = 2p3. If (∗ ∗ ∗) does not hold, without loss of generality, we
can assume that if d = 1 then j3 6= p3, and if d = 3 then i3 6= p3, j3 6= 2p3. Let v be any
integer lying between 1 and p1p2. Note that if u ≡ v mod p1p2 then
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug) = (3va + 3vb + 3vc)(3ve + 3vf + 3vg).
There are p3 integers u with 1 ≤ u ≤ p1p2p3 such that u ≡ v mod p1p2, namely
v, v + p1p2, ..., v + (p3 − 1)p1p2.
Since p1, p2, p3 are distinct primes these integers are pairwise distinct modulo p3. It follows
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that
p1p2p3∑
u = 1
u ≡ v(p1p2)
(3ua + 3ub + 3uc)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj)
= (3va + 3vb + 3vc)(3ve + 3vf + 3vg)
p1p2p3∑
u = 1
u ≡ v(p1p2)
(3uh + 3ui + 3uj)
=
{
p3(
3va + 3vb + 1)(3ve + 3vf + 1) if (∗ ∗ ∗) holds
0 otherwise.
This shows that if (∗ ∗ ∗) does not hold then S1 = 0. If (∗ ∗ ∗) holds then
S1 = p3
p1p2∑
v=1
(3va + 3vb + 1)(3ve + 3vf + 1).
Let
S2 =
p1p2∑
v=1
(3va + 3vb + 1)(3ve + 3vf + 1)
and let us calculate S2. Let w be any integer lying between 1 and p1. Note that if v ≡ w
mod p1 then
(3va + 3vb + 1) = (3wa + 3wb + 1).
There are p2 integers v with 1 ≤ v ≤ p1p2 such that v ≡ w mod p1, namely
w,w + p1, ..., w + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. It follows
that
S2 =
p1∑
w=1
p1p2∑
v = 1
v ≡ w(p1)
(3va + 3vb + 1)(3ve + 3vf + 1)
= p2
p1∑
w=1
(3wa + 3wb + 1) = p1p2.
It follows that if (∗ ∗ ∗) holds then S1 = p1p2p3. The result follows. Finally, it is an easy
check to count the total number of triples of triples and the number of triples of triples
satisfying (∗ ∗ ∗).
Proposition A.4.3. Let G = Lδ3(q) and suppose that p1 6= p2 are prime numbers dividing
r′ with p2 > 3. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
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and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Finally, let x, y be any natural numbers. Then
r′−1∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug) =
{
r′y − 3(x+ y) if p1 = 2 and (∗) holds
−3(x+ y) otherwise
where (∗) is the following condition:{
g2 = p2 if d = 1
f2 = p2 or g2 = 2p2 if d = 3.
There are α
(1)
4 α
(2)
6 pairs (a1; (e2, f2, g2)) in total and α
(2)
7 of them satisfy (∗) if p1 = 2.
Proof. Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug).
Then
S =
r′
p1p2
S1 − 3(x+ y)
where
S1 =
p1p2∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug).
Let us calculate S1. If (∗) holds, without loss of generality, say that if d = 3 then g2 = 2p2.
Let v be any integer lying between 1 and p1. Note that if u ≡ v mod p1 then
(x3ua + y−6ua) = (x3va + y−6va).
There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1 6= p2 are distinct primes these integers are pairwise distinct modulo p2. It follows
that
p1p2∑
u = 1
u ≡ v(p1)
(x3ua + y−6ua)(3ue + 3uf + 3ug)
= (x3va + y−6va)
p1p2∑
u = 1
u ≡ v(p1)
(3ue + 3uf + 3ug)
=
{
p2(x
3va + y−6va) if (∗) holds
0 otherwise.
This shows that if (∗) does not hold then S1 = 0. If (∗) holds then
S1 = p2
p1∑
v=1
(x3va + y−6va) =
{
p1p2y if p1 = 2
0 otherwise.
The result follows. Finally, it is an easy check to count the total number of pairs and the
number of pairs satisfying (∗) when p1 = 2.
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Proposition A.4.4. Let G = Lδ3(q) and suppose that p1, p2, p3 are distinct primes dividing
r′ with p1 < p2 and p3 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1.
Let
e =
r′
p3
e3, f =
r′
p3
f3, g =
r′
p3
g3
where if d = 1 then
1 ≤ e3 < f3 < g3 ≤ p3, e3 + f3 + g3 ≡ 0 mod p3
and if d = 3 then
1 ≤ e3 < f3 ≤ p3, f3 < g3 < 3p3, e3 + f3 + g3 = 3p3, e3 ≡ f3 ≡ g3 mod 3.
Finally, let x, y be any natural numbers. Then
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug) = −3(x+ y)2.
There are α
(1)
4 α
(2)
4 α
(3)
6 triples (a1; b2; (e3, f3, g3)) in total.
Proof. Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug).
Then
S =
r′
p1p2p3
S1 − 3(x+ y)2
where
S1 =
p1p2p3∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug).
Let us calculate S1. Let (∗) be the following condition:{
g3 = p3 if d = 1
f3 = p3 or g3 = 2p3 if d = 3.
Let v be any integer lying between 1 and p1p2. Note that if u ≡ v mod p1p2 then
(x3ua + y−6ua)(x3ub + y−6ub) = (x3va + y−6va)(x3vb + y−6vb).
There are p3 integers u with 1 ≤ u ≤ p1p2p3 such that u ≡ v mod p1p2, namely
v, v + p1p2, ..., v + (p3 − 1)p1p2.
Since p1, p2, p3 are distinct primes these integers are pairwise distinct modulo p3. It follows
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that
p1p2p3∑
u = 1
u ≡ v(p1p2)
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug)
= (x3va + y−6va)(x3vb + y−6vb)
p1p2p3∑
u = 1
u ≡ v(p1p2)
(3ue + 3uf + 3ug)
=
{
p3(x
3va + y−6va)(x3vb + y−6vb) if (∗) holds
0 otherwise.
This shows that if (∗) does not hold then S1 = 0. If (∗) holds then
S1 = p3
p1p2∑
v=1
(x3va + y−6va)(x3vb + y−6vb).
Let
S2 =
p1p2∑
v=1
(x3va + y−6va)(x3vb + y−6vb)
and let us calculate S2. Let w be any integer lying between 1 and p1. Note that if v ≡ w
mod p1 then
(x3va + y−6va) = (x3wa + y−6wa).
There are p2 integers v with 1 ≤ v ≤ p1p2 such that v ≡ w mod p1, namely
w,w + p1, ..., w + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. Since p2 6= 2,
it follows that
p1p2∑
v = 1
v ≡ w(p1)
(x3va + y−6va)(x3vb + y−6vb)
= (x3wa + y−6wa)
p1p2∑
v = 1
v ≡ w(p1)
(x3vb + y−6vb) = 0.
It follows that if (∗) holds then S1 = S2 = 0. The result follows. Finally, it is an easy
check to count the total number of triples.
Proposition A.4.5. Let G = Lδ3(q) and suppose that p1, p2, p3 are distinct primes dividing
r′ such that p2, p3 > 3. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
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where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
h =
r′
p3
h3, i =
r′
p3
i3, j =
r′
p3
j3
where if d = 1 then
1 ≤ h3 < i3 < j3 ≤ p3, h3 + i3 + j3 ≡ 0 mod p3
and if d = 3 then
1 ≤ h3 < i3 ≤ p3, i3 < j3 < 3p3, h3 + i3 + j3 = 3p3, h3 ≡ i3 ≡ j3 mod 3.
Finally, let x, y be any natural numbers. Then
r′−1∑
u=1
(x
3ua
+ y
−6ua
)(
3ue
+ 
3uf
+ 
3ug
)(
3uh
+ 
3ui
+ 
3uj
)) =
{
r′y − 9(x+ y) if p1 = 2 and (∗∗) holds
−9(x+ y) otherwise.
where (∗∗) is the following condition:{
g2 = p2 and j3 = p3 if d = 1
(f2 = p2 or g2 = 2p2) and (i3 = p3 or j3 = 2p3) if d = 3.
There are α
(1)
4 α
(2)
6 α
(3)
6 triples (a1; (e2, f2, g2); (h3, i3, j3)) in total and α
(2)
7 α
(3)
7 of them
satisfy (∗∗) when p1 = 2.
Proof. Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
Then
S =
r′
p1p2p3
S1 − 9(x+ y)
where
S1 =
p1p2p3∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
Let us calculate S1. If (∗∗) does not hold, without loss of generality, we can assume that
if d = 1 then j3 6= p3 and that if d = 3 then i3 6= p3 and j3 6= 2p3. If (∗∗) holds, without
loss of generality, assume that g2 = 2p2 and j3 = 2p3 if d = 3. Let v be any integer lying
between 1 and p1p2. Note that if u ≡ v mod p1p2 then
(x3ua + y−6ua)(3ue + 3uf + 3ug) = (x3va + y−6va)(3ve + 3vf + 3vg).
There are p3 integers u with 1 ≤ u ≤ p1p2p3 such that u ≡ v mod p1p2, namely
v, v + p1p2, ..., v + (p3 − 1)p1p2.
Since p1, p2, p3 are distinct primes these integers are pairwise distinct modulo p3. It follows
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that
p1p2p3∑
u = 1
u ≡ v(p1p2)
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj)
= (x3va + y−6va)(3ve + 3vf + 3vg)
p1p2p3∑
u = 1
u ≡ v(p1p2)
(3uh + 3ui + 3uj)
=
{
p3(x
3va + y−6va)(3ve + 3vf + 1) if (∗∗) holds
0 otherwise.
This shows that if (∗∗) does not hold then S1 = 0. If (∗∗) holds then
S1 = p3
p1p2∑
v=1
(x3va + y−6va)(3ve + 3vf + 1).
Let
S2 =
p1p2∑
v=1
(x3va + y−6va)(3ve + 3vf + 1)
and let us calculate S2. Let w be any integer lying between 1 and p1. Note that if v ≡ w
mod p1 then
(x3va + y−6va) = (x3wa + y−6wa).
There are p2 integers v with 1 ≤ v ≤ p1p2 such that v ≡ w mod p1, namely
w,w + p1, ..., w + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. It follows
that
S2 =
p1∑
w=1
p1p2∑
v = 1
v ≡ w(p1)
(x3va + y−6va)(3ve + 3vf + 1)
= p2
p1∑
w=1
(x3wa + y−6wa)
=
{
p1p2y if p1 = 2
0 otherwise.
It follows that if (∗∗) holds then
S1 =
{
p1p2p3y if p1 = 2
0 otherwise.
The result follows. Finally, it is an easy check to count the total number of triples
(a1; (e2, f2, g2); (h3, i3, j3)) and those which satisfy (∗∗) when p1 = 2.
Proposition A.4.6. Let G = Lδ3(q) and suppose that p1 < p2 < p3 are prime numbers
dividing r′. Let
a =
r′
p1
a1, b =
r′
p2
b2, c =
r′
p3
c3
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1, 1 ≤ c3 ≤ p3 − 1.
Then
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(i) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua =
{ −r′/2 if p1 = 2
0 otherwise.
There are α
(1)
4 such a1.
(ii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadub = 0.
There are α
(1)
4 α
(2)
4 pairs (a1; b2).
(iii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadubduc = 0.
There are α
(1)
4 α
(2)
4 α
(3)
4 triples (a1; b2; c3).
Proof. (i) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua.
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
dua and S2 =
r′∑
u=1
duas.
We need to calculate S1 and S2. Since r
′s ≡ 0 mod p1 it follows that S1 = 0. Now
S2 =
r′∑
u=1
2δdua
=
{
r′ if p1 = 2
0 otherwise.
The result follows.
(ii) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadub.
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
duadub and S2 =
r′∑
u=1
duasdubs.
Let us calculate S1. Now
S1 =
r′s
p1p2
S3
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where
S3 =
p1p2∑
u=1
duadub.
Let v be any integer lying between 1 and p1. Note that if u ≡ v mod p1 then dua = dva.
There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. It follows
that
p1p2∑
u = 1
u ≡ v(p1)
duadub = dva
p1p2∑
u = 1
u ≡ v(p1)
dub
= 0.
It follows that S1 = S3 = 0. Let us calculate S2. Now
S2 =
r′
p1p2
S4
where
S4 =
p1p2∑
u=1
2δdua2δdub.
Let v be any integer lying between 1 and p1. Note that if u ≡ v mod p1 then 2δdua =
2δdva. There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. Since p2 6= 2,
it follows that
p1p2∑
u = 1
u ≡ v(p1)
2δdua2δdub = 2δdva
p1p2∑
u = 1
u ≡ v(p1)
2δdub
= 0.
It follows that S2 = S4 = 0. The result follows.
(iii) This can be done using a similar method as in (ii).
Proposition A.4.7. Let G = Lδ3(q) and suppose that p1 < p2 < p3 are odd prime numbers
dividing s. Let
a =
s
p1
r′a1, b =
s
p2
r′b2, c =
s
p3
r′c3
where
1 ≤ a1 ≤ p1 − 1
2
, 1 ≤ b2 ≤ p2 − 1
2
, 1 ≤ c3 ≤ p3 − 1
2
.
Then
(i) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdua + η−dqua) = −r′.
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There are α
(1)
7 such a1.
(ii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdua + η−dqua)(η−δdub + η−dqub) = −2r′.
There are α
(1)
7 α
(2)
7 pairs (a1; b2).
(iii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdua + η−dqua)(η−δdub + η−dqub)(η−δduc + η−dquc) = −4r′.
There are α
(1)
7 α
(2)
7 α
(3)
7 triples (a1; b2; c3).
Proof. (i) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdua + η−dqua).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
(η−δdua + η−dqua) and S2 =
r′∑
u=1
(η−δduas + η−dquas).
We need to calculate S1 and S2. Since r
′s ≡ 0 mod p1 it follows that S1 = 0. Also it is
clear that S2 = 2r
′. The result follows.
(ii) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdua + η−dqua)(η−δdub + η−dqub).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
(η−δdua + η−dqua)(η−δdub + η−dqub)
and
S2 =
r′∑
u=1
(η−δduas + η−dquas)(η−δdubs + η−dqubs).
It is clear that S2 = 4r
′. Let us calculate S1. Now
S1 =
r′s
p1p2
S3
where
S3 =
p1p2∑
u=1
(η−δdua + η−dqua)(η−δdub + η−dqub).
Let v be any integer lying between 1 and p1. Note that if u ≡ v mod p1 then (η−δdua +
η−dqua) = (η−δdva + η−dqva). There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v
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mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. It follows
that
p1p2∑
u = 1
u ≡ v(p1)
(η−δdua + η−dqua)(η−δdub + η−dqub)
= (η−δdva + η−dqva)
p1p2∑
u = 1
u ≡ v(p1)
(η−δdub + η−dqub) = 0.
It follows that S1 = S3 = 0. The result follows.
(iii) This can be done using a method similar to the one given in (ii).
Proposition A.4.8. Let G = Lδ3(q) and suppose that p1 6= p2 are two prime numbers
with p2 6= 2 such that p1 divides r′ and p2 divides s. Let
a =
r′
p1
a1 and b =
s
p2
r′b2
where
1 ≤ a ≤ p1 − 1 and 1 ≤ b2 ≤ (p2 − 1)/2.
Then ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua(η−δdub + η−dqub) =
{ −r′ if p1 = 2
0 otherwise.
There are α
(1)
4 α
(2)
7 such pairs (a1; b2).
Proof. Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua(η−δdub + η−dqub).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
dua(η−δdub + η−dqub)
and
S2 =
r′∑
u=1
duas(η−δdubs + η−dqubs).
We need to calculate S1 and S2. Now
S2 = 2
r′∑
u=1
2δdua =
{
2r′ if p1 = 2
0 otherwise.
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Let us calculate S1. Now
S1 =
r′s
p1p2
S3
where
S3 =
p1p2∑
u=1
dua(η−δdub + η−dqub).
Let v be any integer lying between 1 and p1. Note that if u ≡ v mod p1 then dua = dva.
There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. It follows
that
p1p2∑
u = 1
u ≡ v(p1)
dua(η−δdub + η−dqub)
= dva
p1p2∑
u = 1
u ≡ v(p1)
(η−δdub + η−dqub) = 0.
It follows that S1 = S3 = 0. The result follows.
Proposition A.4.9. Let G = Lδ3(q) and suppose that p1, p2, p3 are three distinct prime
numbers with p3 6= 2 such that p1p2 divides r′ and p3 divides s. Let
a =
r′
p1
a1, b =
r′
p2
b2 and c =
s
p3
r′c3
where
1 ≤ a ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1 and 1 ≤ c3 ≤ (p3 − 1)/2.
Then ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadub(η−δduc + η−dquc) = 0.
There are α
(1)
4 α
(2)
4 α
(3)
7 such triples (a1; b2; c3).
Proof. Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadub(η−δduc + η−dquc).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
duadub(η−δduc + η−dquc)
and
S2 =
r′∑
u=1
duasdubs(η−δducs + η−dqucs).
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We need to calculate S1 and S2. We first look at S1. Now
S1 =
r′s
p1p2p3
S3
where
S3 =
p1p2p3∑
u=1
duadub(η−δduc + η−dquc).
Let v be any integer lying between 1 and p1p2. Note that if u ≡ v mod p1p2 then
duadub = dvadvb. There are p3 integers u with 1 ≤ u ≤ p1p2p3 such that u ≡ v
mod p1p2, namely
v, v + p1p2, ..., v + (p3 − 1)p1p2.
Since p1, p2, p3 are distinct primes these integers are pairwise distinct modulo p3. It follows
that
p1p2p3∑
u = 1
u ≡ v(p1p2)
duadub(η−δduc + η−dquc)
= dvadvb
p1p2p3∑
u = 1
u ≡ v(p1p2)
(η−δduc + η−dquc) = 0.
It follows that S1 = S3 = 0.
Finally,
S2 = 2
r′∑
u=1
2δdua2δdub = 2
r′
p1p2
S4
where
S4 =
p1p2∑
u=1
2δdua2δdub.
Let us calculate S4. Let v be any integer lying between 1 and p1. Note that if u ≡ v
mod p1 then 
2δdua = 2δdva. There are p2 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v
mod p1, namely
v, v + p1, ..., v + (p2 − 1)p1.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p2. Also since
p2 6= 2 we have
p1p2∑
u = 1
u ≡ v(p1)
2δdua2δdub
= dva
p1p2∑
u = 1
u ≡ v(p1)
2δdub = 0.
It follows that S2 = S4 = 0. The result follows.
Proposition A.4.10. Let G = Lδ3(q) and suppose that p1, p2, p3 are three distinct prime
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numbers with p2, p3 odd such that p1 divides r
′ and p2p3 divides s. Let
a =
r′
p1
a1, b =
s
p2
r′b2 and c =
s
p3
r′c3
where
1 ≤ a ≤ p1 − 1, 1 ≤ b2 ≤ (p2 − 1)/2 and 1 ≤ c3 ≤ (p3 − 1)/2.
Then ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua(η−δdub + η−dqub)(η−δduc + η−dquc) =
{ −2r′ if p1 = 2
0 otherwise.
There are α
(1)
4 α
(2)
7 α
(3)
7 such triples (a1; b2; c3).
Proof. Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua(η−δdub + η−dqub)(η−δduc + η−dquc).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
dua(η−δdub + η−dqub)(η−δduc + η−dquc)
and
S2 =
r′∑
u=1
duas(η−δdubs + η−dqubs)(η−δducs + η−dqucs).
We need to calculate S1 and S2. Now
S2 = 4
r′∑
u=1
2δua =
{
4r′ if p1 = 2
0 otherwise.
Let us calculate S1. Now
S1 =
r′s
p1p2p3
S3
where
S3 =
p1p2p3∑
u=1
dua(η−δdub + η−dqub)(η−δduc + η−dquc).
Let v be any integer lying between 1 and p1p2. Note that if u ≡ v mod p1p2 then
dua(η−δdub + η−dqub) = dva(η−δdvb + η−dqvb).
There are p3 integers u with 1 ≤ u ≤ p1p2p3 such that u ≡ v mod p1p2, namely
v, v + p1p2, ..., v + (p3 − 1)p1p2.
Since p1, p2, p3 are distinct primes these integers are pairwise distinct modulo p3. It follows
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that
p1p2p3∑
u = 1
u ≡ v(p1p2)
dua(η−δdub + η−dqub)(η−δduc + η−dquc)
= dva(η−δdvb + η−dqvb)
p1p2p3∑
u = 1
u ≡ v(p1p2)
(η−δduc + η−dquc) = 0.
It follows that S1 = S3 = 0. The result follows.
Proposition A.4.11. Let G = Lδ3(q) and suppose that p1, p2, p3 are three distinct odd
primes greater than 3 such that p1p2p3 divides t. Let
a =
t′
p1
a1
where
1 ≤ a1 ≤ p1 − 1 is such that a ∈ T .
Let
b =
t′
p2
b2
where
1 ≤ b2 ≤ p2 − 1 is such that b ∈ T .
Finally, let
c =
t′
p3
c3
where
1 ≤ c3 ≤ p3 − 1 is such that c ∈ T .
Then
(i) ∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γua + γδqua + γq
2ua) = −1.
There are α
(1)
8 such a1.
(ii) ∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γua + γδqua + γq
2ua)(γub + γδqub + γq
2ub) = −3.
There are α
(1)
8 α
(2)
8 pairs (a1; b2).
(iii)
∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γ
ua
+ γ
δqua
+ γ
q2ua
)(γ
ub
+ γ
δqub
+ γ
q2ub
)(γ
uc
+ γ
δquc
+ γ
q2uc
) = −9.
There are α
(1)
8 α
(2)
8 α
(3)
8 triples (a1; b2; c3).
Proof. We use the group
Hδ = 〈x, y : xt′ = y3 = 1, y−1xy = xδq〉
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described in §A.3.1.
(i) Let
S =
∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γua + γδqua + γq
2ua).
By the orthogonality relations, we must have∑
χ∈Irr(Hδ)
χ(xa)χ(1) = 0.
Therefore
1 + 1 + 1 + 3S = 0.
The result follows.
(ii) Let
S =
∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γua + γδqua + γq
2ua)(γub + γδqub + γq
2ub).
Since xa is not conjugate to (xb)−1, by the orthogonality relations, we must have∑
χ∈Irr(Hδ)
χ(xa)χ(xb) = 0.
Therefore
1 + 1 + 1 + S = 0.
The result follows.
(iii) Let
S =
∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γ
ua
+ γ
δqua
+ γ
q2ua
)(γ
ub
+ γ
δqub
+ γ
q2ub
)(γ
uc
+ γ
δquc
+ γ
q2uc
).
Let Ca (respectively, Cb, Cc) be the conjugacy class of Hδ containing x
a (respectively,
xb, xc). Let N be the number of pairs (ga, gb) ∈ Ca × Cb such that gagbxc = 1. Since 〈x〉
is an abelian group, p1, p2, p3 are distinct primes, and ga, gb, x
c must be elements of 〈x〉 of
order p1, p2, p3, it is clear that N = 0. Now we also have
N =
|Ca||Cb|
|Hδ|
∑
χ∈Irr(Hδ)
χ(xa)χ(xb)χ(xc)
χ(1)
.
Therefore
1 + 1 + 1 +
1
3
S = 0.
The result follows.
Proposition A.4.12. Let G = Lδ3(q) and suppose that p1 < p2 < p3 are prime numbers
dividing r′. Let
a =
r′
p1
a1, b =
r′
p2
b2, c =
r′
p3
c3
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1, 1 ≤ c3 ≤ p3 − 1.
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Finally, let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Then
(i) ∑
(u,v,w)∈C1
(−3ua + −3va + −3wa) =
{
d′ if p1 6= 2
d′ − r′2 if p1 = 2.
There α
(1)
4 such a1.
(ii) ∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb) = 3d′.
There are α
(1)
4 α
(2)
4 pairs (a1; b2).
(iii) ∑
(u,v,w)∈C1
(
−3ua
+ 
−3va
+ 
−3wa
)(
−3ub
+ 
−3vb
+ 
−3wb
)(
−3uc
+ 
−3vc
+ 
−3wc
) = 9d
′
.
There are α
(1)
4 α
(2)
4 α
(3)
4 triples (a1; b2; c3).
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2 = [diag(ρb, ρb, ρ−2b)], x3 = [diag(ρc, ρc, ρ−2c)].
Say that the corresponding conjugacy classes are C1, C2, C3. Note that these classes
consist of elements of Lδ of respective order p1, p2, p3.
(i) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa).
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)
and
S2 =
r′−1∑
u=1
(2−3ua + 6ua).
By Proposition A.4.1 we have
S2 =
{ −3 if p1 6= 2
r′ − 3 if p1 = 2.
By the orthogonality relations in the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x1)χ(1) = 0.
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It follows that
3d+ 3S1 = 0.
Therefore S1 = −d. The result follows.
(ii) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb).
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)
and
S2 =
r′−1∑
u=1
(2−3ua + 6ua)(2−3ub + 6ub).
By Proposition A.4.1 we have
S2 = −9.
Since x1 and x
−1
2 do not lie in the same conjugacy class, by the orthogonality relations in
the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x1)χ(x2) = 0.
It follows that
3d+ S1 = 0.
Therefore S1 = −3d. The result follows.
(iii) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc).
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc)
and
S2 =
r′−1∑
u=1
(2−3ua + 6ua)(2−3ub + 6ub)(2−3uc + 6uc).
By Proposition A.4.1 we have
S2 = −27.
Let N be the number of pairs (k1, k2) ∈ C1×C2 such that k1k2x3 = 1. Since p1, p2, p3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
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It follows that
3d+
1
3
S1 = 0.
Therefore S1 = −9d. The result follows.
Proposition A.4.13. Let G = Lδ3(q) and suppose that p1 < p2 < p3 are prime numbers
dividing r′ with p1 > 3. Let
a =
r′
p1
a1, b =
r′
p1
b1, c =
r′
p1
c1
where if d = 1 then
1 ≤ a1 < b1 < c1 ≤ p1, a1 + b1 + c1 ≡ 0 mod p1
and if d = 3 then
1 ≤ a1 < b1 ≤ p1, b1 < c1 < 3p1, a1 + b1 + c1 = 3p1, a1 ≡ b1 ≡ c1 mod 3.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
h =
r′
p3
h3, i =
r′
p3
i3, j =
r′
p3
j3
where if d = 1 then
1 ≤ h3 < i3 < j3 ≤ p3, h3 + i3 + j3 ≡ 0 mod p3
and if d = 3 then
1 ≤ h3 < i3 ≤ p3, i3 < j3 < 3p3, h3 + i3 + j3 = 3p3, h3 ≡ i3 ≡ j3 mod 3.
Finally, let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Then
(i) ∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 = { −r′ + 2d′ if (∗) holds
2d′ otherwise
where (∗) is the following condition:{
c1 = p1 if d = 1
b1 = p1 or c1 = 2p1 if d = 3.
There are α
(1)
6 triples (a1, b1, c1) in total and α
(1)
7 of them satisfy (∗).
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(ii)
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
 = { −2r′ + 12d′ if (∗∗) holds
12d′ otherwise
where (∗∗) is the following condition:{
c1 = p1 and g2 = p2 if d = 1
(b1 = p1 or c1 = 2p1) and (f2 = p2 or g2 = 2p2) if d = 3.
There are α
(1)
6 α
(2)
6 pairs of triples ((a1, b1, c1); (e2, f2, g2)) in total and α
(1)
7 α
(2)
7 of
them satisfy (∗∗).
(iii)
∑
(u,v,w)∈C1
 ∑
[u,v,w]

ua+vb+wc

 ∑
[u,v,w]

ue+vf+wg

 ∑
[u,v,w]

uh+vi+wj
 = { −4r′ + 72d′ if (∗ ∗ ∗) holds
72d′ otherwise
where (∗ ∗ ∗) is the following condition:
{
c1 = p1, g2 = p2 and j3 = p3 if d = 1
(b1 = p1 or c1 = 2p1), (f2 = p2 or g2 = 2p2) and (i3 = p3 or j3 = 2p3) if d = 3.
There are α
(1)
6 α
(2)
6 α
(3)
6 triples of triples ((a1, b1, c1); (e2, f2, g2); (h3, i3, j3)) in total
and α
(1)
7 α
(2)
7 α
(3)
7 of them satisfy (∗ ∗ ∗).
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρb, ρc)], x2 = [diag(ρ
e, ρf , ρg)], x3 = [diag(ρ
h, ρi, ρj)].
Say that the corresponding conjugacy classes are C1, C2, C3. Note that these classes
consist of elements of Lδ of respective order p1, p2, p3.
(i) Let
S =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
 ∑
(u,v,w)
ua+vb+wc +
∑
(u,w,v)
ua+wb+vc

and
S2 = 2
r′−1∑
u=1
(−3ua + −3ub + −3uc).
By Proposition A.4.2 we have
S2 =
{
2(r′ − 3) if (∗) holds
−6 otherwise.
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Now
S1 =
∑
(u,v,w)∈C2
A1 +
∑
(u,v,w)∈C2
B1
where
A1 =
∑
(u,v,w)
ua+vb+wc and B1 =
∑
(u,w,v)
ua+wb+vc.
By the orthogonality relations in the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x1)χ(1) = 0.
It follows that
3d+ 3
∑
(u,v,w)∈C2
A1 = 0.
Therefore
∑
(u,v,w)∈C2 A1 = −d. Similarly,
∑
(u,w,v)∈C2 B1 = −d. It follows that
S1 = −2d.
The result follows.
(ii) Let
S =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
 ∑
(u,v,w)

ua+vb+wc
+
∑
(u,w,v)

ua+wb+vc
 ∑
(u,v,w)

ue+vf+wg
+
∑
(u,w,v)

ue+wf+vg

and
S2 = 4
r′−1∑
u=1
(−3ua + −3ub + −3uc)(−3ue + −3uf + −3ug).
By Proposition A.4.2 we have
S2 =
{
4(r′ − 9) if (∗∗) holds
−36 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
A1A2 +
∑
(u,v,w)∈C2
A1B2 +
∑
(u,v,w)∈C2
B1A2 +
∑
(u,v,w)∈C2
B1B2
where
A1 =
∑
(u,v,w)
ua+vb+wc ; B1 =
∑
(u,w,v)
ua+wb+vc
and
A2 =
∑
(u,v,w)
ue+vf+wg ; B2 =
∑
(u,w,v)
ue+wf+vg.
Since x1 and x
−1
2 do not lie in the same conjugacy class, by the orthogonality relations in
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the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x1)χ(x2) = 0.
It follows that
3d+
∑
(u,v,w)∈C2
A1A2 = 0.
Therefore ∑
(u,v,w)∈C2
A1A2 = −3d.
Similarly, ∑
(u,v,w)∈C2
A1B2 =
∑
(u,v,w)∈C2
B1A2 =
∑
(u,v,w)∈C2
B1B2 = −3d.
It follows that S1 = −12d. The result follows.
(iii) Let
S =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
 ∑
(u,v,w)

ua+vb+wc
+
∑
(u,w,v)

ua+wb+vc
 ∑
(u,v,w)

ue+vf+wg
+
∑
(u,w,v)

ue+wf+vg

 ∑
(u,v,w)

uh+vi+wj
+
∑
(u,w,v)

uh+wi+vj

and
S2 = 8
r′−1∑
u=1
(−3ua + −3ub + −3uc)(−3ue + −3uf + −3ug)(−3uh + −3ui + −3uj).
By Proposition A.4.2 we have
S2 =
{
8(r′ − 27) if (∗ ∗ ∗) holds
−216 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
A1A2A3 +
∑
(u,v,w)∈C2
A1A2B3
+
∑
(u,v,w)∈C2
A1B2A3 +
∑
(u,v,w)∈C2
A1B2B3
+
∑
(u,v,w)∈C2
B1A2A3 +
∑
(u,v,w)∈C2
B1A2B3
+
∑
(u,v,w)∈C2
B1B2A3 +
∑
(u,v,w)∈C2
B1B2B3
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where
A1 =
∑
(u,v,w)
ua+vb+wc ; B1 =
∑
(u,w,v)
ua+wb+vc
A2 =
∑
(u,v,w)
ue+vf+wg ; B2 =
∑
(u,w,v)
ue+wf+vg
and
A3 =
∑
(u,v,w)
uh+vi+wj ; B3 =
∑
(u,w,v)
uh+wi+vj .
Let N be the number of pairs (k1, k2) ∈ C1×C2 such that k1k2x3 = 1. Since p1, p2, p3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
It follows that
3d+
1
3
∑
(u,v,w)∈C2
A1A2A3 = 0.
Therefore ∑
(u,v,w)∈C2
A1A2A3 = −9d.
Similarly,∑
(u,v,w)∈C2 A1A2B3 =
∑
(u,v,w)∈C2 A1B2A3 =
∑
(u,v,w)∈C2 A1B2B3
=
∑
(u,v,w)∈C2 B1A2A3 =
∑
(u,v,w)∈C2 B1A2B3
=
∑
(u,v,w)∈C2 B1B2A3 =
∑
(u,v,w)∈C2 B1B2B3
= −9d.
It follows that S1 = −72d. The result follows.
Proposition A.4.14. Let G = Lδ3(q) and suppose that p1 6= p2 are primes dividing r′
with p2 > 3. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Finally, let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
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Then
∑
(u,v,w)∈C1
(−3ua+−3va+−3wa)
 ∑
[u,v,w]
ue+vf+wg
 = { −r′ + 6d′ if p1 = 2 and (∗) holds
6d′ otherwise
where (∗) is the following condition:{
g2 = p2 if d = 1
f2 = p2 or g2 = 2p2 if d = 3.
There are α
(1)
4 α
(2)
6 pairs (a1; (e2, f2, g2)) in total and α
(2)
7 of them satisfy (∗) if p1 = 2.
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2 = [diag(ρe, ρf , ρg)].
Say that the corresponding conjugacy classes are C1 and C2. Note that these classes con-
sist of elements of Lδ of respective order p1 and p2.
Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)
 ∑
(u,v,w)
ue+vf+wg +
∑
(u,w,v)
ue+wf+vg

and
S2 = 2
r′−1∑
u=1
(2−3ua + 6ua)(−3ue + −3uf + −3ug).
By Proposition A.4.3 we have
S2 =
{
2(r′ − 9) if p1 = 2 and (∗) holds
−18 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2 +
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2
where
A2 =
∑
(u,v,w)
ue+vf+wg ; B2 =
∑
(u,w,v)
ue+wf+vg
Since x1 and x
−1
2 do not lie in the same conjugacy class, by the orthogonality relations
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in the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x1)χ(x2) = 0.
It follows that
3d+
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2 = 0.
Therefore ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2 = −3d.
Similarly, ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2 = −3d.
It follows that S1 = −6d. The result follows.
Proposition A.4.15. Let G = Lδ3(q) and suppose that p1 < p2, p3 are distinct primes
dividing r′ with p3 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1.
Let
e =
r′
p3
e3, f =
r′
p3
f3, g =
r′
p3
g3
where if d = 1 then
1 ≤ e3 < f3 < g3 ≤ p3, e3 + f3 + g3 ≡ 0 mod p3
and if d = 3 then
1 ≤ e3 < f3 ≤ p3, f3 < g3 < 3p3, e3 + f3 + g3 = 3p3, e3 ≡ f3 ≡ g3 mod 3.
Finally, let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Then
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg
 = 18d′.
There are α
(1)
4 α
(2)
4 α
(3)
6 triples (a1; b2; (e3, f3, g3)) in total.
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2 = [diag(ρb, ρb, ρ−2b)], x3 = [diag(ρe, ρf , ρg)].
Say that the corresponding conjugacy classes are C1, C2 and C3. Note that these classes
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consist of elements of Lδ of respective order p1, p2 and p3.
Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(
−3ua
+ 
−3va
+ 
−3wa
)(
−3ub
+ 
−3vb
+ 
−3wb
)
 ∑
(u,v,w)

ue+vf+wg
+
∑
(u,w,v)

ue+wf+vg

and
S2 = 2
r′−1∑
u=1
(2−3ua + 6ua)(2−3ub + 6ub)(−3ue + −3uf + −3ug).
By Proposition A.4.4 we have
S2 = −54.
Now
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)A3
+
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)B3
where
A3 =
∑
(u,v,w)
ue+vf+wg ; B3 =
∑
(u,w,v)
ue+wf+vg.
Let N be the number of pairs (k1, k2) ∈ C1×C2 such that k1k2x3 = 1. Since p1, p2, p3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
It follows that
3d+
1
3
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)A3 = 0.
Therefore ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)A3 = −9d.
Similarly, ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)B3 = −9d.
It follows that S1 = −18d. The result follows.
Proposition A.4.16. Let G = Lδ3(q) and suppose that p1, p2, p3 are distinct prime num-
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bers dividing r′ with p2, p3 > 3. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
h =
r′
p3
h3, i =
r′
p3
i3, j =
r′
p3
j3
where if d = 1 then
1 ≤ h3 < i3 < j3 ≤ p3, h3 + i3 + j3 ≡ 0 mod p3
and if d = 3 then
1 ≤ h3 < i3 ≤ p3, i3 < j3 < 3p3, h3 + i3 + j3 = 3p3, h3 ≡ i3 ≡ j3 mod 3.
Finally, let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Then
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj

=

−2r′ + 36d′ if p1 = 2
and (∗∗) holds
36d′ otherwise
where (∗∗) is the following condition:{
g2 = p2 and j3 = p3 if d = 1
(f2 = p2 or g2 = 2p2) and (i3 = p3 or j3 = 2p3) if d = 3.
There are α
(1)
4 α
(2)
6 α
(3)
6 triples (a1; (e2, f2, g2); (h3, i3, j3)) in total and α
(2)
7 α
(3)
7 of them
satisfy (∗∗) when p1 = 2.
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
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We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2 = [diag(ρe, ρf , ρg)], x3 = [diag(ρh, ρi, ρj)].
Say that the corresponding conjugacy classes are C1, C2 and C3. Note that these classes
consist of elements of Lδ of respective order p1, p2 and p3.
Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)
 ∑
(u,v,w)
ue+vf+wg +
∑
(u,w,v)
ue+wf+vg

 ∑
(u,v,w)
uh+vi+wj +
∑
(u,w,v)
uh+wi+vj

and
S2 = 4
r′−1∑
u=1
(2−3ua + 6ua)(−3ue + −3uf + −3ug)(−3uh + −3ui + −3uj).
By Proposition A.4.5 we have
S2 =
{
4(r′ − 27) if p1 = 2 and (∗∗) holds
−108 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2A3
+
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2B3
+
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2A3
+
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2B3
where
A2 =
∑
(u,v,w)
ue+vf+wg ; B2 =
∑
(u,w,v)
ue+wf+vg
and
A3 =
∑
(u,v,w)
uh+vi+wj ; B3 =
∑
(u,w,v)
uh+wi+vj .
Let N be the number of pairs (k1, k2) ∈ C1×C2 such that k1k2x3 = 1. Since p1, p2, p3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
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But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
It follows that
3d+
1
3
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2A3 = 0.
Therefore ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2A3 = −9d.
Similarly,∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2B3 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2A3
=
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2B3
= −9d.
It follows that S1 = −36d. The result follows.
Proposition A.4.17. Let G = Lδ3(q). Suppose that d = 3 so that 3 divides r. Let
C1 = {(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r}.
Then ∑
(u,v,w)∈C1
(ωu−v + ωv−u) = −r′ +D′.
Proof. Let
C2 = {(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r}.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(1, $,$
2)].
Say that the corresponding conjugacy class is C1. Note that x1 is of order 3 and is the
unique element of C1. Let
S =
∑
(u,v,w)∈C1
ωu−v + ωv−u.
Then
S = S1 + S2
where
S1 =
∑
(u,v,w)∈C1
ωu−v and S2 =
∑
(u,v,w)∈C1
ωv−u.
We need to calculate S1 and S2. Now
S1 =
1
2
(S3 − S4)
where
S3 =
∑
(u,v,w)∈C2
ωu−v
and
S4 =
r′−1∑
u=1
1.
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By the orthogonality relations, we must have∑
χ∈Irr(Lδ)
χ(x1)χ(1) = 0.
It follows that
9(1−D′) + 9S3 = 0.
Hence S3 = (D
′ − 1). Clearly, we have
S4 = r
′ − 1.
Therefore
S1 =
1
2
(−r′ +D′).
Similarly,
S2 =
1
2
(−r′ +D′).
The result follows.
Proposition A.4.18. Let G = Lδ3(q) and suppose that d = 3. Let p1 < p2 be two primes
greater than 3, dividing r′. Let
a =
r′
p1
a1, b =
r′
p2
a2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1.
Finally, let
C1 = {(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r}.
Then
(i) ∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(ωu−v + ωv−u) =
{ −r′ + 3D′ if p1 = 2
3D′ if p1 6= 2.
There are α
(1)
4 such a1.
(ii) ∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(ωu−v + ωv−u) = 9D′.
There are α
(1)
4 α
(2)
4 such pairs (a1, b2).
Proof. Let
C2 = {(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r}.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2 = [diag(ρb, ρb, ρ−2b)], x3 = [diag(1, $,$2)].
Say that the corresponding conjugacy classes are C1, C2, C3. These classes consist of
elements of respective order p1, p2, p3 = 3. Note that x3 is the unique element of C3.
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(i) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(ωu−v + ωv−u).
Then
S = S1 + S2
where
S1 =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)ωu−v
and
S2 =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)ωv−u.
We need to calculate S1 and S2. Now
S1 =
1
2
(S3 − S4)
where
S3 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)ωu−v
and
S4 =
r′−1∑
u=1
(2−3ua + 6ua).
Since x1 and x
−1
3 do not lie in the same conjugacy class in Lδ, by the orthogonality
relations, we must have ∑
χ∈Irr(Lδ)
χ(x1)χ(x3) = 0.
It follows that
9(1−D′) + 3S3 = 0.
Hence S3 = 3(D
′ − 1). By Proposition A.4.1, we have
S4 =
{ −3 if p1 6= 2
r′ − 3 if p1 = 2.
Therefore
S1 =
{
(−r′ + 3D′)/2 if p1 = 2
3D′/2 if p1 6= 2.
Similarly,
S2 = S1.
The result follows.
(ii) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(ωu−v + ωv−u).
Then
S = S1 + S2
where
S1 =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)ωu−v
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and
S2 =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)ωv−u.
We need to calculate S1 and S2. Now
S1 =
1
2
(S3 − S4)
where
S3 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)ωu−v
and
S4 =
r′−1∑
u=1
(2−3ua + 6ua)(2−3ub + 6ub).
Let N be the number of pairs (k1, k2) ∈ C1 ×C2 such that k1k2x3 = 1. Since p1, p2, 3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
It follows that
9(1−D′) + S3 = 0.
Hence S3 = 9D
′ − 9. By Proposition A.4.1, we have
S4 = −9.
Therefore
S1 = 9D
′/2.
Similarly,
S2 = 9D
′/2.
The result follows.
Proposition A.4.19. Let G = Lδ3(q) and suppose that d = 3. Let p1 6= p2 be prime
numbers, not equal to 3, dividing r′. Let
a =
r′
p1
a1, b =
r′
p1
b1, c =
r′
p1
c1
where
1 ≤ a1 < b1 ≤ p1, b1 < c1 < 3p1, a1 + b1 + c1 = 3p1, a1 ≡ b1 ≡ c1 mod 3.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Finally, let
C1 = {(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r}.
Then
481
Some character-theoretic sums in L3(q) and U3(q)
(i)
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 (ωu−v + ωv−u)
=
{ −2r′ + 6D′ if (∗) holds
6D′ otherwise
where (∗) is the following condition:
b1 = p1 or c1 = 2p1.
There are α
(1)
6 (a1, b1, c1) in total and α
(1)
7 of them satisfy (∗).
(ii)
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
 (ωu−v + ωv−u)
=
{ −4r′ + 36D′ if (∗∗) holds
36D′ otherwise
where (∗∗) is the following condition:
(b1 = p1 or c1 = 2p1) and (f2 = p2 or g2 = 2p2).
There are α
(1)
6 α
(2)
6 pairs ((a1, b1, c1); (e2, f2, g2)) in total and α
(1)
7 α
(2)
7 of them satisfy
(∗∗).
Proof. Let
C2 = {(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r}.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρb, ρc)], x2 = [diag(ρ
e, ρf , ρg)], x3 = [diag(1, $,$
2)].
Say that the corresponding conjugacy classes are C1, C2, C3. These classes consist of
elements of respective order p1, p2, p3 = 3. Note that x3 is the unique element of C3.
(i) Let
S =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 (ωu−v + ωv−u).
Then
S = S1 + S2
where
S1 =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
ωu−v
and
S2 =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
ωv−u.
We need to calculate S1 and S2. Now
S1 =
1
2
(S3 − S4)
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where
S3 =
∑
(u,v,w)∈C2
 ∑
[u,v,w]
ua+vb+wc
ωu−v
and
S4 = 2
r′−1∑
u=1
(−3ua + −3ub + −3uc).
By Proposition A.4.2 we have
S4 =
{
2(r′ − 3) if (∗) holds
−6 otherwise.
Finally,
S3 =
∑
(u,v,w)∈C2
A1ω
u−v +
∑
(u,v,w)∈C2
B1ω
u−v
where
A1 =
∑
(u,v,w)
ua+vb+wc and B1 =
∑
(u,w,v)
ua+wb+vc.
Since x1 and x
−1
3 are not in the same class we have∑
χ∈Irr(Lδ)
χ(x1)χ(x3) = 0.
Hence
9(1−D′) + 3
∑
(u,v,w)∈C2
A1ω
u−v = 0.
It follows that ∑
(u,v,w)∈C2
A1ω
u−v = 3(D′ − 1).
Similarly, ∑
(u,v,w)∈C2
B1ω
u−v = 3(D′ − 1).
Therefore S3 = 6(D
′ − 1). Hence
S1 =
{ −r′ + 3D′ if (∗) holds
3D′ otherwise.
Similarly
S2 = S1.
The result follows.
(ii) Let
S =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
 (ωu−v + ωv−u).
Then
S = S1 + S2
where
S1 =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
ωu−v
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and
S2 =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
ωv−u.
We need to calculate S1 and S2. Now
S1 =
1
2
(S3 − S4)
where
S3 =
∑
(u,v,w)∈C2
 ∑
[u,v,w]
ua+vb+wc
 ∑
[u,v,w]
ue+vf+wg
ωu−v
and
S4 = 4
r′−1∑
u=1
(−3ua + −3ub + −3uc)(−3ue + −3uf + −3ug).
By Proposition A.4.2 we have
S4 =
{
4(r′ − 9) if (∗∗) holds
−36 otherwise.
Finally,
S3 =
∑
(u,v,w)∈C2
A1A2ω
u−v +
∑
(u,v,w)∈C2
A1B2ω
u−v
∑
(u,v,w)∈C2
B1A2ω
u−v +
∑
(u,v,w)∈C2
B1B2ω
u−v
where
A1 =
∑
(u,v,w)
ua+vb+wc and B1 =
∑
(u,w,v)
ua+wb+vc
and
A2 =
∑
(u,v,w)
ue+vf+wg and B2 =
∑
(u,w,v)
ue+wf+vg.
Let N be the number of pairs (k1, k2) ∈ C1 ×C2 such that k1k2x3 = 1. Since p1, p2, 3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
It follows that
9(1−D′) +
∑
(u,v,w)∈C2
A1A2ω
u−v = 0.
Hence ∑
(u,v,w)∈C2
A1A2ω
u−v = 9(D′ − 1).
Similarly ∑
(u,v,w)∈C2
A1B2ω
u−v =
∑
(u,v,w)∈C2
B1A2ω
u−v
=
∑
(u,v,w)∈C2
B1B2ω
u−v = 9(D′ − 1).
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Therefore S3 = 36(D
′ − 1). It follows that
S1 =
{ −2r′ + 18D′ if (∗∗) holds
18D′ otherwise.
Similarly
S2 = S1.
The result follows.
Proposition A.4.20. Let G = Lδ3(q) and suppose that d = 3. Let p1 6= p2 be prime
numbers, not equal to 3, dividing r′. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Finally, let
C1 = {(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r}.
Then
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 (ωu−v + ωv−u)
=
{ −2r′ + 18D′ if p1 = 2 and (∗) holds
18D′ otherwise
where (∗) is the following condition:
f2 = p2 or g2 = 2p2.
There are α
(1)
4 α
(2)
6 pairs (a1; (e2, f2, g2)) in total and α
(2)
7 of them satisfy (∗) when p1 = 2.
Proof. Let
C2 = {(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r}.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2 = [diag(ρe, ρf , ρg)], x3 = [diag(1, $,$2)].
Say that the corresponding conjugacy classes are C1, C2, C3. These classes consist of
elements of respective order p1, p2, p3 = 3. Note that x3 is the unique element of C3.
Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 (ωu−v + ωv−u).
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Then
S = S1 + S2
where
S1 =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
ωu−v
and
S2 =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
ωv−u.
We need to calculate S1 and S2. Now
S1 =
1
2
(S3 − S4)
where
S3 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
ωu−v
and
S4 = 2
r′−1∑
u=1
(2−3ua + 6ua)(−3ue + −3uf + −3ug).
By Proposition A.4.3 we have
S4 =
{
2(r′ − 9) if p1 = 2 and (∗) holds
−18 otherwise.
Finally,
S3 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2ωu−v
+
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2ωu−v
where
A2 =
∑
(u,v,w)
ue+vf+wg and B2 =
∑
(u,w,v)
ue+wf+vg.
Let N be the number of pairs (k1, k2) ∈ C1 ×C2 such that k1k2x3 = 1. Since p1, p2, 3 are
distinct primes and k1, k2, x3 belong to an abelian subgroup of Lδ, it is clear that N = 0.
But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2)χ(x3)
χ(1)
.
It follows that
9(1−D′) +
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2ωu−v = 0.
Hence ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2ωu−v = 9(D′ − 1).
Similarly ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2ωu−v = 9(D′ − 1).
486
Some character-theoretic sums in L3(q) and U3(q)
Therefore S3 = 18(D
′ − 1). It follows that
S1 =
{ −r′ + 9D′ if p1 = 2 and (∗) holds
9D′ otherwise.
Similarly
S2 = S1.
The result follows.
A.5 The case where exactly two of p1, p2, p3 are equal
Let p1 = 2 and p2 > 3 be a prime number, and let T = T2,p2,p2 . In order to calculate the
size of Hom∗(T,Lδ3(q)), we need the character-theoretic sums given below together with
some of the character-theoretic sums given in §A.4.
Proposition A.5.1. Let G = Lδ3(q) and suppose that p1 < p2 are prime numbers dividing
r′ such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2, c =
r′
p2
c2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2, c2 ≤ p2 − 1.
Let x, y be any natural numbers. Finally, let (∗) and (∗∗) be the following conditions
(∗) : b2 ≡ −c2 mod p2
(∗∗) : b2 ≡ 2c2 mod p2 or c2 ≡ 2b2 mod p2.
Then
(i) There are (α
(2)
4 )
2 pairs (b2; c2), α
(2)
4 of them satisfy (∗), and 2α(2)4 of them satisfy
(∗∗).
(ii)
r′−1∑
u=1
(x3ub + y−6ub)(x3uc + y−6uc)
=

r′(x2 + y2)− (x+ y)2 if (∗) holds
r′xy − (x+ y)2 if (∗∗) holds
−(x+ y)2 otherwise.
(iii)
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc)
=

r′y(x2 + y2)− (x+ y)3 if (∗) holds
r′xy2 − (x+ y)3 if (∗∗) holds
−(x+ y)3 otherwise.
Proof. (i) This is an easy check.
(ii) Let
S =
r′−1∑
u=1
(x3ub + y−6ub)(x3uc + y−6uc).
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Then
S =
r′
p2
S1 − (x+ y)2
where
S1 =
p2∑
u=1
(x3ub + y−6ub)(x3uc + y−6uc).
We need to calculate S1. Now
S1 =
p2∑
u=1
x23u(b+c) + xy3u(b−2c) + xy−3u(2b−c) + y2−6(b+c)
=

p2(x
2 + y2) if (∗) holds
p2xy if (∗∗) holds
0 otherwise.
The result follows.
(iii) Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc).
Then
S =
r′
p1p2
S1 − (x+ y)3
where
S1 =
p1p2∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc).
We need to calculate S1. Let v be any integer lying between 1 and p2. Note that if u ≡ v
mod p2 then
(x3ub + y−6ub)(x3uc + y−6uc) = (x3vb + y−6vb)(x3vc + y−6vc).
There are p1 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p2, namely
v, v + p2, ..., v + (p1 − 1)p2.
Since p1 6= p2 are primes these integers are pairwise distinct modulo p1. Since p1 = 2 it
follows that
p1p2∑
u = 1
u ≡ v(p2)
(x3ua + y−6ua)(x3ub + y−6ub)(x3uc + y−6uc)
= (x3vb + y−6vb)(x3vc + y−6vc)
p1p2∑
u = 1
u ≡ v(p2)
(x3ua + y−6ua)
= p1y(x
3vb + y−6vb)(x3vc + y−6vc).
Now
S1 = p1y
p2∑
v=1
(x3vb + y−6vb)(x3vc + y−6vc).
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From (ii) it follows that
S1 =

p1p2(x
2 + y2)y if (∗) holds
p1p2xy
2 if (∗∗) holds
0 otherwise.
The result follows.
Proposition A.5.2. Let G = Lδ3(q) and suppose that p1 < p2 are prime numbers dividing
r′ such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
h =
r′
p2
h2, i =
r′
p2
i2, j =
r′
p2
j2
where if d = 1 then
1 ≤ h2 < i2 < j2 ≤ p2, h2 + i2 + j2 ≡ 0 mod p2
and if d = 3 then
1 ≤ h2 < i2 ≤ p2, i2 < j2 < 3p2, h2 + i2 + j2 = 3p2, h2 ≡ i2 ≡ j2 mod 3.
Let (∗), (∗∗) be the following conditions
(∗) : after reordering, (h, i, j) is the opposite of (e, f, g) modulo p2
(∗∗) : exactly one of the coordinates of (h, i, j)
is the opposite of a coordinate of (e, f, g) modulo p2.
Finally, let x, y be any natural numbers. Then
(i) There are (α
(2)
6 )
2 pairs ((e2, f2, g2); (h2, i2, j2)) in total. There are α
(2)
6 of them
satisfying (∗). There are
1
4
(p2 − 1)(p2 − 3)(p2 − 4)
of them satisfying (∗∗).
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(ii)
r′−1∑
u=1
(3ue + 3uf + 3ug)(3uh + 3ui + 3uj)
=

3r′ − 9 if (∗) holds
r′ − 9 if (∗∗) holds
−9 otherwise.
(iii)
r′−1∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj)
=

3r′y − 9(x+ y) if (∗) holds
r′y − 9(x+ y) if (∗∗) holds
−9(x+ y) otherwise.
Proof. (i) The following remark is useful. Let v be a positive integer lying between 1 and
p2. If v 6= p2 one can check that there are (p2− 3)/2 triples (e2, f2, g2) having one of their
coordinates congruent to v modulo p2. If v = p2 one can check that there are (p2 − 1)/2
triples (e2, f2, g2) having one of their coordinates congruent to v modulo p2.
Let N(∗) (respectively, N(∗∗)) be the number of pairs ((e2, f2, g2); (h2, i2, j2)) satisfying
(∗) (respectively, (∗∗)). It is clear that the total number of pairs ((e2, f2, g2); (h2, i2, j2))
is (α
(2)
6 )
2 and that
N(∗) = α
(2)
6 .
Using the above remark, we get
N(∗∗) = (p2 − 1)
(
p2 − 3
2
)(
p2 − 3
2
− 1
)
+
(
p2 − 1
2
)(
p2 − 1
2
− 1
)
=
1
4
(p2 − 1)(p2 − 3)(p2 − 4).
The result follows.
(ii) Let
S =
r′−1∑
u=1
(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
Then
S =
r′
p2
S1 − 9
where
S1 =
p2∑
u=1
(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
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We need to calculate S1. Now
S1 =
p2∑
u=1
(3u(e+h) + 3u(e+i) + 3u(e+j) + 3u(f+h) + 3u(f+i) + 3u(f+j)
+3u(g+h) + 3u(g+i) + 3u(g+j))
=

3p2 if (∗) holds
p2 if (∗∗) holds
0 otherwise.
The result follows.
(iii) Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
Then
S =
r′
p1p2
S1 − 9(x+ y)
where
S1 =
p1p2∑
u=1
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj).
We need to calculate S1. Let v be any integer lying between 1 and p2. Note that if u ≡ v
mod p2 then
(3ue + 3uf + 3ug)(3uh + 3ui + 3uj) = (3ve + 3vf + 3vg)(3vh + 3vi + 3vj).
There are p1 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p2, namely
v, v + p2, ..., v + (p1 − 1)p2.
Since p1 6= p2 are primes these integers are pairwise distinct modulo p1. Since p1 = 2 it
follows that
p1p2∑
u = 1
u ≡ v(p2)
(x3ua + y−6ua)(3ue + 3uf + 3ug)(3uh + 3ui + 3uj)
= (3ve + 3vf + 3vg)(3vh + 3vi + 3vj)
p1p2∑
u = 1
u ≡ v(p2)
(x3ua + y−6ua)
= p1y(
3ve + 3vf + 3vg)(3vh + 3vi + 3vj).
Now
S1 = p1y
p2∑
v=1
(3ve + 3vf + 3vg)(3vh + 3vi + 3vj).
From (ii) it follows that
S1 =

3p1p2y if (∗) holds
p1p2y if (∗∗) holds
0 otherwise.
The result follows.
Proposition A.5.3. Let G = Lδ3(q) and suppose that p1 6= p2 are two primes dividing r′
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such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let (∗), (∗∗) be the following conditions
(∗) : b2 ≡ −e2 mod p2 or b2 ≡ −f2 mod p2 or b2 ≡ −g2 mod p2
(∗∗) : e2 ≡ 2b2 mod p2 or f2 ≡ 2b2 mod p2 or g2 ≡ 2b2 mod p2.
Finally, let x, y be any natural numbers. Then
(i) There are α
(2)
4 α
(2)
6 pairs (b2; (e2, f2, g2)) in total. There are
(p2 − 1)(p2 − 3)
2
of them satisfying (∗). There are
(p2 − 1)(p2 − 3)
2
of them satisfying (∗∗).
(ii)
r′−1∑
u=1
(x3ub + y−6ub)(3ue + 3uf + 3ug)
=

r′x− 3(x+ y) if (∗) holds
r′y − 3(x+ y) if (∗∗) holds
−3(x+ y) otherwise.
(iii)
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug)
=

r′yx− 3(x+ y)2 if (∗) holds
r′y2 − 3(x+ y)2 if (∗∗) holds
−3(x+ y)2 otherwise.
Proof. (i) The following remark is useful. Let v be a positive integer lying between 1 and
p2 − 1. One can check that there are (p2 − 3)/2 triples (e2, f2, g2) having one of their
coordinates congruent to v modulo p2.
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Let N(∗) (respectively, N(∗∗)) be the number of pairs (b2; (e2, f2, g2)) satisfying (∗)
(respectively, (∗∗)). It is clear that the total number of pairs (b2; (e2, f2, g2)) is α(2)4 α(2)6 .
Using the above remark, we get
N(∗) = (p2 − 1)
(
p2 − 3
2
)
.
Similarly, N(∗) = N(∗∗). The result follows.
(ii) Let
S =
r′−1∑
u=1
(x3ub + y−6ub)(3ue + 3uf + 3ug).
Then
S =
r′
p2
S1 − 3(x+ y)
where
S1 =
p2∑
u=1
(x3ub + y−6ub)(3ue + 3uf + 3ug).
We need to calculate S1. Now
S1 =
p2∑
u=1
(x3u(b+e) + x3u(b+f) + x3u(b+g) + y−3u(2b−e) + y−3u(2b−f) + y−3u(2b−g))
=

p2x if (∗) holds
p2y if (∗∗) holds
0 otherwise.
The result follows.
(iii) Let
S =
r′−1∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug).
Then
S =
r′
p1p2
S1 − 3(x+ y)2
where
S1 =
p1p2∑
u=1
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug).
We need to calculate S1. Let v be any integer lying between 1 and p2. Note that if u ≡ v
mod p2 then
(x3ub + y−6ub)(3ue + 3uf + 3ug) = (x3vb + y−6vb)(3ve + 3vf + 3vg).
There are p1 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p2, namely
v, v + p2, ..., v + (p1 − 1)p2.
Since p1 6= p2 are primes these integers are pairwise distinct modulo p1. Since p1 = 2 it
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follows that
p1p2∑
u = 1
u ≡ v(p2)
(x3ua + y−6ua)(x3ub + y−6ub)(3ue + 3uf + 3ug)
= (x3vb + y−6vb)(3ve + 3vf + 3vg)
p1p2∑
u = 1
u ≡ v(p2)
(x3ua + y−6ua)
= p1y(x
3vb + y−6vb)(3ve + 3vf + 3vg).
Now
S1 = p1y
p2∑
v=1
(x3vb + y−6vb)(3ve + 3vf + 3vg).
From (ii) it follows that
S1 =

p1p2xy if (∗) holds
p1p2y
2 if (∗∗) holds
0 otherwise.
The result follows.
Proposition A.5.4. Let G = Lδ3(q) and suppose that p1 < p2 are prime numbers dividing
r′ such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2, c =
r′
p2
c2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2, c2 ≤ p2 − 1.
Finally, let (∗) be the following condition
(∗) : b2 + c2 ≡ 0 mod p2.
Then
(i) There are (α
(2)
7 )
2 pairs (b2; c2) in total, α
(2)
7 of them satisfy (∗).
(ii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dubduc =
{
r′(s−1)
2 if (∗) holds
0 otherwise.
(iii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadubduc =
{ − r′2 if (∗) holds
0 otherwise.
Proof. (i) This is an easy check.
(ii) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dubduc.
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Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
dubduc and S2 =
r′∑
u=1
dubsducs.
We need to calculate S1 and S2. Since r
′s ≡ 0 mod p2 it follows that
S1 =
{
r′s if (∗) holds
0 otherwise.
Now
S2 =
r′∑
u=1
2δdub2δduc
=
{
r′ if (∗) holds
0 otherwise.
The result follows.
(iii) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
duadubduc.
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
duadubduc and S2 =
r′∑
u=1
duasdubsducs.
Let us calculate S1. Now
S1 =
r′s
p1p2
S3
where
S3 =
p1p2∑
u=1
duadubduc.
Let v be any integer lying between 1 and p2. Note that if u ≡ v mod p2 then dubduc =
dvbdvc. There are p1 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p2, namely
v, v + p2, ..., v + (p1 − 1)p2.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p1. It follows
that
p1p2∑
u = 1
u ≡ v(p2)
duadubduc = dvbdvc
p1p2∑
u = 1
u ≡ v(p2)
dua
= 0.
It follows that S1 = S3 = 0. Let us calculate S2. Now
S2 =
r′
p1p2
S4
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where
S4 =
p1p2∑
u=1
2δdua2δdub2δduc.
Let v be any integer lying between 1 and p2. Note that if u ≡ v mod p2 then 2δdub2δduc =
2δdvb2δdvc. There are p1 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p2, namely
v, v + p2, ..., v + (p1 − 1)p2.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p1. It follows
that
p1p2∑
u = 1
u ≡ v(p2)
2δdua2δdub2δduc = 2δdvb2δdvc
p1p2∑
u = 1
u ≡ v(p2)
2δdua
= p1
2δdvb2δdvc.
Now
S4 = p1
p2∑
v=1
2δdvb2δdvc
=
{
p1p2 if (∗) holds
0 otherwise.
It follows that
S2 =
{
r′ if (∗) holds
0 otherwise.
The result follows.
Proposition A.5.5. Let G = Lδ3(q) and suppose that p1 6= p2 are prime numbers such
that p1 = 2 divides r
′ and p2 > 3 divides s. Let
a =
r′
p1
a1, b =
s
p2
r′b2, c =
s
p2
r′c2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1
2
, 1 ≤ c2 ≤ p2 − 1
2
.
Finally, let (∗) be the following condition
(∗) : b2 ≡ c2 mod p2.
Then
(i) There are (α
(2)
7 )
2 pairs (b2; c2) in total, α
(2)
7 of them satisfy (∗).
(ii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdub + η−dqub)(η−δduc + η−dquc)
=
{
r′s− 2r′ if (∗) holds
−2r′ otherwise.
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(iii) ∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua(η−δdub + η−dqub)(η−δduc + η−dquc) = −2r′.
Proof. (i) This is an easy check.
(ii) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
(η−δdub + η−dqub)(η−δduc + η−dquc).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
(η−δdub + η−dqub)(η−δduc + η−dquc)
and
S2 =
r′∑
u=1
(η−δdubs + η−dqubs)(η−δducs + η−dqucs).
We need to calculate S1 and S2. It is clear that S2 = 4r
′. Let ζ = ηr, so that ζs = 1.
Since r′s ≡ 0 mod p2 and we cannot have b2 + c2 ≡ 0 mod p2, we get
S1 =
r′s∑
u=1
(ζ−δu
s
p2
b2 + ζδu
s
p2
b2)(ζ−δu
s
p2
c2 + ζδu
s
p2
c2)
=
{
2r′s if (∗) holds
0 otherwise.
The result follows.
(iii) Let
S =
∑
1 ≤ u ≤ r′s
u 6≡ 0 (s)
(u) = (δuq)
dua(η−δdub + η−dqub)(η−δduc + η−dquc).
Then
S =
1
2
(S1 − S2)
where
S1 =
r′s∑
u=1
dua(η−δdub + η−dqub)(η−δduc + η−dquc)
and
S2 =
r′∑
u=1
duas(η−δdubs + η−dqubs)(η−δducs + η−dqucs).
Now
S2 = 4
r′∑
u=1
2δdua = 4r′.
Let us calculate S1. Now
S1 =
r′s
p1p2
S3
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where
S3 =
p1p2∑
u=1
dua(η−δdub + η−dqub)(η−δduc + η−dquc).
Let v be any integer lying between 1 and p2. Note that if u ≡ v mod p2 then
(η−δdub + η−dqub)(η−δduc + η−dquc) = (η−δdvb + η−dqvb)(η−δdvc + η−dqvc).
There are p1 integers u with 1 ≤ u ≤ p1p2 such that u ≡ v mod p2, namely
v, v + p2, ..., v + (p1 − 1)p2.
Since p1, p2 are distinct primes these integers are pairwise distinct modulo p1. It follows
that
p1p2∑
u = 1
u ≡ v(p2)
dua(η−δdub + η−dqub)(η−δduc + η−dquc)
= (η−δdvb + η−dqvb)(η−δdvc + η−dqvc)
p1p2∑
u = 1
u ≡ v(p2)
dua = 0.
It follows that S1 = S3 = 0. The result follows.
Proposition A.5.6. Let G = Lδ3(q) and suppose that p2 > 3 is a prime number dividing
t. Let
a =
t′
p2
a2
where
1 ≤ a2 ≤ p2 − 1 is such that a ∈ T .
Let
b =
t′
p2
b2
where
1 ≤ b2 ≤ p2 − 1 is such that b ∈ T .
Finally, let (∗) be the following condition
(∗) : b2 ≡ −a2 (p2) or b2 ≡ −δqa2 (p2) or b2 ≡ −q2a2 (p2).
Then
(i) There are (α
(2)
8 )
2 pairs (a2; b2) in total, α
(2)
8 of them satisfy (∗).
(ii) ∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γua + γδqua + γq
2ua)(γub + γδqub + γq
2ub)
=
{
t′ − 3 if (∗) holds
−3 otherwise.
Proof. We use the group
Hδ = 〈x, y : xt′ = y3 = 1, y−1xy = xδq〉
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described in §A.3.1.
(i) This is an easy check.
(ii) Let
S =
∑
1 ≤ u < t′
(u) = (δuq) = (uq2)
(γua + γδqua + γq
2ua)(γub + γδqub + γq
2ub).
By the orthogonality relations, we must have∑
χ∈Irr(Hδ)
χ(xa)χ(xb) =
{ |CHδ(xa)| if (∗) holds
0 otherwise.
Therefore
1 + 1 + 1 + S =
{
t′ if (∗) holds
0 otherwise.
The result follows.
Proposition A.5.7. Let G = Lδ3(q) and suppose that p1 6= p2 are prime numbers dividing
r′ such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2, c =
r′
p2
c2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2, c2 ≤ p2 − 1.
Let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Finally, let (∗) and (∗∗) be the following conditions
(∗) : b2 ≡ −c2 mod p2
(∗∗) : b2 ≡ 2c2 mod p2 or c2 ≡ 2b2 mod p2.
Then
(i) There are (α
(2)
4 )
2 pairs (b2, c2) in total, α
(2)
4 of them satisfy (∗), and 2α(2)4 of them
satisfy (∗∗).
(ii) ∑
(u,v,w)∈C1
(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc)
=

(−5r′ + rr′ + 6d′)/2 if (∗) holds
(−2r′ + 6d′)/2 if (∗∗) holds
3d′ otherwise.
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(iii) ∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc)
=

(18d′ − 5r′)/2 if (∗) holds
(18d′ − 2r′)/2 if (∗∗) holds
9d′ otherwise.
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2b = [diag(ρb, ρb, ρ−2b)], x2c = [diag(ρc, ρc, ρ−2c)].
Say that the corresponding conjugacy classes are C1, C2, C
′
2. Note that these classes
consist of elements of Lδ of respective order p1, p2, p2.
(i) This follows from Proposition A.5.1.
(ii) Let
S =
∑
(u,v,w)∈C1
(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc).
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc)
and
S2 =
r′−1∑
u=1
(2−3ub + 6ub)(2−3uc + 6uc).
By Proposition A.5.1 we have
S2 =

5r′ − 9 if (∗) holds
2r′ − 9 if (∗∗) holds
−9 otherwise.
By the orthogonality relations in the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x2b)χ(x2c) =
{ |CLδ (x2b)| if (∗) holds
0 otherwise.
It follows that
3d+ S1 =
{
rr′ if (∗) holds
0 otherwise.
Therefore
S1 =
{
rr′ − 3d if (∗) holds
−3d otherwise.
The result follows.
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(iii) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc).
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(−3uc + −3vc + −3wc)
and
S2 =
r′−1∑
u=1
(2−3ua + 6ua)(2−3ub + 6ub)(2−3uc + 6uc).
By Proposition A.5.1 we have
S2 =

5r′ − 27 if (∗) holds
2r′ − 27 if (∗∗) holds
−27 otherwise.
Let N be the number of pairs (k1, k2) ∈ C1 × C2 such that k1k2x2c = 1. Since p1 6= p2
and k1, k2, x2c belong to an abelian subgroup of Lδ, it is clear that N = 0. But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2b)χ(x2c)
χ(1)
.
It follows that
3d+
1
3
S1 = 0.
Therefore S1 = −9d. The result follows.
Proposition A.5.8. Let G = Lδ3(q) and suppose that p1 6= p2 are prime numbers dividing
r′ such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1
where
1 ≤ a1 ≤ p1 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
h =
r′
p2
h2, i =
r′
p2
i2, j =
r′
p2
j2
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where if d = 1 then
1 ≤ h2 < i2 < j2 ≤ p2, h2 + i2 + j2 ≡ 0 mod p2
and if d = 3 then
1 ≤ h2 < i2 ≤ p2, i2 < j2 < 3p2, h2 + i2 + j2 = 3p2, h2 ≡ i2 ≡ j2 mod 3.
Let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Finally, let (∗), (∗∗) be the following conditions
(∗) : after reordering, (h, i, j) is the opposite of (e, f, g) modulo p2
(∗∗) : exactly one of the coordinates of (h, i, j)
is the opposite of a coordinate of (e, f, g) modulo p2.
Then
(i) There are (α
(2)
6 )
2 pairs ((e2, f2, g2); (h2, i2, j2)) in total. There are α
(2)
6 of them
satisfying (∗). There are
1
4
(p2 − 1)(p2 − 3)(p2 − 4)
of them satisfying (∗∗).
(ii)
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj

=

r′(r − 6) + 12d′ if (∗) holds
−2r′ + 12d′ if (∗∗) holds
12d′ otherwise.
(iii)
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj

=

−6r′ + 36d′ if (∗) holds
−2r′ + 36d′ if (∗∗) holds
36d′ otherwise.
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2e = [diag(ρe, ρf , ρg)], x2h = [diag(ρh, ρi, ρj)].
Say that the corresponding conjugacy classes are C1, C2, C
′
2. Note that these classes
consist of elements of Lδ of respective order p1, p2, p2.
502
Some character-theoretic sums in L3(q) and U3(q)
(i) This follows from Proposition A.5.2.
(ii) Let
S =
∑
(u,v,w)∈C1
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj

and
S2 = 4
r′−1∑
u=1
(−3ue + −3uf + −3ug)(−3uh + −3ui + −3uj).
By Proposition A.5.2 we have
S2 =

12r′ − 36 if (∗) holds
4r′ − 36 if (∗∗) holds
−36 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
(A2 +B2)(D2 + E2)
where
A2 =
∑
(u,v,w)
ue+vf+wg B2 =
∑
(u,w,v)
ue+wf+vg
and
D2 =
∑
(u,v,w)
uh+vi+wj E2 =
∑
(u,w,v)
uh+wi+vj .
By the orthogonality relations in the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x2e)χ(x2h) =
{ |CLδ(x2e)| if (∗) holds
0 otherwise.
It follows that
3d+
∑
(u,v,w)∈C2
A2D2 =
{
rr′ if (∗) holds
0 otherwise.
Therefore ∑
(u,v,w)∈C2
A2D2 =
{
rr′ − 3d if (∗) holds
−3d otherwise.
Similarly, ∑
(u,v,w)∈C2
B2E2 =
∑
(u,v,w)∈C2
A2D2.
Since [diag(ρe, ρf , ρg)] and [diag(ρh, ρj , ρi)] cannot lie in the same conjugacy class in Lδ,
it follows from the orthogonality relations in Lδ that
3d+
∑
(u,v,w)∈C2
A2E2 = 0.
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Therefore ∑
(u,v,w)∈C2
A2E2 = −3d.
Similarly, ∑
(u,v,w)∈C2
B2D2 = −3d.
It follows that
S1 =
{
2rr′ − 12d if (∗) holds
−12d otherwise.
The result follows.
(iii) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)
 ∑
[u,v,w]
ue+vf+wg
 ∑
[u,v,w]
uh+vi+wj

and
S2 = 4
r′−1∑
u=1
(2−3ua + 6ua)(−3ue + −3uf + −3ug)(−3uh + −3ui + −3uj).
By Proposition A.5.2 we have
S2 =

12r′ − 108 if (∗) holds
4r′ − 108 if (∗∗) holds
−108 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(A2 +B2)(D2 + E2)
where
A2 =
∑
(u,v,w)
ue+vf+wg B2 =
∑
(u,w,v)
ue+wf+vg
and
D2 =
∑
(u,v,w)
uh+vi+wj E2 =
∑
(u,w,v)
uh+wi+vj .
Let N be the number of pairs (k1, k2) ∈ C1 × C2 such that k1k2x2h = 1. Since p1 6= p2
and k1, k2, x2h belong to an abelian subgroup of Lδ, it follows that N = 0. But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2e)χ(x2h)
χ(1)
.
Therefore
3d+
1
3
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2D2 = 0.
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Hence ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2D2 = −9d.
Similarly,∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)A2E2 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2D2
=
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)B2E2.
It follows that
S1 = −36d.
The result follows.
Proposition A.5.9. Let G = Lδ3(q) and suppose that p1 6= p2 are two primes dividing r′
such that p1 = 2 and p2 > 3. Let
a =
r′
p1
a1, b =
r′
p2
b2
where
1 ≤ a1 ≤ p1 − 1, 1 ≤ b2 ≤ p2 − 1.
Let
e =
r′
p2
e2, f =
r′
p2
f2, g =
r′
p2
g2
where if d = 1 then
1 ≤ e2 < f2 < g2 ≤ p2, e2 + f2 + g2 ≡ 0 mod p2
and if d = 3 then
1 ≤ e2 < f2 ≤ p2, f2 < g2 < 3p2, e2 + f2 + g2 = 3p2, e2 ≡ f2 ≡ g2 mod 3.
Let
C1 =
{ {(u, v, w) : 1 ≤ u < v < w ≤ r; u+ v + w ≡ 0 mod r} if d = 1
{(u, v, w) : 1 ≤ u < v ≤ r′; v < w ≤ r; u+ v + w = r} if d = 3.
Finally, let (∗), (∗∗) be the following conditions
(∗) : b2 ≡ −e2 mod p2 or b2 ≡ −f2 mod p2 or b2 ≡ −g2 mod p2
(∗∗) : e2 ≡ 2b2 mod p2 or f2 ≡ 2b2 mod p2 or g2 ≡ 2b2 mod p2.
Then
(i) There are α
(2)
4 α
(2)
6 pairs (b2; (e2, f2, g2)) in total. There are
(p2 − 1)(p2 − 3)
2
of them satisfying (∗). There are
(p2 − 1)(p2 − 3)
2
of them satisfying (∗∗).
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(ii)
∑
(u,v,w)∈C1
(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg

=

−2r′ + 6d′ if (∗) holds
−r′ + 6d′ if (∗∗) holds
6d′ otherwise.
(iii)
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg

=

−2r′ + 18d′ if (∗) holds
−r′ + 18d′ if (∗∗) holds
18d′ otherwise.
Proof. Let
C2 =
{ {(u, v, w) : 1 ≤ u, v ≤ w ≤ r;u < w;u+ v + w ≡ 0 (r)} if d = 1
{(u, v, w) : 1 ≤ u, v ≤ r′; u, v < w ≤ r; u+ v + w = r} if d = 3.
We consider the subgroup Lδ of G described in §A.3.2. Let
x1 = [diag(ρ
a, ρa, ρ−2a)], x2b = [diag(ρb, ρb, ρ−2b)], x2e = [diag(ρe, ρf , ρg)].
Say that the corresponding conjugacy classes are C1, C2, C
′
2. Note that these classes
consist of elements of Lδ of respective order p1, p2, p2.
(i) This follows from Proposition A.5.3.
(ii) Let
S =
∑
(u,v,w)∈C1
(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg

and
S2 = 2
r′−1∑
u=1
(2−3ub + 6ub)(−3ue + −3uf + −3ug).
By Proposition A.5.3 we have
S2 =

4r′ − 18 if (∗) holds
2r′ − 18 if (∗∗) holds
−18 otherwise.
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Now
S1 =
∑
(u,v,w)∈C2
(−3ub + −3vb + −3wb)(A2 +B2)
where
A2 =
∑
(u,v,w)
ue+vf+wg and B2 =
∑
(u,w,v)
ue+wf+vg.
Since x2b and (x2e)
−1 do not belong to the same class, by the orthogonality relations in
the character table of Lδ, we have∑
χ∈Irr(Lδ)
χ(x2b)χ(x2e) = 0.
It follows that
3d+
∑
(u,v,w)∈C2
(−3ub + −3vb + −3wb)A2 = 0.
Therefore ∑
(u,v,w)∈C2
(−3ub + −3vb + −3wb)A2 = −3d.
Similarly, ∑
(u,v,w)∈C2
(−3ub + −3vb + −3wb)B2 = −3d.
It follows that
S1 = −6d.
The result follows.
(iii) Let
S =
∑
(u,v,w)∈C1
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg
 .
Then
S =
1
2
(S1 − S2)
where
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)
 ∑
[u,v,w]
ue+vf+wg

and
S2 = 2
r′−1∑
u=1
(2−3ua + 6ua)(2−3ub + 6ub)(−3ue + −3uf + −3ug).
By Proposition A.5.3 we have
S2 =

4r′ − 54 if (∗) holds
2r′ − 54 if (∗∗) holds
−54 otherwise.
Now
S1 =
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)(A2 +B2)
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where
A2 =
∑
(u,v,w)
ue+vf+wg and B2 =
∑
(u,w,v)
ue+wf+vg.
Let N be the number of pairs (k1, k2) ∈ C1 × C2 such that k1k2x2e = 1. Since p1 6= p2
and k1, k2, x2e belong to an abelian subgroup of Lδ, it follows that N = 0. But
N =
|C1||C2|
|Lδ|
∑
χ∈Irr(Lδ)
χ(x1)χ(x2b)χ(x2e)
χ(1)
.
Therefore
3d+
1
3
∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)A2 = 0.
Hence ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)A2 = −9d.
Similarly, ∑
(u,v,w)∈C2
(−3ua + −3va + −3wa)(−3ub + −3vb + −3wb)B2 = −9d.
It follows that
S1 = −18d.
The result follows.
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